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Abstract
A "nite element study has been performed on the e!ects of holes and rigid inclusions on the elastic
modulus and yield strength of regular honeycombs under biaxial loading. The focus is on honeycombs that
have already been weakened by a small degree of geometrical imperfection, such as a random distribution of
fractured cell walls, as these imperfect honeycombs resemble commercially available metallic foams. Hashin}
Shtrikman lower and upper bounds and self-consistent estimates of elastic moduli are derived to provide
reference solutions to the "nite element calculations. It is found that the strength of an imperfect honeycomb
is relatively insensitive to the presence of holes and inclusions, consistent with recent experimental observations on commercial aluminium alloy foams.  2000 Elsevier Science Ltd. All rights reserved.
Keywords: Honeycombs; Imperfections; FEM; Hashin-Shtrikman bounds; Self-consistant method

1. Introduction
Metallic foams show much potential for use in light-weight components of transportation
vehicles, for example as the core of sandwich panels. Compared to conventional light-weight
materials such as aluminium honeycombs and polymeric foams, current commercially available
metallic foams possess a large number of processing-induced geometrical imperfections that
degrade the foam properties. A review of these defects and their in#uence on the elastic and plastic
properties of honeycombs can be found in Chen et al. [1]. Speci"cally, it is found that fractured cell
walls produce the largest knock-down e!ect in yield strength of honeycombs, followed in order by
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missing cells, cell-wall waviness, cell-wall misalignment, cell-size variations and non-uniform
cell-wall thickness. It is further established that a small degree of morphological imperfection
su$ces to induce cell-wall bending, reducing the hydrostatic yield strength to the same level as that
of the uniaxial yield strength. The recent yield surface measurements by Deshpande and Fleck [2]
show that the hydrostatic and deviatoric strengths of metallic foams are, in fact, comparable.
The focus of the present study is the knock-down in sti!ness and strength due to redundancy
defects in the form of rigid inclusions, and vacancy defects in the form of holes, within an initially
perfect or imperfect honeycomb. An imperfect honeycomb is created by introducing a random
distribution of a small number of fractured cell walls in a perfect hexagonal honeycomb. Finite
element predictions are given for the uniaxial and hydrostatic properties; the predicted elastic
moduli are compared with those provided by the Hashin}Shtrikman lower and upper bounds, and
by self-consistent estimates. In a closely related previous study, Guo and Gibson [3] used the "nite
element method to study the e!ect of holes on the elasto-plastic behaviours of perfect honeycombs
subjected to uniaxial loading. The present investigation builds upon that of Guo and Gibson [3] as
follows: (a) the e!ects of both rigid inclusions and holes are studied; (b) periodic boundary
conditions rather than frictionless grips boundary conditions are implemented; (c) both perfect and
imperfect honeycombs are considered; and (d) the mechanisms underlying the signi"cant knockdown of sti!ness and strength under hydrostatic loading are explored.

2. Finite element models
Following Chen et al. [1] and other related studies [3,4], regular hexagonal honeycombs are
selected as the fundamental geometry for modelling metallic foams. Prior to the introduction of
holes or inclusions, the underlying honeycomb structure is taken to be either perfect or imperfect.
The imperfect honeycomb has 5% of its cell walls randomly removed, as shown in Fig. 1a; the
arrows denote the fractured cell walls. This level of imperfection, although unrealistically large for
practical honeycombs, enables the honeycomb to simulate the observed multi-axial yield response
of a 3D foam, as discussed by Chen et al. [1] and Deshpande and Fleck [2]. It is known that the
in-plane elastic properties of perfect hexagonal honeycombs are isotropic whilst their plastic
properties are almost isotropic [1,5,6]. The elasto-plastic behaviour of a honeycomb containing
a random distribution of defects may also be assumed to be isotropic.
Fig. 1b presents the "nite element mesh for an imperfect honeycomb containing a rigid inclusion
or a traction-free hole. Here, 19 hexagonal cells are occupied by both the inclusion and the hole, but
this number will be varied later to study the size e!ect. Furthermore, the inclusions and holes
considered are only approximately circular in shape due to the hexagonal cellular structure of the
honeycomb. The "nite element model assumes that the domain bounded by ABCDA in Fig. 1b
represents a periodic unit cell, of size ¸;¸, representative of an in"nitely large honeycomb. Each
cell wall is modelled by six quadratic Timoshenko beam elements (the B22 element in the "nite
element code ABAQUS); in earlier work Chen et al. [1] have demonstrated that the use of six B22
elements for each cell wall leads to satisfactory predictions of the response for regular honeycombs
having low relative densities ((0.3). The cell-wall material is taken as elastic}perfectly-plastic
with Young's modulus E "69 GPa and yield strength p "130 MPa, typical of aluminium
Q
W
alloys, giving p /E "0.00188. To simplify mesh generation, the rigid inclusion is ascribed the
W Q
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Fig. 1. Finite element mesh of an imperfect honeycomb with (a) no inclusion or hole, (b) a rigid inclusion or a circular
hole, shown by the blackened region of the mesh. The small arrows denote the locations of broken cell walls.

