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Abstract

A Dugdale-type cohesive zone model is used to predict the mode I crack growth resistance
(R-curve) of metallic foams, with the fracture process characterised by an idealised traction-
separation law that relates the crack surface traction to crack opening displacement. A quad-
ratic yield function, involving the von Mises effective stress and mean stress, is used to account
for the plastic compressibility of metallic foams. Finite element calculations are performed for
the crack growth resistance under small scale yielding and small scale bridging in plane strain,
with K-field boundary conditions. The following effects upon the fracture process are quant-
ified: material hardening, bridging strength,T-stress (the non-singular stress acting parallel to
the crack plane), and the shape of yield surface. To study the failure behaviour and notch
sensitivity of metallic foams in the presence of large scale yielding, a study is made for panels
embedded with either a centre-crack or an open hole and subjected to tensile stressing. For
the centre-cracked panel, a transition crack size is predicted for which the fracture response
switches from net section yielding to elastic-brittle fracture. Likewise, for a panel containing
a centre-hole, a transition hole diameter exists for which the fracture response switches from
net section yielding to a local maximum stress criterion at the edge of the hole. 2001
Elsevier Science Ltd. All rights reserved.
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1. Introduction

With recent advances in manufacturing technology, metallic foams with attractive
mechanical, thermal and acoustic properties are now available for commercial exploi-
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tation. Potential applications range from energy absorbing components in sandwich
structures to compact heat exchangers in novel high power electronic packages
(Ashby et al., 2000). Inevitably, as is the case for any new class of engineering
materials, the successful application of metallic foams demands a mature level of
fundamental understanding of their mechanical properties. A detailed and updated
review on these subjects can be found in Gibson and Ashby (1997) and Ashby et
al. (2000).

The focus of the present investigation is the application of the cohesive zone model
to predict the crack growth initiation and resistance curves of metal foams from pre-
existing cracks and holes. A few preliminary remarks on the use of crack-bridging
models in non-linear fracture mechanics analysis are appropriate, in order to place
this paper in context. For brittle elastic materials, the initiation of crack growth is
governed by Griffith’s energy release rate criterionG=GC, or, equivalently, by the
critical stress intensity factor criterionK=KC. For ductile materials under even small-
scale yielding (SSY), however, it is found that the critical energy release rateGC

and the fracture toughnessKC increases with crack extension (i.e. theR-curve
phenomenon), due to non-proportional stressing within the plastic zone at the crack
tip. Much effort has been spent in uncovering the physical basis of the observedR-
curve phenomenon and to quantify the dependence of total work of fracture on the
work of crack separation and crack tip plasticity (see, for instance, Rice and Sor-
ensen, 1978; Tvergaard and Hutchinson, 1992). It has also been recognised that the
degree of plastic constraint in large scale yielding affects the crack growth resistance
in ductile solids. Therefore, a single loading parameter (such as theJ-integral) may
be inadequate to characterise the fracture response. Although additional parameters
such as theT-stress (Larsson and Carlsson, 1973; Rice, 1974; Du and Hancock, 1991)
and theQ-stress (O’Dowd and Shih, 1991) have been introduced to complement the
J-integral (or the stress intensity factorK), further effort is needed to develop a more
rigorous account of crack tip constraint effects in the presence of SSY or general
yielding (Yuan and Brocks, 1998).

Following Needleman (1987) and the earlier works of Dugdale (1960) and Cottrell
(1963), a cohesive zone model embedded in a von Mises solid was used by Tvergaard
and Hutchinson (1992) to study the role of plasticity in Mode I crack initiation and
growth under the condition of SSY in plane strain. The cohesive zone model is
specified through a crack bridging law, with the peak bridging stresss0 and the work
of separation per unit areaG0 as the primary parameters. The cohesive zone model
was later extended to study the effect of crack tip constraint, i.e. theT-stress effect,
and it was shown that the model is able to capture the observedT-stress effect
realistically in a von Mises material (Tvergaard and Hutchinson, 1994). These
authors conclude that the cohesive zone model has considerable promise as a predic-
tive tool for non-linear fracture mechanics analysis, and is equally applicable in SSY
and large-scale yielding situations, for both stationary and growing cracks.

Crack-bridging concepts have been applied by Suo et al. (1992) to calculate the
delaminationR-curves of fibre-reinforced ceramic-matrix composites, and by Soutis
et al. (1991) and Bao and Suo (1992) to study the toughness, strength and notch-
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ductility of metals, composites and, in fact,anymaterial whose fracture process may
be characterised by a Dugdale-type bridging law.

1.1. Prediction of toughness and notch behaviour of metal foams

For brittle foams having regular open cells, Maiti et al. (1984) proposed a
micromechanics model to express the dependence of the fracture toughnessKIC upon
the cell sizel, cell wall fracture strengthsfs, and relative foam densityr̄, as

KIC50.65sfs(pl)0.5r̄1.5 (1)

Chen et al. (1998) applied a strain gradient theory to brittle foams and found that,
for regular honeycombs, instead of Eq. (1), one has

KIC50.88sfs(pl)0.5r̄ (2)

Whereas no experimental data were reported by Chen et al. (1998) to support Eq.
(2), good agreement between the predictions of Eq. (1) and experimental measure-
ments has been reported for rigid polymer foams and reticulated vitreous carbon
foams (Brezny and Green, 1989; Maiti et al., 1984).

