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Abstract—Cellular solids can deform by either the bending or stretching of the cell walls. While most
cellular solids are bending-dominated, those that are stretching-dominated are much more weight-efficient for
structural applications. In this study we have investigated the topological criteria that dictate the deformation
mechanism of a cellular solid by analysing the rigidity (or otherwise) of pin-jointed frameworks comprising
inextensional struts. We show that the minimum node connectivity for a special class of lattice structured
materials to be stretching-dominated is 6 for 2D foams and 12 for 3D foams. Similarly, sandwich plates
comprising of truss cores faced with planar trusses require a minimum node connectivity of 9 to undergo
stretching-dominated deformation for all loading statés2001 Acta Materialia Inc. Published by Elsevier
Science Ltd. All rights reserved.
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1. INTRODUCTION F ¢ F ‘

Over the past few years, a variety of metallic and

polymeric foams have been produced with the aim of strut
developing lightweight structures which are — ~
adequately stiff and strong. Numerous studies on

open-cell foams have shown that both the stiffness N A
and strength of the foams are governed by cell wall joint
bending for all loading conditions; the first scales as

p? and the second gs-°, wherep is the relative den-

sity of the foam; see Gibson and Ashby [1], and F ? F ?
Ashby et al. [2]. Most closed-cell foams also follow
these scaling laws, as the cell faces, which carry (@) (b)

membrane stresses, buckle or rupture at stresses so Fig. 1. (a) A mechanism; (b) a structure.
low that their contribution to stiffness and strength is
small, leaving the cell edges to carry most of the load.

An open-cell foam can be treated as a connectéthmes are frozen to prevent free rotation of the struts.
set of pin-jointed struts by the following argumentOn loading the first frame, the struts can no longer
Consider the pin-jointed frames shown in Fig. 1. Theotate. The applied load induces bending moments at
frame in Fig. 1(a) is anechanismWhen loaded, the the frozen joints, and these cause the struts to bend.
struts rotate about the joints and the frame collapseEhis is the situation in most foam structures. How-
it has neither stiffness nor strength. The triangulategler, freezing the joints of the triangulated structure
frame shown in Fig. 1(b) is atructure when loaded has virtually no effect on the macroscopic stiffness or
the struts support axial loads, tensile in some, constrength; although the struts bend, the frame is still
pressive in others. Thus, the deformationsteetch- stretching-dominated and the collapse load is dictated
ing-dominatedand the frame collapses by stretchingnainly by the axial strength of the struts.
of the struts. Imagine now that the joints of both Foams that are stretching-dominated are more

efficient from a weight standpoint; for example, a
stretching-dominated foam is expected to be about ten

T To whom all correspondence should be addressed. T mes as stiff and about three times as strong as a

+44-1223-332635; Faxs44-1223-332662. ending-dominated foam for a relative density-
E-mail addressmfa2@eng.cam.ac.uk (M. F. Ashby) 0.1. In this paper we discuss the topological criteria
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that dictate whether a foam will be bending or stretcthand, an infinite cubic framework with edge cells
ing dominated with the overall aim of developing arbraced as shown in Fig. 2(b) also has an average con-
understanding of the microstructure that maximisesectivity Z = 4 and represents a rigid framework that
the strength (or stiffness) to weight ratio of a nearlgatisfies the Maxwell criterion. Similarly, a 3D rigid
isotropic foam. framework that satisfies the Maxwell criterion is a
cubic framework with braced cells along three orthog-

onal edge planes.
2. RIGIDITY OF FRAMES
) i o 2.2. Periodic frameworks
To establish the topological criteria for stretch- ]
dominated behaviour, we proceed to analyse the Open-cell foam microstructures can be treated as

sional pin-jointed struts. cells from which rigid periodic structures can be syn-
o thesised. Evidently, periodic frameworks constructed
2.1. Maxwell's criterion from rigid unit cells will necessarily be rigid. The

Maxwell [3] suggested an algebraic rule setting oUfoNVerse may not hold: frameworks constrl.Jc.ted from
the condition for a pin-jointed frame df struts and "ON-figid unit cells may or may not be rigid. For

j frictionless joints to be both statically and kinemat€X@mple, the unit cell of the framework in Fig. 3 is
ically determinate ie. to just be rigid. In 2 and gnot rigid while the framework synthesised from this

dimensions the criteria are: cell is rigi(_j. This is because _the rigid braced square
sub-cells link up to form a rigid skeleton as depicted
in Fig. 3.