microstructure of a perfect honeycomb, but Young's modulus and yield strength of the cell-wall
material are 1000 times those of cell-wall material outside the inclusion.
The e!ect of the presence of inclusions or holes on the elastic and plastic properties of
honeycombs is parameterised in terms of the length scale D, where



D"3

6
Nl.
p

(1)

Here, N is the number of hexagonal cells occupied by the inclusion (or hole) and l is the cell-wall
length. Thus, D equals the diameter of an imaginary circle, the area of which equals that of the
inclusion (or hole). The volume fraction c of inclusion (or hole) in the unit cell is



p D 
,
c"
4 ¸
where ¸ is the side length of the unit cell.

(2)
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It is important to ensure that appropriate boundary conditions are applied to the "nite
element mesh. As a rule, the selected boundary conditions should lead to the global behaviour
of the honeycomb, and not to localised deformation near the boundaries of the mesh. We shall
be guided in our choice of boundary conditions by the results of a previous study [1], and
we review the previous "ndings brie#y here. Three types of boundary conditions were considered
by Chen et al. [1], namely, frictionless grips, sticking grips, and periodic boundary conditions.
The frictionless grips boundary condition is enforced by prescribing the normal displacement
along each boundary edge of the mesh, with vanishing tangential force and bending
moment at each boundary node. The sticking grips boundary condition requires that the
translation displacements u( and rotation h( of every node on the boundary ABCDA in Fig. 1b
?
satisfy
u("e x( , h("0, a, b"1, 2,
(3)
?
?@ @
where e is the average macroscopic strain, x( are the co-ordinates of a representative node J on
?@
@
ABCDA, and the summation convention applies over repeated su$ces. The periodic boundary
condition on ABCDA implies
u(!u' "e (x( !x' ), h(!h'"0, a, b"1, 2
(4)
?
?
?@ @
@
for pairs of nodes I and J on opposite boundary edges of the mesh, as shown for example by the
solid circles in Fig. 1b. Chen et al. [1] demonstrate that, for perfect honeycombs, only the "nite
element predictions obtained with the periodic boundary conditions agree closely with the
analytical results * for hydrostatic loading, the frictionless boundary condition leads to much
lower strengths whereas the sticking grips boundary condition results in an overestimation of the
hydrostatic strength. Thus, the "nite element calculations reported in the current study are
performed using the periodic boundary conditions as stated by Eq. (4). The macroscopic stress is
computed from the reaction forces sustained by the boundary nodes. Since the macroscopic
behaviours of both the perfect and imperfect honeycombs are assumed to be isotropic, the imposed
macroscopic shear strain e can be taken to be zero in the "nite element calculations without loss

of generality. Two types of external loading * uniaxial stressing and hydrostatic pressure * are of
primary interest in the present study. For uniaxial stressing along, say, the x direction (Fig. 1b),

the macroscopic strain e is incremented and the ratio e /e is adjusted such that p is

 

maintained equal to zero. For hydrostatic loading, the ratio e /e is changed during deformation
 
to ensure that p "p throughout the loading history.



