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Abstract
The biaxial compaction of a square array of circular cylinders is studied using slip-line "eld, upper bound
and "nite element methods. Densi"cation is assumed to occur by plastic deformation at the contacts. It is
found that contact}contact interaction has a softening e!ect on the local indentation pressure at each
contact. The yield surfaces resulting from hydrostatic and closed-die compaction are constructed at various
stages of densi"cation: the size and shape of the yield surface depend upon the loading history and upon the
relative density of the compact. The "nite element predictions suggest the formation of a vertex at the loading
point for the entire densi"cation process in the case of isostatic compaction. On the other hand, a vertex at
the loading point is formed only for a relative density D)0.85 in the case of closed-die compaction.  2000
Elsevier Science Ltd. All rights reserved.
Keywords: Powder compaction; Yield surface; Slip-line "eld method; Upper bound methods; Finite element method

1. Introduction
Powder compaction is a popular net shape forming operation for small, high volume engineering
parts. Powder metallurgy materials include refractory metals, superalloys, particle and "brereinforced composites, ferrous alloys and cermets. The ability to control accurately the size,
composition and morphology of the microstructure is a major advantage of the powder route. Cold
compaction followed by sintering avoids the segregation and excessive grain growth associated
with casting. When the operating temperature is less than 0.3 times the absolute melting point of
the metal, rate-independent plasticity is the dominant mechanism of densi"cation. At higher
temperatures densi"cation is assisted by creep and di!usional #ow.
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The starting powder for a compaction process typically consists of randomly oriented loose
particles with a wide range of particle size and shape. Three di!erent stages of powder compaction
may be identi"ed as follows. Stage 0 is the initial rearrangement of powder particles. For equi-sized
spherical particles, this initial rearrangement results in a relative density of about 0.64 [1], where
the relative density is de"ned as the ratio of the average density of the powder to that of the fully
dense solid. In the second stage, Stage I, particles indent each other at isolated necks, leaving
a network of inter-connected porosity. Densi"cation occurs by the mutual indentation of particles
in contact, with the continuous growth of interparticle necks. Helle et al. [2] argue that this
geometrical description prevails up to a relative density of about 0.9. In the "nal stage (Stage II), the
relative density is greater than 0.9, and the interparticle necks have grown until the porosity
pinches o! into isolated voids. The compact at this stage is modelled as a porous solid and
densi"cation is controlled by the shape, size and distribution of the pores.
Doraivelu et al. [3] have summarised the macroscopic yield surfaces from several Stage I and
Stage II powder compaction models by adopting the following quadratic form:
f (D)p #f (D)p"p ,
(1)

K

C
7
where f and f are functions of relative density D, p is the mean stress, p is the von Mises


K
C
e!ective stress, and p is the uniaxial yield strength of the matrix. Brown and Abou-Chedid [4]
7
have measured the isodensity curves in stress space for copper and iron powders compacted under
biaxial and triaxial states of stress. They observed a lack of correspondence between the isodensity
curves and the yield surface of the form given by Doraivelu et al. [3]. This discrepancy between the
yield functions of form (1) and various experimental data implies that the yield behaviour of
a powder aggregate does not depend on density alone, but also depends upon the loading path. In
an anisotropic model for Stage I compaction of spherical particles, Fleck [5] has estimated the
distribution of contacts and the variation of the size of the contacts in terms of a second-order
tensor B , which is closely related to the macroscopic strain E . The macroscopic yield surface
GH
GH
depends upon the loading path used for the compaction, and a vertex is observed at the loading
point. Storakers et al. [6] have extended this approach for powder composites undergoing power
law visco-plastic compaction. Akisanya et al. [7] have measured the sensitivity of the yield surface
shape to the deformation path by conducting triaxial tests on copper powder. The observed yield
surface is elongated along the loading direction with a vertex at the loading point for closed-die
compaction, and lends support to the models of Fleck [5] and Storakers et al. [6].
An accurate prediction of powder compaction in Stages I and II requires a knowledge of the
contact pressure between individual particles, and of the number of contacts Z per particle. Early
studies of Stage I cold compaction of powder particles assumed a constant contact pressure, but an
increasing number of contacts during the initial stages of densi"cation. Helle et al. [2] used
Prandtl's punch solution of an in"nite solid and Fleck et al. [8] used the solution given by Green
[9] for the plastic yielding of a metal junction under combined shear and pressure. But compression experiments on single spherical metal particles reveal that the mean pressure at the neck
between two particles falls with increasing neck size [10,11]. With increasing compaction, the
plastic zone at each contact interacts with those of neighbouring contacts or with the free surface of
the particles [12,13] and gives rise to reduced contact pressures.
Next, consider the evolution of co-ordination number Z with relative density, D. A dense
random packing of aligned, monosized cylindrical particles typically has a starting relative density
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of between 75 and 80% [14]. This corresponds to an average number of contacts per particle (that
is, the particle co-ordination number, Z) of 3}4. For random packing, Z increases during
densi"cation from about 4 to a maximum of 6. Two limiting particle arrangements for the
cylindrical particle array are a square array corresponding to a low initial relative density
(D "0.7854) with particle co-ordination number, Z"4, and a hexagonal close-packed arrange
ment corresponding to a high relative density (D "0.9068) with Z"6. Akisanya et al. [12] have

used slip-line "eld and "nite element methods to study the pressure versus density response of
regular hexagonal array of cylindrical particles. Subsequently, they used these methods to determine Stage I yield surface for hydrostatic and closed-die precompacts [15].
In the current study we analyse Stage I and Stage II cold compaction of square arrays of circular
cylindrical particles, as a prototype for the more complex case of three-dimensional compaction of
non-prismatic particles. Additionally, the study is motivated by the practical problem of the
compaction of aligned layers of metallic "bres in metal matrix composite manufacture [16].
Initially, we present a brief description of the methods employed. Then, Stage I and Stage II
hydrostatic compaction are examined using slip-line "eld and "nite element methods. The macroscopic stress}strain response for general loading and the e!ect of material strain-hardening on the
pressure}density response are investigated using the "nite element method. The shape and size of
the yield surface are determined at various stages of densi"cation for both hydrostatic and
closed-die compaction using slip-line "eld, upper bound and "nite element methods.