Sugimura et al. (1997) conducted notched bend tests to investigate the crack
growth response of a closed cell aluminium alloy foam (trade name “Alporas”),
processed by gas-releasing particle decomposition in the melt. Based upon the obser-
vation that closed cell metal foams crack by cell wall thinning/tearing, they assume
that the crack advances along the thinned region within a fracture process zone, due
to the nucleation, plastic growth and coalescence of voids, resulting in

KS|(Essfsl)0.5r̄1.5 (3a)

whereKS is the steady-state tearing fracture toughness andEs is the Young’s modulus
of cell wall material. An alternative model, emphasising that the tearing toughness
is due to the bending rather than stretching of cell edges, has been proposed by
Olurin et al. (2001). The steady state toughnessKS follows as

KS|(Essfsl)0.5r̄1.75 (3b)

which is in close agreement with Eq. (3a), except for the slightly greater exponent
of r̄. The recent experiments by McCullough et al. (1999a) and Olurin et al. (2001)
on measurement ofR-curves for Alulight, Alcan and Alporas aluminium foams sup-
port Eq. (3b) in preference to Eq. (3a). A pronouncedR-curve was observed due to
bridging tractions in the crack wake.

It is of obvious engineering importance to measure and to predict the effect of
sharp notches and holes upon the tensile and compressive fracture strengths of met-
allic foams. Initial studies reveal that foams are relatively notch-insensitive in com-
pression, for both sharp notches and holes: the net section strength is approximately
equal to the unnotched strength (McCullough et al., 1999a; Fleck et al., 2001). A
complication arises when the net section extends over only a small number of cell
sizes, as explored by Sugimura et al. (1997); under these circumstances, they found
that the peak compressive strength increases with diminishing net section size. To
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date, studies on the tensile fracture of notched specimens have been limited to labora-
tory-sized specimens (of specimen width less than 500 mm), and the net section
strength criterion is obeyed for both centre-hole and centre-crack geometries (Fleck
et al., 2001; Ashby et al., 2000). However, metallic foams have a low toughness
and it is fully expected that the failure mode in tension, for sharp notches and holes,
switches from a predicted net section yielding mode to a brittle mode at sufficiently
large specimen sizes. Similar ductile-brittle transitions have been predicted by Bao
and Zok (1993) and Suo et al. (1993a) for ductile particle-reinforced elastic materials
and fibre-reinforced ceramic matrix composites under tensile stressing by using ideal-
ised crack-bridging laws, and by Soutis et al. (1991) for compression loaded carbon
fibre/epoxy composite laminates with a Dugdale-type cohesive zone model.

The aim of the present study is to employ a cohesive zone analysis in order to
predict the dependence of tensile failure strength upon notch size, for both sharp
notches and holes. The linear softening bridging law shown in Fig. 1 is introduced
to model the fracture process; other types of bridging law may also be used, but it
has already been established that the fracture toughness is dictated by the peak bridg-
ing stresss0 and the work of separation per unit areaG0, but not the shape of bridging
curve (Tvergaard and Hutchinson 1992, 1994; Bao and Suo, 1992; Suo et al., 1993a).
A phenomenological approach will be adopted here: the heterogeneous metallic foam
is replaced by a compressible elastic–plastic power-law hardening solid, with an
independently validated elliptical yield surface in von Mises stress versus mean stress
space. For metal foam specimens containing either a centre-crack or an open hole
subjected to uniaxial tension, the effects of material and geometrical parameters on
their tensile strengths are examined and the mechanisms underlying the brittle-ductile
transition are explored. In addition, the crack growth resistance curve (R-curve) for
a semi-infinite crack in SSY is determined to remove the effect of specimen geometry
in the long crack limit.

Fig. 1. The traction-separation relation — linear softening bridging law.
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2. Problem formulation

2.1. Constitutive model of metallic foams

There have been several attempts to develop constitutive models for ductile foams,
mainly to capture the dependence of yielding of these materials on hydrostatic press-
ure, with varying degrees of success (Gibson et al., 1989; Zhang et al., 1997; Miller,
2000). Recently, based on detailed multi-axial testing data, Deshpande and Fleck
(2000) developed a phenomenological constitutive model for both open and closed
cell metallic foams (of relative density less than 0.3) under proportional and nearly
proportional loadings. Due to its simplicity, the self-similar yield surface model of
Deshpande and Fleck (2000) is used in this paper, in conjunction with the method
of finite elements, to characterise the constitutive behaviour of metallic foams.

In the self-similar yield surface model, the yield functionF is assumed to be

F5ŝ2Y50 (4)

whereY is the uniaxial yield strength andŝ is the effective stress, defined by

ŝ25
1

1+(a/3)2
(s2

e1a2s2
m) (5)

Here,a defines the aspect ratio of the elliptical yield surface in von Mises stressse

versus mean stresssm space. Note that for the casea=0, the effective stressŝ reduces
to se and J2-flow theory is recovered. Deshpande and Fleck (2000) show thata is
related to the plastic Poisson’sνp ratio by

a53S1/2−np

1+np D1/2

(6)

Consequently, instead of probing the shape of the initial yield surface and its sub-
sequent evolution from complicated multi-axial tests, it appears from Eq. (6) that
the yield surface can be estimated by simply measuringnp in a uniaxial test. For
Alporas foams of relative densityr̄<0.08, the plastic Poisson’s ratio is approximately
zero and hence, from Eq. (6),a<2.12 (Deshpande and Fleck, 2000).