3. Results
3.1. Honeycombs without rigid inclusions or holes
Before exploring the in#uence of rigid inclusions and holes on the elastic sti!ness and yield
strength of elastic}perfectly-plastic honeycombs, it is educational to review these mechanical
properties for honeycombs without inclusions or holes. For the case of a perfect honeycomb, the
macroscopic Young's modulus E , bulk modulus i , uniaxial yield strength p and hydrostatic


3
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strength p are given by [6]
&
E
i
 "1.5o,
 "0.25o,
E
E
Q
Q
p
p
3 "0.5o,
& "0.5o,
p
p
W
W

(5)

where E and p are Young's modulus and yield strength of the cell-wall material, respectively. The
Q
W
relative density o of the regular hexagonal honeycomb is related to the cell size l and uniform wall
thickness t by
2 t
o"
,
(3 l

(6)

where t;l is assumed. In the present "nite element calculations, o is changed by varying t at
"xed l. The "nite element predictions for a perfect honeycomb, of the unit cell size ¸;¸ and
subjected to periodic boundary conditions, agree well with Eq. (5). In addition, it has
been established that the "nite element results do not depend upon the relative size of the unit
cell, ¸/l.
The deformation of a perfect hexagonal honeycomb is governed by cell-wall stretching under
hydrostatic loading and by cell-wall bending under deviatoric loading [6]. The di!erence in
deformation mechanisms is re#ected in Eq. (5) by the linear dependence of the bulk modulus i and

hydrostatic yield strength p upon the relative density o and by the non-linear power law
&
dependence of Young's modulus E and uniaxial yield strength p upon o. Consequently, the

3
in-plane hydrostatic yield strength of a perfect honeycomb of relative density o"10% is about an
order of magnitude larger than the uniaxial yield strength. On the other hand, experimental
studies on commercial metallic foams [2,7,8] all suggest that the hydrostatic yield strength
is comparable to the uniaxial strength * the resulting yield surface, when projected onto
mean stress versus Mises e!ective stress space, is nearly circular. It is demonstrated by Chen et al.
[1] that this knock-down in hydrostatic strength is associated with bending of the cell walls in the
presence of various geometrical imperfections. Furthermore, it is found that the predicted yield
surface shape of an initially perfect honeycomb with 5% of its cell edges randomly broken closely
resembles the measured yield surface of commercial metal foams (see for example Refs. [2,8]). Thus,
regular honeycombs containing 5% randomly fractured cell walls are chosen in the present
investigation in order to study the e!ect of inclusions and holes on sti!ness and strength. For
brevity, in our "nite element study we shall refer to this microstructure as the imperfect honeycomb.
Reference "nite element solutions are presented in Fig. 2 for Young's modulus E , bulk
'
modulus i , uniaxial yield strength p' and hydrostatic yield strength p' of the imperfect honey'
3
&
comb as a function of the relative density, o. The elastic moduli are calculated from the "rst
increment of loading, and the yield strengths are de"ned by the peak values of the stress versus
strain curves. As expected, neither the bulk modulus nor the hydrostatic yield strength of the
imperfect honeycomb depends linearly upon the relative density. Curve "tting of the numerical
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Fig. 2. (a) Elastic moduli and (b) yield strengths of an imperfect honeycomb as functions of relative density o. The open
symbols denote "nite element results and solid lines are curve "ts. The imperfection comprises 5% missing cell walls.

results gives
E
i
' "0.8o,
' "o,
E
E
Q
Q
p'
p'
& "0.39o.
3 "0.33o,
(7)
p
p
W
W
Expressions (7) adequately describe the numerical results, as seen by a direct comparison in Fig. 2.
We shall take Eqs. (7) as the baseline solutions for imperfect honeycombs, in the absence of holes or
inclusions. We note in passing that the imperfections lead to a "xed knock-down in uniaxial
sti!ness and strength by about 40%, independent of relative density. In contrast, the presence of
imperfections changes the functional dependence of bulk modulus and hydrostatic strength upon o:
the knock-down increases with decreasing o.
3.2. Honeycombs with rigid inclusions or holes
Dimensional analysis of the problem shown in Fig. 1b suggests that the elastic moduli and yield
strengths of imperfect honeycombs containing either rigid inclusions or holes can be expressed as
i
E
"f (o, c, D/l),
"f (o, c, D/l),
#
G
i
E
+
+
p
p
& "f (o, c, D/l),
3 "f (o, c, D/l),
(8)
3
&
p+
p+
&
3
where the subscript (or superscript) &M' should be replaced by &0' for a perfect honeycomb and by &I'
for an imperfect honeycomb; E, i, p and p are the Young's modulus, bulk modulus, uniaxial
3
&