Examples of some idealised cell shapes are shown
in Fig. 4. Isolated cells that satisfy Maxwell’s cri-
terion and are rigid are labelled “YES” while “NO”

) _ means the Maxwell condition is not satisfied and that
respectively. These criteria are necessary conditiofse cell is a mechanism. It is worth mentioning here
for rigidity, but not in general sufficient conditions asypat any convex simply-closed polyhedron with tri-
they do not account for the possibility of states of selfngylar faces satisfies the Maxwell criterion and is
stress (a self-equilibrated state of strut tensions in tm@id (see Appendix 9 in Calladine). It is generally
absence of external load) and of mechanisms. A gefssumed that the best model for a cell in a foam
eralisation of the Maxwell rule in 3D is given by [4]: approximates a space filling shape. However, none of
the space filling shapes (indicated by numbers 2, 3,
b—3j + 6 =s-m (2) 4,6, 7 and 8) are rigid. In fact, we could not identify
any rigid space filling cell in the 3D case and only
where s and m count the states of self stress anducceeded in synthesising rigid periodic 3D frame-
mechanisms, respectively, and each can be determoerks from combinations of rigid cells (e.g. the tetra-
ined by finding the rank of the equilibrium matrix thathedron and octahedron in combination fill space to
describes the frame in a full structural analysis [5]. Aorm a rigid framework).
just rigid framework (i.e. a framework that is both The point has been made that stretch-dominated
statically and kinematically determinate) has=  structures offer greater stiffness and strength per unit
m = 0. The nature of Maxwell’'s rule as a necessarweight than those in which the dominant mode of
rather than sufficient condition is made clear byeformation is by bending. It should be realised that
examination of equation (2): vanishing of the LHS irminimal stretch-domination offers only marginal
equation (2) only implies that the number of mechgain; for the full gain to be realised, the structure must
anisms and states of self-stress are equal, not thm predominantly stretch-dominated. The point is
each equals zero. brought out by Fig. 2(c) which shows a two-dimen-

Having reviewed the main concepts on the rigiditsional “material” made by repeating a unit cell with
of frameworks we now proceed to analyse the rigidita geometry like that of Fig. 2(b). On a length-scale
criteria of infinite frameworks representing foamlarge compared with the size of the unit cell, the
microstructures. Consider a large pin-jointed framestructure is homogeneous and it cannot be deformed
work with j joints and an average connectivitywithout stretch-deformation of the struts that form the
(number of struts at a nod&) The total number of shaded square grid of sub-cells. However, the full
struts b in the framework is =jZ/2. Thus, by gain possible by stretch-domination is not realised in
Maxwell’s rule the necessary (but not sufficient) conthis case because the interior of each square still
dition for rigidity is Z = 4 in the 2D case and = deforms by bending of cell edges. The structure
6 in the 3D case. resembles that of a composite made up of a grid of

The infinite 2D cubic framework sketched in Fig.stiff material containing regularly dispersed soft
2(a) hasZ = 4 and admits one mechanism and oné&nclusions”. The upper bound for the modulus is then
state of self stress. Thus, while the framework satigfiven by a rule of mixtures (or, more rigorously, by
fies the Maxwell criterion it is not rigid. On the otherthe H-S [7] upper bound, which is lower); and as the

b =2j—3and (1a)

b=3-6 (1b)
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Fig. 2. Three types of frameworks, (a) a mechanism that satisfies Maxwell’s criterion (b) a statically determinate
structure that satisfies Maxwell’s criterion (c) A statically indeterminate structure that is “minimal” stretch-
dominated.