2. Modelling details
The arrangement of particles adopted in this study is shown in Fig. 1. It consists of a square array
of identical circular cylindrical particles of initial radius R . The compaction response will be

discussed in terms of a representative unit cell, comprising one-quarter of a cylinder and pore, with
two contacts. The relative density D is de"ned as the ratio of the area of the solid material in the
unit cell to the area of the unit cell. Thus, the initial relative density is D "p/4"0.7854. Fleck [5]

has shown that inter-particle friction plays only a minor role in Stage I compaction, and so we
assume frictionless contacts throughout this study. In fact, the particle arrangements adopted in

Fig. 1. Sketch of a square arrangement of circular cylindrical "bres of radius R , subjected to macroscopic compressive

loading !& and !& . The work-conjugate plastic strain rate is !EQ and !EQ .
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this study automatically result in zero shear traction at contacts. Additionally, the contacts are
assumed to possess zero cohesive (tensile) strength; these assumptions are reasonable for the
practical problem of the cold compaction of lubricated metallic powders.
As for the case of compaction of spherical particles, the compaction process of cylindrical
particles can be divided into Stages I and II. During the initial stage (Stage I), the individual
cylindrical particles are still recognisable and plastic deformation is localised near the contacts. In
the later stages of densi"cation the plastic "elds from neighbouring contacts interact and the pores
are cusped in shape: this stage is the interaction stage. In the "nal stages of densi"cation (Stage II)
the pores formed between the contacting particles are surrounded by a zone of plastically
deforming material. At this stage the geometry is modelled as an array of pores which shrink in size
as densi"cation progresses.
2.1. Finite element analysis
Since the cylindrical particles are allowed to slide freely past each other, the deformation can be
modelled by considering the indentation of a long cylinder by a smooth #at punch. The problem is
to obtain the macroscopic Cauchy stress (& , & ) for the square arrangement of identical cylin 
drical particles subjected to a plane strain deformation state, characterised by the logarithmic
strain measures (E , E ), in terms of the Cartesian axes (x , x ) shown in Fig. 1.
 
 
The "nite element package ABAQUS is used for the numerical calculations for the entire
compaction process (Stages I and II); a "nite strain version of J2 #ow theory is used to describe the
constitutive response of the matrix. Unless otherwise stated, the governing stress}strain response of
the cylindrical particles is assumed to be an elastic-perfectly plastic solid with a yield strain of 10\
and a Poisson's ratio of l"0.3. As the "nite element results will be compared with rigid, ideally
plastic slip-line "eld and upper bound solutions, we have chosen a small value of yield strain in FE
analysis. Preliminary calculations con"rm that the compaction results are insensitive to the choice
of yield strain.
The assumed symmetry with respect to both geometry and loading implies that it is adequate to
model only one-quarter of a particle, as shown in Fig. 2. The mesh in Fig. 2 consists of 1448
quadratic and 884 triangular plane strain-reduced integration elements. The vertical and horizontal symmetry boundaries of the unit cell are subjected to displacement boundary conditions in
which elements are allowed to slide freely along the boundary with zero shear traction. In order to
simulate plane strain compaction, normal displacements are imposed along the top and right-hand
side of the representative unit cell using frictionless interface elements. The curved surface of the
particle is traction-free.
The evolution of the contact width parameters (a , a ), the centre distances between the
 
neighbouring particles (b , b ) and the total reaction force at each contact is determined as
 
a function of the macroscopic strain (E , E ), see Fig. 3(a). The macroscopic response of
 
the aggregate is given by the average state of stress and strain in the representative unit cell.
We note that the macroscopic logarithmic strain is related to the particle spacings (2b , 2b ) and


 ABAQUS, HKS Inc., RI, USA.
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Fig. 2. Finite element mesh of a unit cell of the square array showing the boundary conditions and loading.

Fig. 3. Assumed particle geometry for: (a) Stage I compaction; and (b) Stage II compaction, for slip-line "eld and upper
bound methods. The free surface of the particles are assumed to have a uniform radius of curvature R in Stage I, whereas
the voids are taken to be square with a side length s in Stage II.

to the radius of the undeformed particle R by


 
 

b
E "ln  ,

R


(2)

b
E "ln 

R


(3)
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and the relative density D is related directly to the strain state (E , E ) by
 

 

ln

D
"!(E #E )


D


(4)

where D is the initial relative density, as de"ned previously. The total reaction force at each

contact is divided by the contact width to obtain the mean contact pressures p and p . By


equilibrium, the macroscopic stresses are related to the inter-particle contact pressure p and p at


the contacts along the x and x axes by



 
 

a
& "!  p ,


b


(5)

a
& "!  p .


b


(6)

2.2. Approximate geometric relations for slip-line xeld and upper bound methods
The slip-line and upper bound methods assume a rigid, ideally plastic material response. In order
to specify the evolution of contact size between particles, as a function of macroscopic strain,
a number of additional geometrical assumptions are required as follows.
Stage I: When the square array of particles are subjected to macroscopic loading, the particle
centres approach each other and "nite contacts form between the particles. Deformation is
con"ned to the regions of the contact during the early stages of compaction. As the powder
particles are compacted further the plastic "eld interacts between the contacts and the particle's free
surface; material is extruded from beneath the contacts into the adjacent voids. The extruded
material from the contact is assumed to be distributed uniformly over the free surface of the particle
so that the free surface of the particle has a radius R'R . In this way, the contacts grow as the

relative density increases. This assumption also ensures that the pores in the powder structure
remain cusped in shape.
A typical deformed shape of a particle under applied macroscopic strain state (E , E ) is
 
illustrated in Fig. 3(a). The contacts appear as #at faces on each particle. The local deformation of
a particle is characterised by the contact widths 2a and 2a and by the centre distance between the


particles 2b and 2b along x - and x -directions, respectively. The contact widths are related to




the current particle radius R by the following equations:
a #b "R,



(7)

a #b "R.