For simplicity, isotropic hardening is assumed below, i.e. the yield surface grows
in a geometrically self-similar manner with strain. This is supported by limited data
on the yield surface of Alporas foams (Deshpande and Fleck, 2000). To model the
post-yield behaviour, an effective plastic strain rateê·2, which is the work rate conju-
gate toŝ, is introduced as

ê·2=[1+(a/3)2](ė2e+ė2m/a2)

ė2e=(2/3)ėpij ėpij , ėm=ėpii
(7)

Here, ėpij is the plastic strain rate,i,j=1,2,3, and the summation convention over
repeated indices applies. With the additional assumption of normality, the plastic
strain-rate is given by
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ėpij5ê
·∂F

∂sij
5

ê·

1+(a/3)2S3
2

sij

ŝ
1
a2

3
dij

sm

ŝ D (8)

where sij = sij2smdij is the deviatoric stress,dij is the Kronecker delta, and the
effective strain rate is connected to the effective stress rate by

ê·5
ŝ·

H(ŝ)
(9)

Here,H(ŝ) is the tangent of the uniaxial true stress versus logarithmic plastic strain
curve at the stress levels=ŝ.

Except for the shape parametera to be determined from experiment, the self-
similar yield surface model by Deshpande and Fleck (2000) can be defined solely
by a uniaxial stress-strain curve which, in the present study, is assumed to have
the form

e5Hs/E, s#sy

ey(s/sy)1/N, s.sy

(10)

whereE is the Young’s modulus,sy and ey are the initial yield stress and strain,
respectively, andN is the strain hardening exponent of the foam. Throughout this
paper, unless otherwise stated, the yield strainey=0.3% and Poisson’s ration=0.3
are used; Tvergaard and Hutchinson (1992) found, at least for von Mises solids, that
ey;sy/E plays an insignificant role in crack growth initiation and resistance. Two
typical uniaxial stress-strain curves are shown in Fig. 2a: the choicesN=0.1 and 0.3
represent foams with weak and strong hardening, respectively. A direct comparison
of measured and fitted stress-strain curve is given in Fig. 2b for an Inco nickel foam
of relative density 4.3%; in this case, a curve-fit to the data givesN=0.13,E=0.271
GPa, andsy=0.81 MPa.

2.2. Crack-bridging law

In order to predict theR-curve behaviour and notch sensitivity of any solid, the
fracture process must be clearly defined. Two alternative models — the cohesive
zone model (Needleman, 1987; Tvergaard and Hutchinson, 1992) and the dislo-
cation-free model (Suo et al., 1993b) — may be used. However, since metallic foams
are in the main ductile, the cohesive zone model appears to be more appropriate and
is applied in the present study. The cohesive zone model is specified by a crack-
bridging law which relates the crack surface traction to crack separation displace-
ment. For Alulight foams, McCullough et al. (1999a) clearly show, aided with scan-
ning electron microscope (SEM) and optical microscope images, that a bridging zone
of about four cells in length exists behind the observed crack tip, comprised of torn
cell faces and intact cell edges. They also measured the crack-bridging law using
deep notched specimens. For tensile stressing, the measured normal tractions versus
crack opening displacementd resembles that of the linear softening law of Fig. 1
adopted in the present study. For such a bridging law, the work of separation per
unit areaG0 is given by
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Fig. 2. (a) The uniaxial stress-strain curves used to specify the elasto-plastic behaviour of metallic foams,
with ey=0.003; (b) Measured and fitted uniaxial tensile stress–strain curves for a Inco nickel foam with
a relative density 4.3%, showing the material parameters identified from the measurement.
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G05E
d0

0

sdd5
1
2
s0d0 (11)

wheres0 is the peak bridging stress andd0 is the critical crack opening displacement.
The energyG0 characterises the mode I crack initiation toughness — once theJ-
integral attains the valueG0 the crack starts to advance. Although the traction versus
separation relation may have other forms, such as linear hardening and rectilinear
laws, it has already been established (Tvergaard and Hutchinson 1992, 1994; Bao
and Suo, 1992; Suo et al., 1993a) that the shape of the crack-bridging law plays
only a minor role in the modelling of the fracture process:G0 ands0 are the con-
trolling parameters.

For Alulight foams, McCullough et al. (1999a) found thats0/sy=1|1.5 depending
on the foam relative densityr̄, with s0/sy decreasing asr̄ is increased. They also
measured the initiation toughnessG0 as

G0510r̄1.6 (kJm−2)

In a related study, McCullough et al. (1999b) measured the uniaxial stress–strain
response behaviours of Alulight, and conclude that these foams are weakly hardening
(N<0.1) once the applied strain exceeds the initial yield strainey typically in the
range of 0.2|0.5%. Similar findings are reported for two other types of aluminium
alloy foam, Alporas and Alcan (Sugimura et al., 1997; Olurin et al., 2001).