C. Chen et al. / International Journal of Mechanical Sciences 43 (2001) 487}504

493

yield strength and hydrostatic yield strength of a honeycomb containing either rigid inclusions or
holes. The non-dimensional functions f , f , f and f remain to be determined, and the three
# G 3
&
non-dimensional parameters o, c and D/l represent the relative density of the honeycomb, the
volume fraction of inclusions or holes, and the size of the inclusions or holes relative to the cell size.
For the case of a perfect honeycomb, the properties in the absence of an inclusion or hole are
given by Eq. (5), whereas for an imperfect honeycomb the base-line properties are given by Eq. (7).
The size e!ect of inclusions or holes is studied by varying D/l at "xed values of c and o. In an
extensive "nite element study, we varied the relative size D/l of holes and inclusions in the range of
3}50, for both perfect and imperfect honeycombs having a relative density o in the range of
0.05}0.25, and c in the range of 0.03}0.09. For perfect and imperfect honeycombs with rigid
inclusions and for imperfect honeycombs with holes, we found that the e!ect of the size ratio D/l on
the sti!ness and strength of both perfect and imperfect honeycombs is less than 2% and can be
neglected. For perfect honeycombs with holes, however, we found that the uniaxial and hydrostatic
sti!ness and strength decrease as D/l increases, plateauing as D/lPR; the variations are less than
5% when D/l exceeds 20, as shown in Fig. 3 for the case c"8% and o"5%. Furthermore, it is
seen from Fig. 3 that the size e!ect is more pronounced for strength than for sti!ness. For
simplicity, all subsequent calculations are performed for a "xed relative hole or inclusion size of
D/l"25. Consequently, the functional dependence of sti!ness and strength upon the microstructural parameters simpli"es to
i
E
"f (o, c),
"f (o, c),
#
G
i
E
+
+
p
p
3 "f (o, c),
& "f (o, c),
3
&
p+
p+
3
&

(9)

Fig. 3. Dependence of sti!ness and strength of perfect honeycombs containing holes on size ratio D/l at c"8% and
o"5%: (a) uniaxial sti!ness and strength and (b) hydrostatic sti!ness and strength. The hole diameter is designated by D,
and l is the cell-wall length.
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where &M'"&0' for an initially perfect honeycomb and &M'"&I' for an initially imperfect honeycomb. Finally, we note that the slight elevation in sti!ness and strength as shown in Fig. 3 for small
values of D/l suggests that a higher-order theory may be more appropriate (see, for example,
Refs. [9}12]).
The stress versus strain responses are shown in Fig. 4 for representative cases of uniaxial and
hydrostatic stressing of honeycombs without an inclusion or hole, honeycombs with a rigid
inclusion (c"8%), and honeycombs with a hole (c"8%); both perfect and imperfect honeycombs
are considered. Here, p "(p #p )/2 is the mean stress, and we take the case o"20% and
K



Fig. 4. (a) Uniaxial response of a perfect honeycomb containing inclusions or holes; (b) hydrostatic response of a perfect
honeycomb containing inclusions or holes; (c) uniaxial response of an imperfect honeycomb containing inclusions or
holes; (d) hydrostatic response of an imperfect honeycomb containing inclusions or holes. The honeycombs are of relative
density o"0.2.
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c"8% for all honeycombs. Clearly, the sensitivity of the uniaxial and hydrostatic yield strengths
(i.e. peak stress) to the presence of a hole is much greater than that of a rigid inclusion for both
perfect and imperfect honeycombs. Similar results are obtained for other values of o and volume
fraction c. In fact, it is found that p /p "p /p 1 for perfect honeycombs and p /p' "
3 3
& &
3 3
p /p' 1 for imperfect honeycombs containing a rigid inclusion, with o(0.25 and c)0.1. The
& &
e!ect of the concentration c of inclusions on the elastic moduli is presented in Fig. 5 for a perfect
honeycomb and in Fig. 6 for an imperfect honeycomb, for selected values of o. Here, the discrete
points denote "nite element predictions and the solid lines are "tted curves, given by
E/E "1#3.2c, i/i "1#1.5c


for perfect honeycombs and

(10a)