(8)

By conservation of volume, the cross-sectional area of each cylindrical particle at any stage of
deformation equals the initial cross-sectional area of the undeformed particle of radius R , giving
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The relative density D can therefore be shown to be
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(10)
2 b
b
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The center spacings 2b and 2b evolve with macroscopic strain (E , E ) according to relations (2)


 
and (3). We now have a complete set of relations (2), (3), (7)}(10) in order to obtain the geometric
parameters (a , a , b , b , R, D) as a function of the macroscopic strain (E , E ), initial particle
   
 
radius R and initial relative density D . Expression (4) for D is mathematically identical to Eq. (10)


since both are statements of conservation of mass. The connection (5) and (6) between the
macroscopic stress (& , & ) and the average contact pressures (p , p ) apply also for the slip-line
 
 
"eld and upper bound methods.
Stage II: In Stage II densi"cation, plastic deformation occurs in the vicinity of each pore, and the
pore is treated as a square of side length s in order to simplify the slip-line "eld and upper bound
analysis, see Fig. 3(b). An expression for relative density can be easily deduced from conservation of
mass and is given by



a
1
D"1! 1! 
b
2






a
1!  .
b


(11)

3. Hydrostatic compaction
In this section, we study the evolution of contact size, mean contact pressure and the macroscopic pressure for the hydrostatic compaction of a square array of cylindrical particles using the
"nite element and slip-line "eld methods. When the macroscopic stress is hydrostatic, we may write
& "& "& , and symmetry dictates that only  of a representative particle needs to be


K

considered.
3.1. Contact size evolution
For hydrostatic compaction the contact widths are of equal size a "a "a and b "b "b.




In the "nite element (FE) calculations, the contact widths are measured from the deformed shape of
the particle and the relative density D is calculated directly from the macroscopic strain via relation
(4). The computed variation of relative density D with the contact size a/b is shown in Fig. 4.
The approximate geometrical relation (10) is used in the slip-line "eld (and upper bound
calculations) in order to relate D to a/b, giving for Stage I hydrostatic compaction,



a
a
D" # 1#
b
b



 

p
a
!tan\
4
b

.

(12)

In Stage II, the size s of square pore is related to the contact size a by
1 s
a
"1!
b
(2 b

(13)
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Fig. 4. Comparison of the analytical predictions (12) and (14) with the "nite element results, for the evolution of contact
size with relative density, D.

and the relative density D follows as

 

1
a 
D"1! 1!
.
2
b

(14)

Predictions (12) and (14) for the relative density D are plotted as a function of contact width a/b in
Fig. 4. The agreement between the approximate analytical prediction and the "nite element
simulation of contact size is excellent for Stage I and is adequate for Stage II.
3.2. The evolution of local contact pressure in hydrostatic compaction
The "nite element predictions for the local contact pressure versus the normalised contact width
a/b are plotted in Fig. 5(a). We found that the mesh discretization leads to high contact loads (p/p
7
greater than 2.97) at small contact sizes. The average contact pressure drops due to contact}contact
interaction (up to a/bK0.58) but starts to increase thereafter. This is due to the fact that the
material displaced under the contact is forced to extrude through the decreasing gap between the
neighbouring contacts: highly constrained plastic #ow occurs. This has been referred to as
`geometrical hardeninga in the literature [17].
Next, we compare the "nite element predictions with slip-line "eld solutions. At the start of
densi"cation, when the contacts are much smaller than the particle radius, the deformation is
concentrated at the particle contacts and there is no interaction between contacts. The slip-line
solution at this stage of deformation is the Prandtl indentation "eld. A triangular zone of dead
material adheres to the punch and moves as a rigid body with the punch as shown in Fig. 6(a). The
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Fig. 5. (a) The mean contact pressure at the contacts versus the normalised contact width a/b for hydrostatic compaction
of a square array of particles. Predictions are compared from the "nite element (F.E.) method and from the slip-line "eld
(s.l.f.) method. (b) The normalised hydrostatic pressure & /p versus the relative density. Slip-line "eld (s.l.f.) solutions are
K 7
shown for a hexagonal array and a square array.

uniform pressure on the punch is given by Prandtl's solution p"[(2#p)/(3]p "2.97p , where
7
7
p is the local pressure at each contact and p is the uniaxial yield strength.
7
As densi"cation proceeds, the contact size increases, the distance between neighbouring contacts
decreases and the contacts begin to interact when the contact size is no longer small compared to
the distance between the contacts. A typical slip-line "eld displaying such interaction is shown in
Fig. 6(b). This "eld is similar to the one given by Johnson [18] for the forging of a cylindrical bar by
V-shaped anvils. A triangular zone of dead material is attached to the punch surface and the nets of
orthogonal slip lines originating from the punch corner intersect the axis of symmetry at 453. The
material in the centre of the indented cylinder is rigid while that on the outer side of the slip lines
moves as a rigid body outward along the axis of symmetry. The uniform pressure on the punch
surface is evaluated using the Hencky equations [19] and the condition that the net force on the
zone of dead material along the axis of symmetry between neighbouring punches is zero. The
pressure p is given by p"p f (a/b) for the case of contact}contact interaction, where f is a dimen7
sionless function of a/b. The interaction between contacts results in a net softening of the
macroscopic compaction response. Gampala et al. [20] and Mesavoric and Fleck [21] have also
observed softening during the initial stages of inelastic blunting of isolated contacts. This softening
is attributed to the "nite deformation e!ects and to the interaction of the plastic zone with the free
surface of the spherical particle.
The transition from the case of isolated contacts to that of contact}contact interaction occurs
when the slip-line "eld of Fig. 6(b) provides a value of p/p equal to the Prandtl value of 2.97. Based
7
on this condition, the transition occurs at a value of a/b"0.11. The slip-line "eld is admissible
provided the angle between the outermost slip-line emanating from the corner of the punch and
the stress-free particle surface is greater than or equal to 453 [22]. For the present geometry,
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Fig. 6. The slip-line "elds for hydrostatic loading (a "a "a; b "b "b): (a) Stage I with isolated contacts; (b)




contact}contact interaction "eld; and (c) Stage II.