3. Finite element model

3.1. Crack growth initiation and resistance in SSY

The self-similar yield surface model, as summarised in Eqs. (4)–(9), has been
implemented in a commercial finite element code (ABAQUS, 1997) via a user sub-
routine (Chen, 1998). To study the initiation and subsequent growth resistance of a
mode I crack in metallic foams, the assumptions of small scale yielding and plane
strain are made, following the work of Tvergaard and Hutchinson (1992, 1994) for
a von Mises solid. Due to symmetry, finite element calculations are only carried out
for a semi-circular region of radiusR (Fig. 3a), with four-node isoparametric
elements used throughout. A Cartesian co-ordinate systemx1–x2 is chosen such that
its origin is placed at the initial crack tip and thex1-axis lies along the crack plane.
Since mode I crack growth is of concern, the crack is confined to advance in the
positive direction of thex-axis. A thin uniform region surrounding the initial crack
tip, containing approximately square elements of sizeD, is used to model crack
growth, with a total length of about 160D and a height of about 4D (Fig. 3b). For
the region shown in Fig. 3, the crack bridging law is implemented in the finite
element model by assigning spring elements everywhere directly ahead of the crack
tip on the crack plane, i.e.x1$0 and x2=0; zero traction boundary conditions are
enforced on the crack surface, i.e.x1#0 andx2=0.
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Fig. 3. Typical mesh used in the finite element simulation of small scale yielding with K-field boundary
conditions. (a) Full mesh; (b) refined mesh near the crack tip.
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Displacement loading is imposed on the outer semi-circular boundary of the mesh
in accordance with theK-field around the initial crack tip, as

u1 =
KI

2m!
r

2p
(3 − 4n − cosq)cos

q
2

+
(1 − n)T

2m
rcosq

u2 =
KI

2!
r

2p
(3 − 4n − cosq)sin

q
2

−
nT
2m

rcosq

(12)

whereKI is the mode I stress intensity factor,m is the shear modulus, (r,q) are polar
co-ordinates centred at the initial crack tip, andT is a non-singular stress acting
parallel to the crack plane. The loading is imposed by first increasing theT-stress
to the desired level withKI=0; additional displacements are subsequently specified
on r=R according to Eq. (12) by increasingKI, with T maintained at the pre-set
value. Note that, in reality, the values ofKI andT are increased simultaneously on
the cracked specimen, whereas in the numerical calculationsT is applied first and
then held constant. However, as discussed by Tvergaard and Hutchinson (1994), this
will not affect the initiation of crack growth atK=K0 and the toughness of the speci-
men at steady-state crack growth atK=Kss; only the rising part of theR-curve may
be slightly affected.

To ensure that the SSY assumption is satisfied, the finite element mesh must be
sufficiently large. A mesh sensitivity study has been carried out and it was established
that a finite element mesh withR/D =24 000 is sufficient. In addition, the calculated
R-curves are found to converge whenD is less than about four times the critical
bridging displacementd0. Consequently, in all subsequent calculations, the choices
R/D=24 000 andD/d0=2 are used. The details of the numerical scheme follow those
of Tvergaard and Hutchinson (1992, 1994). Selected finite element calculations con-
firm that the present model is able to reproduce the results obtained by Tvergaard
and Hutchinson (1992, 1994) for the limiting case of a von Mises elastic-plastic solid.

3.2. Notch sensitivity

The tensile strength and notch sensitivity of metallic foams were studied for speci-
mens containing either a centre-crack (Fig. 4a) or an open hole (Fig. 4b), under
remote uniaxial tensions`. For specimens containing a centre-crack, the crack length
and specimen width are denoted by 2a and 2w, respectively. Similarly, for specimens
containing an open hole,D and W denote the hole diameter and specimen width,
respectively. In the numerical calculations, the specimen lengthL is chosen such
that L..2w and L..W. To model crack growth, spring elements satisfying the
linear softening bridging law of Fig. 1 are assigned everywhere along the dashed
lines in Fig. 4. Due to symmetry, only a quarter of each specimen is discretised
and analysed.
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Fig. 4. Specimen with (a) centre-crack and (b) centre-hole.

4. Results and discussion

4.1. Crack tip plastic zone in small scale yielding (SSY)

We begin by quantifying the effect of the yield surface shape (as parameterised
by a) upon the shape and size of the plastic zone surrounding the tip of a stationary
crack under SSY and plane strain conditions.

A rough estimate of the plastic zone boundary is made by neglecting the stress
relaxation due to plastic deformation. According to Westergaard’s asymptotic elastic
solution, the mode I stress field in polar co-ordinates has the form,
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s11=
KI

Î2pr
cos
q
2S1−sin

q
2
sin

3q
2 D+T, s22=

KI

Î2pr
cos
q
2S1+sin

q
2
sin

3q
2 D

s12=
KI

Î2pr
cos
q
2
sin
q
2
cos

3q
2

, s33=n(s11+s22)

(13)

The out-of-plane shear stresses are zero. Upon substituting the elastic K-field solution
Eq. (13) into the yield criterion Eq. (4), the boundary of the plastic zonerp(q) can
be calculated. For the limiting case ofT=0, rp(q), has a fairly simple expression,
given by

rp5

K2
I cos2

q
2

2p(9+a2)s2
y
F9(122n)214a2(11n)2127sin2

q
2G (14)