E/E "1#3.2c, i/i "1#0.2c#29.3c
(10b)
'
'
for imperfect honeycombs. We note that the normalised elastic moduli are nearly independent of
the relative density o in the relevant range 0(o(0.25 for both perfect and imperfect honeycombs. Thus the moduli relations given in Eq. (8) reduce considerably to the simple expressions
given by Eq. (10).
The in#uence of holes on the elastic moduli of perfect and imperfect honeycombs is plotted in
Figs. 7 and 8, respectively; the corresponding results for yield strengths are shown in Figs. 9 and 10.
From Figs. 7a and 9a it is seen that the normalised elastic modulus E/E and the uniaxial yield

strength p /p of a perfect honeycomb containing holes depend only on c, and are independent of
3 3
o. The normalised bulk modulus i/i and hydrostatic strength p /p of the perfect honeycomb

& &
decrease sharply when a small volume fraction c+3% of hole is introduced, see Figs. 7b and 9b.
A larger volume fraction c+8.5% induces only a small additional drop in value for i/i and

p /p . A simple interpretation is that the perfect honeycomb without a hole deforms by stretching
& &

Fig. 5. E!ect of volume fraction c of rigid inclusions on (a) Young's modulus and (b) bulk modulus of a perfect
honeycomb. The Hashin}Shtrikman (H}S) lower bounds are given by Eq. (18), and the self-consistent (S-C) estimates are
given by Eqs. (13) and (24).
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Fig. 6. E!ect of volume fraction c of rigid inclusions on (a) Young's modulus and (b) bulk modulus of an imperfect
honeycomb. The Hashin}Shtrikman (H}S) lower bounds are given by Eq. (19), and the self-consistent (S-C) estimates are
given by Eqs. (13) and (24).

Fig. 7. E!ect of volume fraction c of holes on (a) Young's modulus and (b) bulk modulus of a perfect honeycomb. The
Hashin}Shtrikman (H}S) upper bounds are given by Eq. (22), and the self-consistent (S-C) estimates are given by Eqs. (25)
and (27).

under hydrostatic loading; but the presence of a hole induces deviatoric loading and the response
becomes governed by cell-wall bending. On recalling that the bulk modulus of a perfect honeycomb
scales with o, whereas that of an imperfect honeycomb scales with o, we are led to the choice
i/(oi ) for the appropriate choice of normalised bulk modulus in Fig. 7b. With this choice we "nd

that i/(oi )"10}20 for the perfect honeycomb containing a hole, for c and o in the range

3%)c)8.5% and 5%)o)20%. At a "xed value of c, the normalised bulk modulus i/(oi )
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Fig. 8. E!ect of volume fraction c of holes on (a) Young's modulus and (b) bulk modulus of an imperfect honeycomb. The
Hashin}Shtrikman (H}S) upper bounds are given by Eq. (23), and the self-consistent (S-C) estimates are given by Eqs. (25)
and (28).

Fig. 9. Dependence of (a) uniaxial yield strength and (b) hydrostatic yield strength on the volume fraction c of holes for
a perfect honeycomb.

decreases by a factor of about 2 when o increases from 5 to 20%. In contrast, i/i increases by an

order of magnitude when o increases from 5 to 20%.
Now consider the hydrostatic strength of the perfect honeycomb containing a hole, as displayed
in Fig. 9b. If the hole were to induce bending then we would expect the hydrostatic strength to scale
with o when a hole is present, and to scale with o when a hole is absent. Thus it might be expected
that a plot of p /(op ) versus c would show a negligible dependence upon o, at "nite value of c.
&
&
This was not found to be the case, and so the normalised hydrostatic strength in Fig. 9b is displayed
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Fig. 10. Dependence of (a) uniaxial yield strength and (b) hydrostatic yield strength on the volume fraction c of holes for
an imperfect honeycomb.

as p /p . We note that, for c"0.03 and 0.085, the strength p /p increases by a factor of 2 when
& &
& &
o increases by a factor of 4 from 5 to 20%. In fact, p /p shows a greater sensitivity to o than to the
& &
volume fraction c of the hole. The e!ect of holes on the elasto-plastic properties of imperfect
honeycombs is more straightforward: E/E , i/i , p /p' and p /p' all decrease as the hole volume
'
' 3 3
& &
fraction c increases, but are independent of o, see Figs. 8 and 10.
3.3. Hashin}Shtrikman bounds of elastic moduli
Perfect and imperfect honeycombs containing rigid inclusions or holes may be treated as
two-phase media, with the honeycomb representing the matrix. Under such assumptions, the lower
and upper bound estimates for the elastic moduli can be obtained using the approach developed by
Hashin and Shtrikman [13]. To accommodate the present problems, a two-dimensional version of
the Hashin}Shtrikman bounds for the bulk i, shear and Young's moduli (i.e. G and E) of an
isotropic two-phase medium is derived as
c

