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Earlier examples

Fluid dynamics, Boltzmann equation

∂
∂tf + ~v ∂

∂~v
f(t, ~v, ~r) + ~F (~r) ∂

∂~r
f(t, ~v, ~r) = δfc

δt

⇓

Navier − Stokes Equations

Plasma physics

BBGKY hierarhy

⇓

V lasov′sEquation
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2D dislocation dynamics.

Equation of motion
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∂ρ+(~r1, t)

∂t
+~b

d

d~r1

»

ρ+(~r1, t)τext +

Z

{ρ++(~r1, ~r2, t) − ρ+−(~r1, ~r2, t)} τind(~r1 − ~r2)d~r2

–

= 0

∂ρ−(~r1, t)

∂t
−~b

d

d~r1

»

ρ−(~r1, t)τext −
Z

{ρ−−(~r1, ~r2, t) − ρ−+(~r1, ~r2, t)} τind(~r1 − ~r2)d~r2

–

= 0

. – p.5/14



2D dislocation dynamics.

Equation of motion

~vi = B~b

0

@

N
X

j 6=i

τind(~ri − ~rj) + τext

1

A , τind(~r) =
bµ

2π(1 − ν)

x(x2 − y2)

(x2 + y2)2

N particle density function

fN (t, ~r1, ~r2...~rN )d~r1d~r2...d~rN = fN (t + ∆t, ~r′1, ~r′2...~r′
N

)d~r′1d~r′2...d~r′
N

~r′i = ~ri + ~vi∆t d~r′i = d~ri(1 + dvi
x/dxi∆t)

For dislocations with ± Burgers vectors

∂ρ+(~r1, t)

∂t
+~b

d

d~r1

»

ρ+(~r1, t)τext +

Z

{ρ++(~r1, ~r2, t) − ρ+−(~r1, ~r2, t)} τind(~r1 − ~r2)d~r2

–

= 0

∂ρ−(~r1, t)

∂t
−~b

d

d~r1

»

ρ−(~r1, t)τext −
Z

{ρ−−(~r1, ~r2, t) − ρ−+(~r1, ~r2, t)} τind(~r1 − ~r2)d~r2

–

= 0

. – p.5/14



2D dislocation dynamics.

Equation of motion

~vi = B~b

0

@

N
X

j 6=i

τind(~ri − ~rj) + τext

1

A , τind(~r) =
bµ

2π(1 − ν)

x(x2 − y2)

(x2 + y2)2

N particle density function

fN (t, ~r1, ~r2...~rN )d~r1d~r2...d~rN = fN (t + ∆t, ~r′1, ~r′2...~r′
N

)d~r′1d~r′2...d~r′
N

~r′i = ~ri + ~vi∆t d~r′i = d~ri(1 + dvi
x/dxi∆t)

From this

∂fN

∂t
+

N
X

i=1

∂

∂~ri

{fN (~r1, ~r2, ..., ~rN )~vi} = 0.

For dislocations with ± Burgers vectors

∂ρ+(~r1, t)

∂t
+~b

d

d~r1

»

ρ+(~r1, t)τext +

Z

{ρ++(~r1, ~r2, t) − ρ+−(~r1, ~r2, t)} τind(~r1 − ~r2)d~r2

–

= 0

∂ρ−(~r1, t)

∂t
−~b

d

d~r1

»

ρ−(~r1, t)τext −
Z

{ρ−−(~r1, ~r2, t) − ρ−+(~r1, ~r2, t)} τind(~r1 − ~r2)d~r2

–

= 0

. – p.5/14



2D dislocation dynamics.

Equation of motion

~vi = B~b

0

@

N
X

j 6=i

τind(~ri − ~rj) + τext

1

A , τind(~r) =
bµ

2π(1 − ν)

x(x2 − y2)

(x2 + y2)2

N particle density function

fN (t, ~r1, ~r2...~rN )d~r1d~r2...d~rN = fN (t + ∆t, ~r′1, ~r′2...~r′
N

)d~r′1d~r′2...d~r′
N

~r′i = ~ri + ~vi∆t d~r′i = d~ri(1 + dvi
x/dxi∆t)

With integration

∂ρ1(~r1, t)

∂t
+~b

d

d~r1

»