this condition is satis"ed for values of a/b)0.41. Based on this assumed mode of deformation
Stage I densi"cation terminates at a/b"0.41, which corresponds to a relative density of D"0.87.
The slip-line "eld results for the normalised contact pressure p/p are plotted in Fig. 5(a); p/p
7
7
equals 2.97 for a/b)0.11 (isolated contact) and it decreases with increasing contact size to a value
of p/p "2.11 at a/b"0.41, due to particle contact}contact interaction.
7
Stage II: The slip-line "eld for Stage II hydrostatic compaction of a square array of voids is
sketched in Fig. 6(c). A triangular zone of dead material is attached to the surface of the square pore
and the centre-fan is extended to intersect the contact surface and the axis of symmetry between the
contacts at 453. Deformation is concentrated between the pore and the contact, and the material at
the centre of the particle is rigid. The mode of deformation shown in Fig. 6(c) is strictly valid for
values of half-contact size, a, greater than or equal to the size of the square pore of side length s.
From geometric considerations the assumed "eld is valid for a/b*0.584 and for D*0.91.
Therefore, the region 0.87(D(0.91 is the transition stage from Stage I to II.
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In contrast with Stage I behaviour, the normal pressure is not uniform across the contact in
Stage II. The normalised average pressure p/p on the contact surface is included in Fig. 5(a) as
7
a function of the relative contact size a/b. As seen from the FE calculations, the mean contact
pressure increases with increasing a/b in Stage II deformation from a value of about 2.1p . The
7
slip-line "eld solution agrees quite closely with the "nite element predictions.
3.3. The macroscopic pressure}density relation
Force equilibrium dictates that the macroscopic hydrostatic pressure, & "& "& applied to


K
the square array of cylinders is related to the average contact pressure p by
a
& "! p,
K
b

(15)

where 2a is the contact size and 2b is the particle centre}centre distance, as before.
Fig. 5(b) shows the normalised macroscopic pressure !& /p as a function of the normalised
K 7
relative density (D!D )/(1!D ) from the FE computations and slip-line "eld results, for the


square array with D "0.785. These results are compared with the slip-line "eld solution for

a hexagonal array of cylindrical particles undergoing hydrostatic compaction with D "0.906

[15]. For the hexagonal array, the pores are assumed to be triangular in shape during the "nal
stages of compaction (i.e. Stage II). We conclude that the variation of macroscopic pressure with
normalised relative density is almost independent of the particle arrangement.

4. Yield surface for Stage I hydrostatic compaction
In the previous section we explored the variation of contact pressure and macroscopic pressure
with relative density D for the hydrostatic compaction of circular cylindrical particles. Now, the
interest is in the determination of the macroscopic yield surface for a compact of given relative
density. Estimates of the yield surface size and shape are given using the slip-line "eld, upper bound
and "nite element methods.
4.1. Slip-line xeld approach
Slip-line "eld methods can be used to construct the limit yield surface in p }p space for a given
 
value of a/b. The material composing the cylindrical particles is assumed to be rigid-perfectly
plastic with a uniaxial yield strength of p .
7
Fig. 7 shows six possible slip-line "elds that can develop within a unit cell, after compaction has
occurred within Stage I. The direction of plastic strain rate dictates which of the collapse modes is
active. Fields A}C are the Prandtl "elds at each contact; these are appropriate when the contacts
are small. Field D is obtained when a pair of opposite contacts are loaded more heavily than the
adjacent contacts. This leads to the interaction of the plastic deformation zones between the
opposite contacts. A similar "eld arises when two opposing indenters are pressed into a #at sheet;
the angle of the centre-fan "eld is determined from the requirement that the outer slip-line must
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Fig. 7. Slip-line "eld solutions for a square array of cylindrical "bres during probing of the yield surfaces for Stage I
precompacts. Six mechanisms of collapse are shown; the macroscopic strain rate direction dictates which mechanism is
active.

intersect the origin O at 453 to the two axes of symmetry. The mean contact stress at the contact is
determined from the equilibrium condition that the horizontal component of resultant force on the
outer slip-line equals the resultant force acting on the lateral contact. The "eld is active only if the
local contact pressure at the opposing contacts is less than the Prandtl punch value of 2.97p . The
7
deformation zone in this mechanism extends to the centre of the particle. The collapse mode E is
the same as D, but with the roles of p and p interchanged.


Mechanism F is of the same class as the neighbouring contact}contact interaction mechanism
shown in Fig. 6(b). For a given value of the angle
in Fig. 7(f), the collapse state (p , p ) is
 
determined from the requirement that there is zero net force on the rigid block extruded between
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Fig. 8. Yield surfaces by the slip-line "eld method for: (a) isostatic precompacts; and (b) closed-die precompacts of relative
densities D"0.8 and 0.85. The letters B, D, E and F denote the operative mechanisms of deformation at each segment of
the surfaces.

the contacts. There is a limited range of validity for the angle and therefore a limited range of
possible values of p and p associated with this "eld for a precompact of given contact widths. For


example, mechanism F is only valid when
is in the range 333) )573 for a hydrostatic
precompact of relative density D"0.85.
For each mechanism a limit surface is constructed in stress space by identifying the combinations
of p and p required to activate that particular "eld. The yield surface is then obtained by the inner


envelope of the limit surfaces for the individual mechanisms.
Fig. 8(a) shows the resulting yield surface for the hydrostatic precompacts of relative densities 0.8
and 0.85. The contact pressures p and p have been normalised by the uniaxial yield strength of


the material p . For the relative densities considered, the Prandtl punch solution A gives a collapse
7
pressure p which is higher than that given by mechanism D and so mechanism A lies outside the

limit surface and is discounted. Apart from mechanism F, which is the neighbouring contact}contact interaction mechanism, all the other "elds produce straight lines in stress space. By
using relations (5) and (6) this local yield surface can be readily converted to the macroscopic yield
surface (& , & ). The resulting macroscopic yield surfaces are shown in Fig. 9a for D"0.8 and in
 