Conventionally, the plastic zone sizerp0 is defined by

rp05rp|q=0 (15)

which, for theT=0 case, is

rp05
K2

I

2p(9+a2)s2
y
[9(122n)214a2(11n)2] (16)

We emphasise that the above estimate of the plastic zone boundary is based on
the elastic solution and ignores the effect of stress re-distribution within the plastic
zone. A more accurate estimate ofrp(q) has been obtained by using the finite element
method. The same finite element model as shown in Fig. 2 is employed, except that
the displacement componentu2 of every node along the potential crack line,x2=0 and
x1$0, is now held at zero, and the spring elements have been removed. Moreover, the
hardening indexN in Eq. (10) is taken to be zero to represent the elastic-perfectly
plastic case. The dependence of plastic zone sizerp0 on a is shown in Fig. 5 for
selected values of theT-stress, where the results have been normalised by the plane-
strain plastic zone size in a von Mises solidr0 (Irwin, 1957)

r05
1
3pSKI

sy
D2

(17)

The predictions ofrp0, both from Eq. (16) and from the finite element calculations,
are displayed in Fig. 5. It is seen that Eq. (16) slightly underestimatesrp0 if T#0
and slightly overestimatesrp0 if T.0, with the discrepancy between the analytical
and numerical predictions increasing as the aspect ratio of the yield surfacea
increases. The plastic zone sizerp0 increases with increasinga, and is particularly
sensitive to the value ofa whenT.0. This is consistent with the notion that mean
stress promotes yield for increasing value ofa. According to Deshpande and Fleck
(2000),a ranges from 1.35 to 2.12 for typical aluminium alloy foams. Consequently,
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Fig. 5. Effect ofa on the plastic zone size of a plane strain mode I crack in metallic foams withn=0.3
and N=0. Lines represent analytical results, and symbols denote finite element results.

the plastic zone size of a metallic foams may be an order of magnitude larger than
that for a von Mises material (a=0) at a fixed level ofKI.

The plastic zone boundaries calculated from the finite element method are plotted
in Fig. 6 for selected values ofa with T=0, and in Fig. 7 for selected values ofT-
stress with,a=0, a=1, anda=2. (Although not shown explicitly for the sake of
brevity, it has been established that the analytical prediction, such as Eq. (14) for
the T=0 case, qualitatively captures the shape of the plastic zone boundary.) It is
seen from Fig. 6 that, for the case ofT=0, the plastic zone expands asa increases
in value, with the expansion in thex1 direction more significant than that in thex2

direction — the resulting plastic zones fora.1 resemble the shape of a plane-stress
plastic zone in a von Mises solid.

For the plastically incompressible solid (a=0), the plastic zone is enlarged signifi-
cantly by a negativeT-stress term and slightly by a positiveT-stress term, even
though the plastic zone size as defined by Eq. (15) barely change in both cases (Fig.
7a). This observation partially explains why the fracture toughness of fully dense
metals is significantly larger in the presence of negativeT-stresses and insensitive to
positiveT-stresses, Tvergaard and Hutchinson (1994). For a plastically compressible
material witha=1, both positive and negativeT-stress terms increase significantly
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Fig. 6. Effect ofa on the plastic zone shape around the plane strain mode I crack tip withT/sy=0,
n=0.3 andN=0.

the plastic zone size (Fig. 7b). Furthermore, negativeT-stresses tilt the plastic zone
forward whereas positiveT-stresses rotate the plastic zone backwards, see Figs. 7a
and b. For metal foams witha=2, the plastic zone increases in an almost self-similar
manner with the level ofT-stress (Fig. 7c); the plastic zone is enlarged significantly
by positiveT-stresses and is slightly reduced by negativeT-stresses, in sharp contrast
to the trends shown in Figs. 7a and b for thea=0 anda=1 cases.

4.2. Crack growth initiation

Under SSY, metallic foams are observed to display a typicalR-curve behaviour —
crack growth initiates atK=K0, and subsequent growth requires an increasingK until
a steady-state valueKSS is attained (McCullough et al., 1999a; Olurin et al., 2001).
In this section, the cohesive zone model is used to predictR-curves for metallic
foams. We begin by introducing two reference quantitiesK0 andR0,

K05SEG0

1−n2D1/2

, R05
1
3pSK0

sy
D2

(18)
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Fig. 7. Effect ofT-stress on the plastic zone shape around the plane strain mode I crack tip withn=0.3
and N=0. (a)a=0; (b) a=1; (c) a=2.
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Fig. 7. (continued)

Note thatR0 is the size of the Irwin plane-strain plastic zone corresponding to a load
level of K=K0. The crack growth resistance curve can then be expressed as

KR

K0

511fSDa
R0

,
s0

sy

,N,a,TD (19)

whereDa represents the amount of crack extension atK=KR; the dimensionless func-
tion f accounts for the extra contribution of plasticity to crack growth resistance,
with f$0 expected for all values ofDa. As previously discussed, the effects of Pois-
son’s ration and yield strainey are small, and can be neglected in Eq. (19).