,
i "i #
*
 [1/(i !i )]#c /(i #G )


 

c

,
G "G #
*
 [1/(G !G )]#c (i #2G )/[2G (i #G )]


 

 

4G i
* *
E "
* G #i
*
*
and
c

i "i #
,
3
 [1/(i !i )]#c /(i #G )


 


(11)
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c

G "G #
,
3
 [1/(G !G )]#c (i #2G )/[2G (i #G )]


 

 

4G i
3 3 ,
(12)
E "
3 G #i
3
3
where the subscripts &¸' and &;' denote the lower and upper bounds, the subscripts &1' and &2' refer
to quantities associated with phase 1 and 2, respectively, and c (i"1, 2) are the volume fractions of
G
the two phases, with c #c "1. Here and below, it is assumed that phase 2 is sti!er than phase 1.


Note that although the bounds for the bulk and shear moduli given by Eqs. (11) and (12) have the
same form as those obtained in Refs. [14,15] for the plane-strain bulk modulus and shear modulus
of a transversely isotropic composite, the expressions of Young's modulus E in terms of the bulk
and shear moduli and i and G are di!erent:
E"4iG/(i#G)

(13)

for the present 2D problem whereas
E"3G!(G/i)

(14)

for the plane-strain case.
3.3.1. Rigid inclusions
For a honeycomb/rigid inclusion composite, the Hashin}Shtrikman upper bounds are in"nite
and hence only the lower bounds are of interest, given by
c
(i #G ),
i "i #
+
*
+ 1!c +
2cG (i #G )
+ +
+
G "G #
*
+ (1!c)(i #2G )
+
+

(15)

and
4G i
* * ,
E "
(16)
* i #G
*
*
where c is the volume fraction of rigid inclusions, and i and G are the bulk and shear moduli of
+
+
the honeycomb matrix. For the perfect honeycomb the subscript &M' is replaced by &0' and for
imperfect honeycomb &M' is replaced by &I', following the convention laid down after Eq. (8). For
both types of honeycomb, the shear modulus G is related to E and i by
+
+
+
E i
+ +
(17)
G "
+ 4i !E
+
+
by manipulation of Eq. (13). For a perfect honeycomb, since i <E and i <G , Eqs. (13) and




(15) for E and i simplify to
*
*
i
E
* "1#c
* "1#2c,
(18)
i
E
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for small c. For an imperfect honeycomb E "0.8i from Eq. (7) and, for small c, one has
'
'
E
19
i
5
* "1# c,
* "1# c.
(19)
E
12
i
4
'
'
The approximate lower bound solutions (18) and (19) are included in Figs. 5 and 6 (shown as heavy
solid lines) for comparison. These bounds lie close to the "nite element predictions for c)4% but
diverge for larger values of c.
3.3.2. Holes
Hashin}Shtrikman bounds of the elastic moduli can similarly be deduced for a honeycomb/hole
composite. Here, only the upper bounds are of physical signi"cance, given by
i
(1!c)G
3"
+,
i
G #ci
+
+
+
G
(1!c)i
3"
+
G
2cG #(1#c)i
+
+
+

(20)

and
4G i
3 3 ,
(21)
E "
3 i #G
3
3
where c is the volume fraction of holes, and i , G and E are the upper bounds for the bulk, shear
3 3
3
and Young's moduli of the composite. Analogous to the honeycomb-inclusion problem, Eqs. (20)
and (21) for E and i in the case of a perfect honeycomb matrix can be simpli"ed further to
3
3
E
1!c
i
1!c
3"
3 "
,
(22)
E
1#2c oi
o#2c/3


upon making use of the result E ;i . For the imperfect honeycombs we have E "0.8i by