Fig. 9b for D"0.85. As the contacts are assumed to be cohesionless the lines & "0 and & "0


form additional boundaries of the yield surface: tensile macroscopic stresses cannot be supported
by the particle aggregate. The data points on the x- and y-axis correspond to the yield strength of
the compact under uniaxial free compression parallel to these axes.
4.2. Upper bound method
When the upper bound method is applied to rigid, ideally plastic solids, the assumed deformation state consists of rigid regions, sliding relative to each other. The component of material
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Fig. 9. Comparison of macroscopic yield surfaces for hydrostatic precompacts of: (a) relative density D"0.8; and (b)
relative density D"0.85 using slip-line "eld, upper bound, random array upper bound and "nite element methods.

velocity normal to each shear discontinuity is continuous by incompressibility. The accuracy of the
solution depends upon the faithfulness of the assumed deformation mode to reproduce the actual
solution, and the load is a minimum for the actual solution. The macroscopic consolidation stress is
calculated by equating the rate of external work done to the rate of internal plastic work.
Fig. 10 shows some of the possible upper bound mechanisms that can exist within the unit cell of
the cylindrical array (Fig. 1). These mechanisms are simpli"ed versions of the slip-line "elds A}F in
Fig. 7. Mechanisms A and B are simple indentation "elds at each contact, and are relevant when
the contacts are small. These mechanisms assume that a triangular zone of dead material adheres
to the contacts and moves as a rigid body with increasing deformation. The material at the centre
of the particle is also rigid while the material extruded from under the contact is deposited at the
edge of the contact. By neglecting the slight curvature of the particle, the minimum upper bound
value of the collapse pressure can be shown to be 3.27p . Mechanism C is a combination of
7
mechanisms A and B, in which an indentation "eld is activated at both contacts.
In mechanism D there is an interaction between the deformation of two opposing contacts and
the material is extruded side-ways. This collapse mechanism is the same as that produced between
two opposite #at punches indenting a sheet of material. For simplicity the triangle abc is assumed
to be an isosceles right-angle triangle and bcd is assumed to be isosceles triangle with the length of
side bd equal to that of bc. The collapse mechanism D has a single degree of freedom speci"ed by
the angle , as shown in the Fig. 10; a typical velocity "eld is included in the "gure. The local
collapse pressure at the contact is obtained by equating the rate of external work to the rate of
internal plastic work dissipation, given by the equation
l v #l v #l v #l v
p a
p
 
 
  #  
 "  
2a v
2k a
2k

 

v
,
v


(16)
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Fig. 10. Upper bound collapse mechanisms for a square array of cylindrical "bres during probing of the yield surface.

where k is the shear yield strength of the material and is equal to p /(3 for a von Mises material,
7
l denotes the interfacial length and v denotes the tangential velocity jump of block i relative to
GH
GH
block j. For given values of a , a and p , the best estimate for p is the least value, obtained by
 


varying the angle . The process is repeated for other values of p in order to construct the collapse

locus in (p , p ) space.
 
The collapse mode E is the same as D, but with the roles of p and p interchanged. The collapse


mechanism F exhibits contact}contact interaction. The material inside the envelope ocdg is rigid
and stationary, whereas the rigid block outside the region bdf moves rigidly outwards. The blocks
abc and efg are assumed to be isosceles right-angled triangles. This interaction mechanism has two
degrees of freedom and l, as shown. For an assumed value of p , the best estimate of p is the
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minimum value obtained by varying

and l in the equation

p
p a v
l v #l v #l v #l v #l v #l v
 #    "  
 
 
 
 
  .
(17)
2k 2k a v
a v
 
 
Repetition of this minimisation procedure for other values of p is used to generate the collapse

locus in (p , p ) space. The inner envelope of the locus of contact pressures obtained by each
 
mechanism gives a local yield surface, which can be converted into a macroscopic yield surface
using relations (5) and (6). The macroscopic yield surface in & }& space is included in Fig. 9 for
 
relative densities D"0.8 and 0.85 of hydrostatic compacts. When the relative density is 0.8, the
yield surface is formed by mechanisms A and B, i.e. Prandtl "elds for isolated contacts, and the
contact interaction mechanisms D and E. At the higher relative density of 0.85, the increased
contact size leads to contact}contact interaction and mechanism F replaces mechanisms A and
B as the inner envelope of the yield surface. As expected, the yield surface by the upper bound
method encloses that of the slip-line "eld method. The shapes are similar, except for the local shape
at the loading point for D"0.8, see Fig. 9(a); the upper bound method suggests a sharp vertex
whereas the slip-line "eld method gives a smooth yield surface in the vicinity of the loading point.
4.3. Finite element approach
The "nite element method has also been used to calculate the yield surface following Stage
I compaction for an elastic, ideally plastic powder. The unit cell of the powder particle array was
"rst compacted to the required relative density, and then unloaded elastically to almost zero
macroscopic stress. The limit yield surface of the compact at this relative density was determined by
reloading the compact along various stress and strain paths until it yields; the values of the
macroscopic stresses & and & at limit yield are used to obtain the yield surface. The reloading


paths comprise the proportional stress path of unconstrained uniaxial compression, and a number
of proportional strain paths given by dE "dE tan(t), where dE and dE are strain increments,




and the phase angle of loading t is kept constant throughout reloading.
The macroscopic yield surfaces obtained by the "nite element method are shown in Fig. 9 for
hydrostatic compacts of relative densities D"0.8 and 0.85. The "nite element results have
a pronounced corner on the yield surface at the loading point. In contrast, the slip-line "eld
solution at both values of relative densities (and the upper-bound solution at D"0.85) display no
such vertex, with contact}contact interaction leading to a smooth surface along the hydrostatic
axis. The yield surfaces obtained by FE calculations at both relative densities (D"0.8 and 0.85) lie
within those predicted by slip-line "eld and upper bound methods. The di!erences between the
"nite element and slip-line "eld solutions are due to (i) slight di!erences in the assumed geometries,
(ii) the fact that the full family of slip-line "eld solutions may not have been determined, and (iii) the
numerical errors associated with the calculation of slip-line "eld results. We conclude that the "nite
element results are the most accurate of the three methods adopted.
4.4. Stage I yield surface for a random distribution of particles
So far, we have considered the plastic response of a regular array of cylindrical particles. The
question arises, does the response change signi"cantly for a random array of particles? An upper
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Fig. 11. Typical contact between two cylindrical particles, for the random particle upper bound method.