2.3. A special class of periodic frameworks

In this section we analyse a special class of frame-
works with nodes which are aBimilarly situated
nodes are said to be similarly situated if the rest of
the framework appears the same and in the same
orientation if viewed from any of the nodes [8]. We
now proceed to determine the minimum connectivity
Z for frameworks of this class to be rigid.

Consider an infinite framework of inextensional
struts with similarly situated nodes and a connectivity
Z. Without any loss of generality all the struts are
assumed to be of unit length. We define a Cartesian
co-ordinate system with it's origin at a nodeD. For
an applied macroscopic strain fief}, the displace-

Fig. 3. Example of a non-rigid unit cell that can be stacked Phentu® of the ends of each struk)(connected t®
form a rigid framework. is giveln by

u = En®; k=12.2 3)

area fraction of this stiffer phase is reduced, the stiff-
ness falls to that of the less stiff material. wheren(¥) is a unit vector in the direction of strixt

The same considerations hold in three dimensiongowever, as the struts are inextensional the displace-
If a space-filling unit cell is made by assemblingnents equation (3) must satisfy each of the con-
stretch and bending dominated sub-units, and theS&aints
are stacked (as in Figs 2 and 3) to retain some stretch
domination, the overall stiffness may still lie well un® = 0;k = 1,2...Z 4)
below the “ideal”, meaning the best achievable. It is
therefore relevant to examine the optimisation of 30’he framework under consideration has similarly
lattice structures to maximise stretch-dominatedituated nodes. Thus, each strut shares a node with
behaviour. This we explore in the next section. a collinear partner, which implies that equation (4)
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Fig. 4. Three-dimensional polyhedral cells that do, or do not, satisfy the Maxwell criterion.

represents only/2 independentequations. Combin- nectivity Z = 6 andZ = 12, respectively. Note that
ing theZ/2 independent equations in equation (4) witlif Z exceeds these values the framework is redundant
the corresponding equations in equation (3) we getfrom a rigidity standpoint. On the other hand, if for
example a 3D framework has= c<12, then the sol-
Z utions to equation (6) form a vector space of dimen-
E;nfonf¥ = 0k = 12.5 ®)  sion (6-c/2) corresponding to (6c/2) independent
mechanisms. Thus, a cubic framework with= 6
wheren(¥) are now all non-collinear. We proceed byhas 3 independent mechanisms.
writing equation (5) in the matrix form: Examples of frameworks that satisfy the above
rigidity conditions are a 2D fully triangulated frame-
NE =0 (6) work and a 3D “face-centred cubic” lattice structure
(see Deshpandet al. [9] for a detailed analysis of
where the “Octet-truss” lattice material with a FCC
0 0 microstructure). It is worth mentioning here that in
v P g’ 2D, a triangle is the only rigid polygon that can be
@ P ng? D Ev constructed from inextensional pin-jointed struts.
Thus, a rigid 2D framework with equal connectivity
N=1[0.. ... [andE = | 2E,, at all nodes is necessarily fully triangulated.

B ZD Ez2 2.3.1. Comparison with optimal microstructures.
27 nP2ng’? n&) 0 Isotropic cellular materials that attain the H-S [7]
(7)  upper bounds for the bulk and shear moduli of a
voided solid maximise the stiffness to weight ratio.
in the 2D case. Similarly, in the 3D ca$eis aZ/2 A number of classes of two phase composites attain
X6 matrix fo_rmed from the un|t_ vectors while E is  these bounds. For example, Norris [10] and Milton
a 6x1 matrix of the 3D strain components. The11] proposed differential schemes for constructing
necessary and sufficient condition for rigidity is thagomposite structures with the extremal H-S bulk and
the oqu solution_to the homoggneous system of lineakear moduli. While Milton [11] used a laminate
equations equation (6) i5; = Oi.e. rankN) = 3and pjcrostructure, Norris [10] employed a coated sphere
6 in the 2D and 3D cases, respectively. Using thgchitecture. However, the procedures suggested by
observation thal is formed from non-collinear vec- poth these authors are incremental and require an
tors it can be easily shown that infinite number of mixing processes. Moreover, the
procedures do not specifically describe the underlying