Fig. 8 displays the normalised crack growth resistanceKR/K0 as a function of
normalised crack extensionDa/R0 for the case (N=0.1,s0/sy=1.6), with three levels
of T-stress:,T/sy = 21, 0, 1. Two values ofa (i.e. a=1 and 2) are considered,
representing foams with low and high compressibility, respectively. It is seen that
the mode I crack experiences a rapidly increasing resistance to growth over small
values ofDa/R0; with further growth, the additional resistance to growth diminishes
until a steady-state of crack growth is reached. Consider first the casea=1. A positive
T-stress ofT/sy=1 increases the resistanceKR by less than 10%, whereas a negative
T-stress ofT/sy= 21 nearly doubles the asymptotic steady-state valueKSS. Thus,
for solids of low compressibility (e.g.a=1), theT-stress effect upon crack growth
is similar to that reported in Tvergaard and Hutchinson (1994) for a von Mises solid.
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Fig. 8. Effect of T-stress on the calculated R curves of metallic foams withN=0.1,n=0.3 ands0/sy=1.6.

This may be explained by the reduction of crack-tip constraint due to negativeT-
stresses and the relatively high crack-tip constraint that is sustained in the presence
of positive T-stresses (Du and Hancock, 1991; Tvergaard and Hutchinson, 1994).
The presence of a negativeT-stress reduces the tensile stress level in front of the
crack-tip; thus, an increased value ofK is required to break the crack-bridging
elements than that needed for the caseT.0. However, in all cases, crack initiation
starts atK=K0, independent of botha and T, a fact which is reflected in Eq. (19).
Next, consider theR-curve for the casea=2, as summarised in Fig. 8; the crack
growth resistance curve is relatively insensitive to the value ofT-stress, in contrast
to the casea=1. We conclude that theT-stress effect on theR-curve diminishes with
increasing plastic compressibility of the foam. Typically, metallic foams have ana-
value of about 2, and so the above analysis suggests that specimen geometry (with
attendant differences inT-stress level) has only a minor effect upon the measured
R-curve.

The dependence of crack growth resistance on peak bridging stresss0/sy is
presented in Fig. 9 for a metallic foam witha=2, N=0.1 and T/sy=0. When
s0/sy#1.5, the metallic foam has essentially a flatKR curve with little toughness
enhancement from plasticity. However, a slight increase ofs0/sy from s0/sy=1.5 to
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Fig. 9. Effect of the bridging strength on the calculated R curves of metallic foams witha=2, n=0.3,
T/sy=0 andN=0.1.

1.6 leads to a pronouncedR-curve. We conclude that the peak bridging stresss0

plays a vital role in determining the crack growth resistance for metallic foams. If
the peak bridging stresss0 is smaller than a critical value, then little or no crack
growth resistance beyond the initiation toughness is expected, whereas significant
crack growth resistance is present onces0 exceeds the critical value.

4.3. Steady-state crack growth

We will use the steady-state crack growth resistanceKSS to denote the fracture
toughness of metallic foams, with

KSS

K0

511fSs0

sy

,
T
sy

,N,aD (20)

Figs. 10a and b display the ratioKSS/K0 as a function of the normalised bridging
strengths0/sy, for a=1 and 2, respectively. For reference, Fig. 10b includes the
numerical results of Tvergaard and Hutchinson (1992) for the von Mises solid (a=0,
N=0.1). Recall thatKSS has a negligible dependence upon the level ofT-stress when
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Fig. 10. The dependence of the steady state toughness on the bridging strength of metallic foams.
(a) a=1; (b) a=2.



250 C. Chen et al. / Journal of the Mechanics and Physics of Solids 49 (2001) 231–259

T$0, for all values ofa considered. Consequently, results have been omitted for
the case of positiveT-stress. It is clear from Figs. 10a and b that the presence of a
negativeT-stress has a minor effect uponKSS/K0 for a=1, and has a negligible effect
upon KSS/K0 for a=2.

Consider further the steady-state crack growth resistanceKSS of metallic foams
(for which a.0), for the case of vanishingT- stress. It is seen from both Figs. 10a
and b thatKSSis only slightly larger than the initiation valueK0 provided the bridging
strengths0 is less than the material yield strengthsy. This can be explained as
follows. Additional finite element calculations have been performed for the SSY
problem of the non-hardening metallic foam (N=0), with the cohesive zone sup-
pressed in order to assess the stress level ahead of the crack tip. The tensile stress
acting normal to the crack plane immediately ahead of the crack tip is about
s22<1.3sy for a=1 and is abouts22<sy for a=2; the corresponding crack-tip stress
for an elastic-ideally plastic von Mises solid is abouts22<3sy. Consequently, if the
metallic foam has a bridging strength less than about 1.3sy, the crack will initiate
and advance without a fully developed plastic zone. Under such conditions, the con-
tribution of plasticity toKSS is small.

For weakly hardening foams (N=0.1), the abrupt increase inKSS/K0 at a bridging
strength of abouts0=1.6sy suggests that a tensile traction greater than 1.6sy is hardly
attainable ahead of the crack tip although the corresponding tensile traction for a
von Mises solid attains a level of 3.5sy or higher (as implied by the results shown
in Fig. 10b, and as discussed by Tvergaard and Hutchinson, 1992). An increase in
the strain hardening exponentN leads to higher stresses ahead of the tip of a station-
ary crack in a compressible foam (and for an incompressible solid); consequently,
the cut-off value ofs0/sy at whichKSS/K0 rises steeply increases with increasingN.