bound method now described is used to estimate the 2D macroscopic yield surface for a random
distribution of cylindrical rigid-perfectly plastic particles, as described by Fleck et al. [8] and Fleck
[5] for the 3D case. A velocity "eld v(x) is derived throughout the body from a uniform
macroscopic plastic strain rate EQ . The internal plastic dissipation rate per unit macroscopic
GH
volume =
Q is calculated from the assumed velocity "eld, with the macroscopic stress & derived
GH
from the plastic dissipation rate per unit volume, as discussed by Gurson [23]. That is,
*=
Q
,
(18)
& "
GH *EQ
GH
where EQ is the macroscopic strain rate.
GH
Consider a typical contact between neighbouring cylindrical powder particles each of radius
R as shown in Fig. 11. The relative velocity v of particle I with respect to the stationary reference

G
particle O is taken to be
v "EQ n 2R ,
(19)
G
GH H 
where n is the unit normal vector from the centre of particle O to the centre of particle I, and x is
G
a Cartesian reference frame as de"ned in Fig. 11. The velocity v can be resolved into the normal
G
component v (h) and the tangential component v (h) at the contact between the two particles.
L
R
Within Stage I compaction regime, plastic dissipation is limited to the vicinity of the contact. As the
particles are assumed to be frictionless, zero shear traction is supported across the contact; the
average normal pressure between the contacts is written as p . Let Z the number of contacts per
A
particle (Z"4 for the case of square array of cylindrical particles) and let A be the average contact
A
area. The plastic dissipation per contact is
v
=
Q (h)"p A L .
A
A A2

(20)

The factor of 2 in the denominator is due to the fact that plastic dissipation is shared between two
particles at each contact and so half is apportioned to each particle. The average plastic dissipation
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per particle is



1
=
Q "
Z=
Q ds,
(21)
N 2pR
A

 1
where the integration is carried out over the surface area of particle O. The plastic dissipation per
unit macroscopic volume =
Q is obtained by multiplying the average plastic dissipation per particle
by D/< , where < is the volume of each particle. Thus,
N
N
Z=
Q
D
A ds
(22)
=
Q "
pR
2pR

 1
2D p Zp A <
A A L dh.
(23)
"
2pR
p


Recall that the relative density D for an isostatically pre-compacted specimen is related to the
normalised contact width a/b by Eq. (12). The assumed collapse mechanism is the slip-line "eld for
Stage I hydrostatic compaction as described in Section 3.2. The collapse pressure is given by
p "p f (a/b), where f is a dimensionless function of a/b. For a/b(0.11, the Prandtl "eld solution
A
7
pertains for the isolated contact and f,2.97. When a/b exceeds 0.11, contact}contact interaction
occurs and f drops in value.
For a given macroscopic strain rate (EQ , EQ ), the normal component of velocity v is given by
 
L
v (h)"(EQ cos h#EQ sin h)2R .
(24)
L



Analytical expressions for the yield surface follows by substituting Eq. (24) into Eq. (23) and then
evaluating Eq. (18).
For the case EQ (0 and EQ (0, the macroscopic stresses are given by


1 Zp A D
A A .
(25)
& "& "!


2 pR






Upon introducing the loading angle h ,tan\((!EQ /EQ ), the macroscopic stresses are given by
A
 
D Zp A
A A (p!2h !sin 2h ),
(26)
& "!
A
A

p 2pR

D Zp A
A A (p!2h #sin 2h )
(27)
& "!
A
A

p 2pR

for EQ '0 and EQ (0, and by


D Zp A
A A (2h #sin 2h ),
(28)
& "!
A
A

p 2pR

D Zp A
A A (2h !sin 2h )
(29)
& "!
A
A

p 2pR
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for EQ (0 and EQ '0. The assumption of zero cohesive strength between particles leads directly


to the result & "& "0 for both EQ '0 and EQ '0.




Eq. (25) shows that for a wide range of strain rate directions (EQ (0 and EQ (0) the macro

scopic stress lies at a vertex on the hydrostatic stress axis, labelled < in Fig. 9(a). In this "gure, the
curve OX< is represented by Eqs. (26) and (27) and the curve O=< is represented by Eqs. (28) and
(29). The yield surface is almost #at on each side of the vertex, and can be represented to fair
accuracy by the maximum stress criterion
1 Zp A D
A A .
Max(& , & )"!
 
2 pR


(30)

Gurson [23] has shown that the macroscopic strain rate EQ is normal to the yield surface '(&)
GH
when the yield surface is calculated by such an upper bound approximation. Thus, the strain rate
vector with components (EQ , EQ ) is normal to the yield surface. Consequently, plastic #ow in the
 
vicinity of the vertex is closely aligned with the direction of the largest principal stress with little or
no straining in the other directions. That is, if & or & is the stress causing yielding, the plastic


strain rate is almost uniaxial. However, when yield occurs at the vertex with & "& , the direction


of plastic #ow can range from nearly uniaxial straining to purely hydrostatic deformation. We note
from Fig. 9(a) that the shape of the yield surface near the vertex for a random distribution of
particles is in close agreement with that derived for a square array of particles by the slip-line "eld,
upper bound and "nite element methods.
4.5. Yield surface for Stage II hydrostatic compaction
At high relative densities the powder structure can be idealised as a homogeneous compressible
elastic}plastic solid with a uniform distribution of cusp-shaped voids. In this section, we construct
yield surfaces resulting from hydrostatic compaction to a relative density of 0.95 and 0.98;
predictions are compared from the slip-line "eld method, "nite element computations and
Gurson's 2D yield surface for the collapse of a circular cylindrical shell [23].
The slip-line "elds that exist upon general straining of a unit cell of the hydrostatic precompact in
Stage II are shown in Fig. 12. The cusp-shaped void is modelled as a square pore to simplify the
slip-line "eld solutions. The "elds G and H are obtained when opposing contacts are loaded more
heavily than the neighbouring contacts. This leads to plastic zone interactions between opposing
contacts and are similar to the "eld arising in the forging of a thin sheet with two opposing
indenters. The angle of the centre-fan "eld is determined from the requirement that the outer
slip-line must intersect the particle centre at 453.
Mechanisms I and J are produced when the plastic zone under a contact interacts with the
free surface of the adjacent square pore. The angle of the centre-fan is "xed by the condition
that it intersects the centre of the contact surface at 453. The average contact pressure p is

determined from the requirement that the net force on the rigid block attached to the square pore
is zero.
Mechanism K is the same as the "eld shown in Fig. 6(c) for Stage II compaction of the
square array of particles and is associated with probing along the hydrostatic strain-path
EQ "EQ .
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Fig. 12. Slip-line "elds for a square array of cylinders during the probing of hydrostatic precompacts (a "a "a), in


Stage II.