Z<3 for the 2D case microstructure of the composite. On the other hand,
2= ' Francfort and Murat [12] suggested the so called
rank(N) = (8) “rank” laminates which attain both the bulk and shear
~<6 for the 3D case. H-S bounds with a finite number of layering direc-
B tions. Rank laminates are obtained by a sequential

process where at each stage the previous laminate is
Thus, the necessary and sufficient condition fdaminated again with a single phase (always the same)
rigidity of 2D and 3D frameworks is that the con-in a new direction. Thus, a rank4aminate is pro-
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Fig. 5. Schematic drawing of sandwich plate with a truss core faced with planar trusses. In this example the

sandwich plate comprises of a tetrahedral truss core faces with a planar fully triangulated truss. The darker

lines are top face members, the lighter lines are the bottom face members, and the dashed lines are the core
members.

duced byn such successive laminations. Francfort The rigid face sheets ensure that the truss plate is
and Murat [12] showed that while in the 2D caserigid with respect to in-plane straining i.€&,, =
isotropic rank-3 laminates have the extremal bulk andt,, = E,, = 0. Thus, the core only needs to con-
shear moduli, in the 3D case rank-6 laminates are th@rain the strainsH;;,E,3Ess). An analysis similar to
optimal microstructures. Thus, there exist a variety ahat detailed in Section 2.3 shows that the necessary
multi length-scale microstructures with extremahnd sufficient condition for straing(s,E,s,Ess) to be
values of the bulk and shear moduli. However, ngonstrained to equal zero is that three non-coplanar
single length-scale microstructure that attains both theyre struts are connected to every node. Thus, the
bulk and shear H-S bounds has been proposed {@mimum connectivity of a periodic rigid sandwich
date. It is conjectured that the FCC microstructurgsg plate iZ = 6 + 3 = 9. A sandwich truss plate
designed using the rigidity prescription detailed abovgomprising triangulated face sheets and a tetrahedral
is close to the optimal single length-scale cellulagyre Fig. 5 satisfies this criterion and has stretching-
microstructure. dominated deformation for all loading states.

3. RIGIDITY OF TRUSS PLATES

Motivated by recent advances in manufacturing
technology, attention has been focussed on minimum
weight sandwich plates comprised of truss cores faced

4. DESIGN IMPLICATIONS

The modulus andhitial yield strength of a stretch-

SandW|c.h plate comprising of a tetrahedral truss CO&me relative density. This makes stretching-domi-
faced with fully triangulated planar trusses is shown ; . . .
e ’ —_nated cellular solids attractive alternatives to bending-
In Fig. 5. As in the case of foams, from a weight ominated foamed materials for lightweight structural
standpoint it is advantageous if the deformation oq S ; ghtweig .
plications. However, unlike bending dominated

these sandwich truss plates is stretching-dominat P

Hence, we discuss the criteria for periodic sandwic ams, | mh compre;ssm_n the st_r?échlng-domlgated
truss plates with equal connectivity at all nodes to b atenas_ ave a softening post-yield response ue to
rigid in the sense explained above. the buckling of the struts [9]. Thus, these materials

Sandwich construction exploits a low-density cord"@Y be less attractive as energy-absorbers since this
to separate thin face sheets in order to attain a hiGPpPlication requires a stress—strain response with a
cross-sectional bending stiffness. It is thus reasonaiRd, flat plateau.
to assume that the deformation of the faces should be
stretching-dominated for all applied in-plane strains

(E1,E10Eso). Thus, the planar trusses forming the

f heet iv fully tri lated 2Qeknowledgemen%sThe authors are grateful to DARPA/ONR
ace sheets are necessarlly iully tnangulate r their financial support through MURI grant number

frameworks withZ = 6 (see Section 2.3). It NOW NE0014-1-96-1028 on the Ultralight Metal Structures project
remains to determine the minimum number of corat Harvard University. The Maudslay research fellowship from
struts at each node of the face sheets so as to enstiggbroke College, Cambridge provided support for V. S.
rigidity of the truss plate. Deshpande.
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