'
'
Eq. (7), and Eqs. (20) and (21) reduce to
1!c
i
1!c
E
3"
3"
,
.
(23)
1#2c i
1#4c
E
'
'
Eqs. (22) and (23) are compared with the "nite element predictions in Figs. 7 and 8. As expected, the
upper bounds capture the overall trend of decreasing sti!ness with increasing volume fraction c of
holes, and are in satisfactory agreement with the numerical estimates for the range of c explored.
3.4. Self-consistent estimates of elastic moduli
When the perfect (or imperfect) honeycomb matrix surrounding rigid inclusions (or holes) is
approximated by a homogeneous continuum medium, the elastic moduli of the unit cell can be
estimated by the self-consistent method. For a honeycomb containing rigid inclusions, a selfconsistent calculation for the bulk and shear moduli can be derived from the Eshelby tensor [16] as
1
G
1
i
QA "
QA "
,
,
1!2c/(1#l ) G
1!4c/(3!l )
i
QA
+
QA
+

(24)
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where l "(i !G )/(i #G ), the subscript sc denotes the self-consistent estimate, and the
QA
QA
QA QA
QA
subscript &M' is replaced by &0' for a perfect honeycomb and &I' for an imperfect honeycomb. The
bulk and shear moduli i and G are obtained by solving the two simultaneous equations (24); the
QA
QA
corresponding Young's modulus is given by E "4i G /(i #G ) from Eq. (13). Selected
QA
QA QA QA
QA
calculations reveal that, in the case of a perfect honeycomb matrix, i /i and E /E are nearly
QA 
QA 
independent of the relative density o (assuming that 5%)o)20%), whilst those for the imperfect
honeycomb case are strictly independent of o.
The 2D self-consistent estimates of Young's modulus and Poisson's ratio for an isotropic
material containing circular holes are [17]
l
c
E
QA "1!3c, QA "1!3c#
l
l
E
+
+
+
which, in conjunction with i"E/[2(I!l)], give

(25)

i
1!3c
QA "
.
(26)
i
1!2c#c(4i /E !1)
+
+ +
Here, the subscript M is replaced by &0' for a perfect honeycomb and &I' for an imperfect
honeycomb. In view of Eq. (5), relation (26) for a perfect honeycomb matrix can be further
simpli"ed to
i
1!3c
QA "
oi
o(1!3c)#2c/3

and, by making use of Eq. (7) for an imperfect honeycomb matrix, we obtain

(27)

i
1!3c
QA "
.
(28)
i
1#2c
'
The self-consistent estimates of Young's modulus and bulk modulus are included in Figs. 5}8 as
broken lines in order to compare with the "nite element results and Hashin}Shtrikman bounds. It
is seen that although the elastic moduli calculated by the self-consistent technique are consistently
smaller than the Hashin}Shtrikman upper bounds for honeycombs with holes, and larger than
Hashin}Shtrikman lower bounds for honeycombs with inclusions, the di!erence between the
self-consistent estimates and the bounds is small (less than 5%).