The yield surface from the above slip-line "eld solutions is compared with that obtained by the
"nite element method in Fig. 13 for the hydrostatically precompacted specimens of relative
densities 0.95 and 0.98. For both values of relative densities, the agreement between the two
methods is close despite the fact that a square cylindrical pore is assumed in the slip-line "eld
calculations and a four-sided cusped pore is developed within the "nite element simulation. In
addition, the Gurson [23] yield surface for circular cylindrical voids is displayed in Fig. 13. Gurson
[23] has obtained a yield function of the following form for plane strain deformation of a circular
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Fig. 13. The macroscopic yield surfaces for hydrostatic precompacts of relative densities D"0.95 and 0.98. Finite
element results are compared with the yield criterion of Gurson [23] and slip-line "eld solutions.

unit cell containing a circular cylindrical void,

  







& 
1!D
&
C
!2
1!cosh (3 K !1"0,
(31)
' (& , & , p )"C
E K C 7
COT Dp
D
p
7
7
where C "(4!3D#24(1!D)) is the numerical factor for plane strain loading,
COT
& "(3(& !& )/2 and & "(& #& )/2 are the macroscopic e!ective and mean stresses,


K


C
respectively, and D is the relative density. Both the mean stress and e!ective stress are normalised
by the uniaxial yield strength p of the matrix. Gurson's yield surfaces are elliptical in shape and
7
predict a signi"cantly stronger material response than those of the current study. The slip-line "eld
and "nite element results give yield surfaces of approximately elliptical shape and predict a corner
at the initial loading point, i.e. on the hydrostatic stress axis. The close agreement between the
slip-line "eld solutions and the "nite element results indicate that the slip-line "elds of Fig. 12
adequately describe the yield surface of a hydrostatically precompacted square array of cylindrical
particles in Stage II.
5. General biaxial loading
In this section, the "nite element method is used to study the deformation characteristics of the
cylindrical particle array for a range of proportional strain paths in macroscopic strain space, given
by EQ "EQ tan t. The phase angle t is kept constant throughout the loading programme. We note


in passing that the strain paths t"0 and 453 are directly related to the practical production
processes of closed-die and isostatic compaction, respectively.
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Fig. 14. (a) Evolution of contact width with relative density, for the compaction of a square array of particles subjected to
a selection of strain paths. (b) The normalised macroscopic mean pressure!& /p as a function of the relative density D.
K 7

5.1. Evolution of contact widths and mean pressure under proportional straining
The vertical and horizontal contacts #atten at di!erent rates under general loading. In Fig. 14(a)
the total contact width, normalised by the initial particle perimeter 2pR , 4(a #a )/(2pR ) is




plotted against the relative density of the compact. Remarkably, the area of contact is almost
independent of the strain path and is primarily a function of the relative density. This 2D result
contrasts with the 3D result for a cubic array of spherical particles: Ogbonna and Fleck [13]
predict a signi"cantly larger total contact area for isostatic compaction compared with closed-die
compaction at a given relative density.
A plot of the macroscopic mean stress & ("(& #& )/2) as a function of the relative density
K


D for di!erent loading paths is shown in Fig. 14(b). For all strain paths considered, the relative
density increases monotonically with increasing mean pressure. Again, the e!ect of loading phase
angle t on the macroscopic mean pressure versus density response is minor.
5.2. Local contact pressures and macroscopic stresses
The mean contact pressures at the contact are calculated by dividing the contact load by the
contact widths. A plot of the normalised contact pressures p /p and p /p versus the macroscopic
 7
 7
strain E are shown in Figs. 15(a) and 15(b), respectively. As for the case of hydrostatic compaction,

the normalised contact pressure initially drops due to neighbouring contact}contact interaction
(softening) and later the mean contact pressure rises due to geometric hardening.
The macroscopic stresses & and & have been calculated using Eqs. (5) and (6), respectively, and


are plotted against the macroscopic strain E in Figs. 16(a) and 16(b) for all the strain paths

considered. A continuous increase in the macroscopic stress with densi"cation is predicted.
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Fig. 15. The evolution of the normalised local contact stress: (a) p /p ; and (b) p /p with true strain E , for a selection of
 7
 7

macroscopic strain paths.

Fig. 16. The evolution of normalised macroscopic stress: (a) !& /p ; and (b) !& /p with true strain E , for
 7
 7

a selection of macroscopic strain paths.

6. Yield surface for closed-die compaction
In this section we explore the yield surface due to closed-die compaction along the x -direction

(with E "0) by making use of the same methodology as that employed above for hydrostatic
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compaction. As expected (see Ref. [5]) strong anisotropy develops due to the fact that the contact
width a increases more rapidly than a with increasing relative density.


6.1. Stage I (0.785)D)0.87)
The relevant slip-line "elds have already been presented in Fig. 7 to obtain a yield surface. The
local yield surfaces in p }p space for closed-die compacts of relative density 0.8 and 0.85 are
 
shown in Fig. 8(b). When the relative density is 0.8, the yield surface consists of two straight
segments. One of them arises from the interaction between opposing contacts between the larger
contacts of width a , designated mechanism D. The other contact of dimension a is much smaller


and there is no other interaction with any other contacts. Consequently, the Prandtl punch "eld
B is activated. Further densi"cation to a relative density of 0.85 results in larger contacts a and a .