4.4. Notch sensitivity

To study the notch sensitivity of metallic foams, a panel of finite width containing
either a centre-crack (Fig. 4a) or an open hole (Fig. 4b) has been analysed using the
cohesive zone model. Both specimens are subjected to remote uniaxial tensions`.
The ultimate tensile strength of the specimens is denoted by the peak valuesmax of
s`. The length scalea0 is introduced as a reference length for the notch size, where

a05
EG0

p(1−n2)s2
0
5

1
pSK0

s0
D2

(21)

Consider first the case of a cohesive zone placed across the net section of an
elastic specimen. Then, the notch brittle-ductile transition behaviour is dictated by
the notch and specimen size. Specifically, for the centre-crack specimen, one has a
ductile response

snet
max

s0
51 (22)

in the limit a/a0→0, and a brittle response
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snet
max

s0
5SF2

a
a0
D−1/2

(23)

in the limit a/a0→`. Here, snet
maxis the net section strength related tosmax by

snet
max=smax/(12a/w), andF is the finite width correction factor (Tada et al., 1985)

F(a/w)5[120.5(a/w)10.326(a/w)2] (24)

For intermediate values ofa/a0, Suo et al. (1993a) suggest a simple interpolation of
the two limiting values given by Eqs. (22) and (23), as

snet
max

s0

5F11F2
a
a0
G−1/2

(25)

Similarly, for specimens containing a centre-hole, the notch-ductile limit is
given by

snet
max

s0
51, whenD/a0→0 (26)

and the notch-brittle limit by

snet
max

s0

5
1
kE

, whenD/a0→` (27)

where snet
max=smax/(12D/W) is the net section strength andkE is the elastic stress

concentration factor (kE=3 for a hole embedded in an infinite specimen). The effects
of intermediate values ofD/a0 on snet

max/s0 have also been quantified by Suo et al.
(1993a) for the cohesive zone model with an elastic matrix.

Now consider the expected response for metallic foams via the cohesive zone
model with acompressible elastic-plastic matrix. For panels containing cracks or
holes, and loaded in remote tension, we expect a notch-brittle behaviour for large
notch sizes and a notch-ductile behaviour for small notch sizes. However, the tran-
sition from a notch-brittle to a notch-ductile response depends not only upon the
notch length and specimen size but also upon the material parameterss0/sy, N and
a. The focus below will be to quantify the effects of these material and geometrical
parameters upon the ultimate strengthsmax. Since metallic foams exhibit aR-curve
behaviour, their ultimate tensile strength for large initial crack lengths under small
scale yielding is governed by the steady state toughnessKSS, instead of by the initial
toughnessK0. Consequently, it is appropriate to define another reference lengthaSSas

aSS5
1
pSKSS

s0
D2

(28)

The notch-ductile behaviour of centre-crack specimens made of metallic foams at
small values ofa/aSS is still characterised by Eq. (22), whereas their notch-brittle
behaviour at large values ofa/aSS is now described by
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snet
max

s0
5SF2

a
aSS

D−1/2

,
a

aSS
→` (29)

For intermediate values ofa/aSS, an interpolation relation similar to Eq. (25) may
be written as

snet
max

s0
5F11SF2

a
aSS

Dm/2G−1/m

(30)

wherem has been introduced as a curve fitting parameter to obtain good agreement
between the predictions based on Eq. (30) and the finite element simulations. It is
noted that Eq. (30) represents the bi-linear curves Eqs. (22) and (29) in the limit
m→`.

For the case of centre-hole specimens made from acompressible elastic-plastic
solid, the limiting behaviour for a small hole is still given by Eq. (26), derived for
an elastic solid. However, the expression Eq. (27) for the strength ratio for a large
hole now becomes

snet
max

s0

5
1
k
, whenD/a0→` (31)

where the stress concentration factork equals the elastic valuekE for s0/sy#1, and
approaches the plastic stress concentration factorkP whens0/sy..1. (It is recalled
that the plastic stress concentration factor is defined as the ratio of the local maximum
stress at the hole edge to the net section stress, when loading is deep in the plastic
range.) For the compressible elastic-plastic matrix, the value ofkP depends uponN
anda in addition toD/W; in fact, numerical experimentation reveals thatkP is almost
independent ofa.

Calculations of the tensile strength of centre-crack specimens have been carried
out for various values ofN, s0/sy anda, with a/w=0.1. To represent both weak and
strong hardening behaviours, the valuesN=0.1 and 0.3 are chosen, with the bridging
strength held fixed ats0/sy=1.6 and 3, respectively, in order to giveKSS/K0 values
of 6.5 and 4.0. The predictions ofsnet

max/s0 versusa/aSS are presented in Fig. 11, for
three values ofa (i.e. a=0, 1, and 2), with the finite element results denoted by
symbols and the expression Eq. (30) by lines associated with selected values ofm.
In order to construct Fig. 11, the steady-state fracture toughnessKSS in each case is
determined from Fig. 10 for the choiceT/sy=0. As is evident from Fig. 11, the notch-
ductile behaviour of metallic foams at smalla/aSS values is described fairly accu-
rately by Eq. (22) whilst their notch-brittle behaviour follows closely Eq. (29) at
large a/aSS values. For intermediatea/aSS, Eq. (30) gives a good estimate of the
transition behaviour, but the optimal value ofm depends somewhat upon the material
parametersN, s0/sy anda. For example,m=0.8 is optimal for a foam withN=0.3,
s0/sy=3, anda=3.