4. Discussion
4.1. Rigid inclusions
The "nite element predictions presented in Figs. 5 and 6 indicate that redundancy defects in the
form of rigid inclusions have only a small sti!ening e!ect on the elastic moduli, and a negligible
e!ect on the uniaxial and hydrostatic yield strengths of a honeycomb, be it initially perfect or
imperfect. This can be explained as follows. For a perfect honeycomb, the governing deformation
mechanisms of cell-wall stretching in the case of hydrostatic pressure and cell-wall bending in the
case of uniaxial stressing are not altered by the presence of rigid inclusions. The deformation of an
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imperfect honeycomb is governed by cell-wall bending under all stress states, with or without the
presence of rigid inclusions. The size e!ect (D/l) of rigid inclusions is small. Rigid inclusions are
considered to be a detrimental type of defect as they increase the mass of the honeycomb for the
practical values of o(0.3: the speci"c sti!ness and speci"c strength drop due to the presence of
rigid inclusions. The elimination of such redundancy inclusions in commercial metallic foams o!ers
a processing opportunity in order to improve the speci"c properties.
4.2. Holes
The presence of vacancy defects in the form of holes within an initially perfect or imperfect
honeycomb has a large in#uence on both its sti!ness and strength, as is evident from Figs. 4 and
7}10. The presence of holes induces bending in cell walls and concentrates deformation near the
holes under all macroscopic stress states. For an initially perfect honeycomb under hydrostatic
loading, this results in a substantial knock-down of the bulk modulus and hydrostatic strength
* the situation is complicated further by the fact that the degree of knock-down depends upon the
relative density o of the honeycomb in addition to the volume fraction c of holes. The upper bound
solution (22) and the self-consistent estimate (27) for the normalised bulk modulus depend upon
o as well as upon the hole volume fraction c, consistent with the "nite element results shown in
Figs. 7b and 9b.
The normalised elastic moduli and yield strengths of the imperfect honeycomb are functions of
the volume fraction c of holes only (Figs. 8 and 10), given by the curve-"tting formulas
i
E
"1!2.8c,
"1!4.6c,
i
E
'
'
p
p
& "1!3.7c.
3 "1!3.1c,
(29)
p'
p'
&
3
Expressions for the moduli close to those given by Eq. (29) can be derived by assuming that the
main e!ect of the holes is to reduce the overall relative density of the unit cell, as follows.
In the absence of holes, the elastic moduli of an imperfect honeycomb are proportional to o. The
presence of holes leads to a reduction of the relative density of the unit cell from o to (1!c)o. If we
assume that the e!ect of holes is only to reduce the average relative density of the unit cell, and
assume that Eq. (7) remains valid, then for small c we have
i
E
"1!3c,
"1!3c.
(30)
i
E
'
'
These expressions agree closely with Eq. (29) determined from the "nite element calculations. Thus,
the uniaxial and hydrostatic sti!ness of an imperfect honeycomb is relatively insensitive to the
presence of holes when these properties are correlated in terms of the overall relative density of the
unit cell.
In order to explore the dependence of strength upon the ligament size between neighbouring
holes, the results of Figs. 9 and 10 are replotted in terms of strength versus the D/¸ ratio, as shown
in Fig. 11. Here, the "nite element results for perfect and imperfect honeycombs are denoted by
solid and open symbols, respectively; the notch-insensitive straight lines denote that the net section
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Fig. 11. Dependence of (a) uniaxial yield strength and (b) hydrostatic yield strength on relative hole size D/¸ for both
initially perfect and imperfect honeycombs.

strength criteria p /p+"1!D/¸ and p /p+"1!D/¸ apply, whilst the notch-sensitive curves
3 3
& &
represent the inverse of the stress concentration factor of a homogeneous isotropic material due to
the introduction of an open hole [18]. Fig. 11 reveals that the uniaxial tensile strength of both
perfect and imperfect honeycombs and the hydrostatic strength of imperfect honeycombs comply
with the net section strength criterion, consistent with recent experimental measurements on
several commercially available metal foams such as Alporas and Cymat [19]. However, a perfect
honeycomb subjected to hydrostatic loading exhibits an extreme form of notch-sensitive behaviour, which is due to the fact that under hydrostatic loading the deformation mechanism of
a perfect honeycomb is switched from cell-wall stretching to cell-wall bending by the presence of
the hole.

5. Conclusions
The sensitivity of the sti!ness and strength of honeycombs to the presence of inclusions and
holes is analysed using the "nite element method. For both perfect and imperfect honeycombs,
rigid inclusions have only a small e!ect on the sti!ness and strength. We conclude that the main
e!ect of rigid inclusions in honeycombs is to increase mass, and thereby reduce the speci"c
properties.
For initially perfect honeycombs, the presence of holes causes a substantial knock-down in the
bulk modulus and hydrostatic yield strength due to induced cell-wall bending. The sti!ness and
strength are dependent upon both the volume fraction of holes and upon the relative density of the
honeycomb; additionally, a hole size e!ect is noted when the hole diameter is of the same order of
magnitude as the cell size. For imperfect honeycombs containing a small number fraction of
randomly broken cell walls, the knock-down in sti!ness due to the presence of holes can be
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estimated by assuming that the main e!ect of the holes is to reduce the overall relative density of
the honeycomb. The knock-down in strength is consistent with a net section strength criterion.
Both Hashin}Shtrikman bounds and self-consistent estimates describe closely the elastic moduli of
perfect and imperfect honeycombs containing either rigid inclusions or holes. These results can be
used to guide the processing of commercial foams with improved properties, and to estimate the
residual sti!ness and strength of as-received foams containing open holes or redundancy inclusions.
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