There is now a stronger interaction between top and bottom contacts of dimension a , leading to

a drop in the contact pressure at yield. For example, at large relative values of p to p yield is by


plastic collapse between the contacts of dimension a (mechanism E). This mechanism is super
seded by the Prandtl mechanism B only at large p and p . By using relations (5) and (6) the local


yield surface is converted into a macroscopic one and is presented in Fig. 17(a). For completeness
results are included in Fig. 17(a) for the yield surface obtained by the upper bound method for the
mechanisms described in Fig. 10 and by the "nite element method. The "nite element predictions
for the yield surfaces taken as the reference solutions; however, the three solutions are in good
agreement, and di!erences can be largely attributed to the fact that the assumed geometry is
slightly di!erent in each case. A vertex is present at the initial loading point according to all three
solution methods.

Fig. 17. Comparison of macroscopic yield surfaces generated by various methods, due to closed-die compaction:
(a) Yield surfaces at D"0.8 and 0.85, by the slip-line "eld, upper bound and "nite element methods; (b) Yield surfaces at
D"0.95 and 0.98, by the "nite element method and according to the Gurson 2D model [23].
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Closed-die compaction along the x -direction results in contacts of size a which are larger than


those obtained by hydrostatic compaction to the same relative density, while the contacts of size
a normal to the x -axis are smaller. This results in a stretching of the yield surfaces in the direction


of straining and a contraction in the transverse direction compared to the yield surfaces for
hydrostatic compaction. This demonstrates that the yield behaviour of the powder compact is not
just a function of the relative density, but also of the deformation path. This path-dependent yield
behaviour can be used to produce components with directional properties.
6.2. Stage II (0.906)D)1)
The "nite element method has been used to determine the yield surface due to closed-die
compaction in Stage II regime. The resulting yield surfaces for the closed-die precompacts of
relative density D"0.95 and 0.98 are shown in Fig. 17(b) and are compared with Gurson's 2D
yield surface for the collapse of a circular cylindrical shell [23]. The "nite element predictions reveal
that the yield surface for a square array of particles consists of a series of #ats, with the loading
point for closed-die compaction laying on the horizontal #at. The existence of these straight line
segments has been con"rmed by probing the yield surface over a large number of strain rate
directions. In contrast, Gurson's yield surface is smooth, and is slightly larger than the one for
a square array of particles for the given values of relative density. These di!erences in yield surface
shape are not surprising: the "nite element analysis addresses a simple square array of particles
whereas the Gurson model implicitly assumes a random distribution of voids.
The "nite element predictions for the yield surface evolution after hydrostatic and closed-die
compaction are summarised in (& , & ) space in Fig. 18(a), for both Stages I and II. It is noted that
 

Fig. 18. Comparison of the macroscopic yield surfaces after closed-die compaction and hydrostatic compaction:
(a) & versus & space; (b) deviatoric stress (& !& )/2 versus mean stress (& #& )/2 space.
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with progressive densi"cation the degree of anisotropy associated with closed-die compaction
decreases. It is instructive to replot these yield surfaces using axes of mean stress, & "(& #& )/2
K


and deviatoric stress, & "(& !& )/2, see Fig. 18(b). The shape of the resulting yield surfaces may
B


be approximated by a quadratic function of deviatoric and mean stress, in support of several
phenomenological models as reviewed by Doraivelu et al. [3]. The path dependence of yield surface
shape is again evident, with the yield surface rotated along the direction of the loading vector.
7. The signi5cance of strain hardening
Finally, the e!ect of strain hardening is explored for both hydrostatic and closed-die compaction
of the square array of cylindrical particles. The matrix is taken as an isotropic hardening J2 #ow
theory solid, with a uniaxial stress}strain law given by
p
e
"
for p)p ,
7
p
e
7
7
(32)
p ,
for p'p .
"
7
p
7
Here, p is the initial yield stress corresponding to a yield strain e "p /E, where E is Young's
7
7
7
modulus. The strain-hardening exponent N is assumed to be in the range 0)N)1, with N"0
describing an elastic-perfectly plastic solid. In the simulations, the yield strain e is chosen to be
7
equal to 10\, and Poisson's ratio l"0.3. The FE mesh of Fig. 2 is used for the computations with
the displacements u and u speci"ed in order to give the required strain path.


The normalised macroscopic stress & versus the relative density D for various values of strain

hardening exponent N, is shown in Fig. 19 for both hydrostatic and closed-die compaction. We
conclude that the compressibility of the array decreases with increasing value of the strainhardening exponent N for both hydrostatic and closed-die compaction. Also for all values of
N considered, the value of the macroscopic stress & required to attain a given density is higher for

closed-die compaction than for hydrostatic compaction. Similar observations have been made by
Akisanya and Cocks [15] in their FE work on the compaction of a hexagonal array of cylindrical
particles.

 

8. Concluding remarks
Consider "rst the case of hydrostatic compaction. The results of slip-line "eld and "nite element
calculations indicate that the interaction of plastic deformation between contacts in#uences the
pressure}density response of a regular square array of cylindrical particles. With increasing
densi"cation the local contact pressure decreases from the Prandtl punch solution due to contact}contact interaction. This observation is in agreement with the "ndings of Ogbonna and Fleck
[13] for a cubic array of spherical particles, and the "ndings of Akisanya et al. [12] for a hexagonal
array of cylindrical particles.
Slip-line "eld, upper bound, "nite element and random array upper bound methods have been
employed to study the yield surface evolution under hydrostatic and closed-die compaction. The
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Fig. 19. The e!ect of strain hardening upon the macroscopic stress to compact a square array of cylinders along
a hydrostatic strain path and along a closed-die strain path.

rigid-plastic collapse mechanisms presented represent the yield behaviour reasonably well, (see
Figs. 9 and 17). The general shape of the yield surfaces is consistent with the anisotropic model of
Fleck [5] and more recently that of Storakers et al. [6] for isolated contacts of spherical particles:
the surfaces become elongated in the direction of straining during the initial stages of compaction.
With increasing relative density of the precompacts the degree of anisotropy "rst increases and
then decreases again to a response close to that predicted by Gurson [23].
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