ρ1(~r1, t)τext +

Z

ρ2(~r1, ~r2, t)τind(~r1 − ~r2)d~r2

–

= 0

For dislocations with ± Burgers vectors

∂ρ+(~r1, t)

∂t
+~b

d

d~r1

»

ρ+(~r1, t)τext +

Z

{ρ++(~r1, ~r2, t) − ρ+−(~r1, ~r2, t)} τind(~r1 − ~r2)d~r2

–

= 0

∂ρ−(~r1, t)

∂t
−~b

d

d~r1

»

ρ−(~r1, t)τext −
Z

{ρ−−(~r1, ~r2, t) − ρ−+(~r1, ~r2, t)} τind(~r1 − ~r2)d~r2

–

= 0

. – p.5/14



2D dislocation dynamics.

Equation of motion

~vi = B~b

0

@

N
X

j 6=i

τind(~ri − ~rj) + τext

1

A , τind(~r) =
bµ

2π(1 − ν)

x(x2 − y2)

(x2 + y2)2

N particle density function

fN (t, ~r1, ~r2...~rN )d~r1d~r2...d~rN = fN (t + ∆t, ~r′1, ~r′2...~r′
N

)d~r′1d~r′2...d~r′
N

~r′i = ~ri + ~vi∆t d~r′i = d~ri(1 + dvi
x/dxi∆t)

For dislocations with ± Burgers vectors

∂ρ+(~r1, t)

∂t
+~b

d

d~r1

»

ρ+(~r1, t)τext +

Z

{ρ++(~r1, ~r2, t) − ρ+−(~r1, ~r2, t)} τind(~r1 − ~r2)d~r2

–

= 0

∂ρ−(~r1, t)

∂t
−~b

d

d~r1

»

ρ−(~r1, t)τext −
Z

{ρ−−(~r1, ~r2, t) − ρ−+(~r1, ~r2, t)} τind(~r1 − ~r2)d~r2

–

= 0

. – p.5/14



Long range ⇔ Short range

Let

ρss′ (~r1, ~r2, t) = ρs(~r1)ρs′ (~r2)(1 + dss′ (~r1, ~r2)) s, s′ ∈ {+,−}
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Structure of equations

With ρ = ρ+ + ρ− and κ = ρ+ − ρ−

∂ρ(~r, t)

∂t
+~b

d

d~r
[κ(~r, t) {τsc(~r) + τext − τf(~r) + τb(~r)}] = f(ρ, τext, ...)

∂κ(~r, t)

∂t
+~b

d

d~r
[ρ(~r, t) {τsc(~r) + τext − τf(~r) + τb(~r)}] = 0

τf(~r) =
µb

2π(1 − ν)
C(τ)

p

ρ(~r)

τb(~r) = − µb

2π(1 − ν)
D

1

ρ(~r)

∂κ(~r)

∂x
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Plasticity

By definition

bκ = −∂γ
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Gradient term

τeff = τ +
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ρ(~r)

∂2γ(~r)

∂x2
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Finite size effect
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Finite size effect
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Boundary layer
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Nontrivial problems (Erik, Serge)

2w 2 3h=

2h 2hf

2wf

U· hΓ·=

U· hΓ·=

x1

x2

. – p.11/14



Nontrivial problems (Erik, Serge)

Γ(%)

τ/
µ

x
10

3

0 0.25 0.5 0.75 10

0.5

1

1.5

2

2.5

3 ∆τn=0

(i)

(iii)discrete
continuum

|

. – p.11/14



Nontrivial problems (Erik, Serge)
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Multiple slip?
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Temperature?, Climb?

Temperature

vi
x = Bg(T )bτ(xi, yi) +
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x(t)ζi
x(0) >= δ(t)
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Fokker-Planck type equation

∂

∂t
ρ± ∓ d

d~r
ρ±B̂

d

d~r
V (~r) ∓ d

d~r
D̂

d

d~r
(ρ+ − ρ−) + kT

d

d~r
B̂

d

d~r
ρ± = f(ρ±, ...)
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Summary

Continuum theory of dislocation dynamics
• Balance equation for ρ and κ

• Self-consistent (long range) field
• Flow stress
• Back stress, gradient term
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