The effect of the specimen aspect ratioa/w upon the tensile strength is explored
in Fig. 12, for a fixed set of material parameters (N=0.3,s0/sy=3, a=2). For alla/w
considered, the analytical expression Eq. (30) is in good agreement with the finite
element predictions for the choicem=0.8.
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Fig. 11. Effect of the crack length upon the tensile strength of centre-crack specimens made of metallic
foams for the casea/w=0.1.

Finite element calculations were also conducted for metal foam panels of width
W, containing a centre-hole of diameterD. The predictions forD/W=0.1 are displayed
in Fig. 13a–d for selected values of the material parameters, as follows. The effect
of a-value upon the net section tensile strength is shown in Fig. 13a forN=0.1, and
in Fig. 13b forN=0.3. The effect of the ratio of cohesive strengths0 to yield strength
sy upon the failure strength is summarised in Fig. 13c forN=0.1 and in Fig. 13d
for N=0.3. In each figure, the predictions for an elastic matrix are included for com-
parison. For all cases shown in Fig. 13a–d, the normalised tensile strengthsnet

max/s0

of a central-hole specimen decreases with increasing hole sizeD/a0, and approaches
a plateau value of 1/k whenD/a0 is larger than about unity. As discussed above, the
asymptotic value 1/k equals the elastic value 1/kE when s0/sy#1, and equals the
plastic value 1/kP when s0/sy..1. For intermediate values ofs0/sy, k is in the
rangekP#k#kE. Values of the elastic stress concentration factorkE and of the plastic
stress concentration factorkP have been obtained by performing finite element calcu-
lations with the cohesive zone absent, and the results are included in Fig. 13a–d.

On taking Figs. 13a and b together, we note that the failure strength is almost
insensitive to the degree of plastic compressibility, as parameterised bya. In both
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Fig. 12. Effect of the crack length upon the tensile strength of centre-crack specimens made of metallic
foams witha=2, N=0.3 ands0/sy=3. Results are shown for selected values ofa/w.

figures, the asymptotic strength ratio at large hole diameter is close to the value 1/kP

since the ratios0/sy is sufficiently large (s0/sy=1.6 for N=0.1 ands0/sy=3.0 for
N=0.3). Next, consider the effect of the ratios0/sy upon the failure strength, as
shown in Fig. 13c forN=0.1 and in Fig. 13d forN=0.3. As s0/sy increases from
unity, the asymptotic strength at largeD increases from the lower limit 1/kE=0.38
to the upper limit 1/kP=0.78 for N=0.1 and 1/kP=0.62 for N=0.3.

Finally, the effect of the ratio of hole diameter to specimen widthD/W upon
snet

max/s0 has been investigated for the choicea=2,s0/sy=3 andN=0.3; the predictions
are shown in Fig. 14 for 0.1#D/W#0.8. This choice ofs0/sy is sufficiently large
for the asymptotic tensile strengthsnet

max/s0 at large hole diameters to equal 1/kP. For
all D/W the net section strength drops fromsnet

max/s0=1 tosnet
max/s0=1/kP at a transition

hole sizeD/a0<1.

5. Concluding remarks

The plane strain, mode I crack growth resistance of metallic foams is modelled
by a cohesive zone model embedded within a compressible elastic-plastic solid. The
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Fig. 13. Effect of the hole diameter upon the tensile strength of centre-hole specimen for the case
D/W=0.1. (a)s0/sy=1.6 andN=0.1; (b)s0/sy=3 and N=0.3; (c)a=2 andN=0.1; and (d)a=2 andN=0.3.
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Fig. 13. (continued)
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Fig. 14. Effect of the hole diameter upon the tensile strength of centre-hole specimen for selected values
of D/W with a=2, s0/sy=3, andN=0.3.

effect of yield surface shape (as parameterised by the ratio of deviatoric strength to
hydrostatic strength,a) upon the tearing resistance is explored. In general, an
increase ina from the von Mises limita=0 leads to a larger plastic zone ahead of
the crack tip and to a higher crack growth resistance. It is found that theT-stress
effect is significant only for nearly incompressible solids (0#a#1), and is negligible
for typical metallic foams (a=1|2). Consequently, we expect the measured toughness
of metallic foams to be less sensitive to specimen geometry and loading configur-
ations than that of fully dense metals.

The cohesive zone model has been used to determine the ductile-brittle transition
for a panel containing a centre-hole or a centre-crack. For the case of a centre-crack,
the behaviour switches from notch-insensitive at short crack length to an elastic-
brittle response at long crack length: the transition crack size isa<aSS. For the case
of a panel containing an open hole of diameterD, the fracture response switches
with increasingD from a net section strength criterionsnet

max<s0 to a brittle behaviour
snet

max/s0=1/k, wherekP#k#kE. The transition hole size is given byD<a0.
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