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Abstract

Conventional plasticity theories are unable to capture the observed increase in strength of metallic structures with
diminishing size. They also give rise to ill-posed boundary value problems at the onset of material softening. In order
to overcome both deficiencies, a range of higher-order plasticity theories have been formulated in the literature. The pur-
pose of this paper is to compare existing higher-order theories for the prediction of a size effect and the handling of local-
isation effects. To this end, size effect predictions for foils in bending are compared with existing experimental data.
Furthermore, a study of one-dimensional harmonic incremental solutions from a uniform reference state allows one to
assess the nature of material localisation as predicted by these competing higher-order theories. These analyses show that
only one of the theories considered—the Fleck–Hutchinson strain gradient plasticity theory based upon the Toupin–
Mindlin strain gradient framework [Fleck, N.A., Hutchinson, J.W., 1997. Strain gradient plasticity. Adv. Appl. Mech.
33, 295–361—allows one to describe both phenomena. The other theories show either nonphysical size effects or a path-
ologically localised post-peak response.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Over the past few decades intensive research has been conducted on the development and application of
higher-order plasticity theories. The need for these higher-order formulations originates from the inability
of the classical plasticity framework to account for observed size effects in plasticity. These effects usually man-
ifest themselves as an increase of the apparent flow strength with diminishing size of specimen or structure
when the length scale is on the order of microns. For example, the indentation hardness of metals and ceramics
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increases with diminishing indenter size for micron-size indents (Ma and Clarke, 1995; Poole et al., 1996;
Begley and Hutchinson, 1998). Micro-torsion tests on copper wires show that the inferred shear strength
increases with decreasing radius (Fleck et al., 1994). Micro-bending tests on high-purity nickel reveal that
the material strength increases with decreasing foil thickness (Stölken and Evans, 1998). Classical plasticity
formulations do not contain a material length scale, and so their predictions are independent of the size of
the structure.

Discrete dislocation simulations further support the notion of a material length scale: calculations have
been performed recently of a constrained layer subjected to simple shear (Shu et al., 2001). The glide of dis-
locations out of the top and bottom faces of the layer is blocked by an elastic coating, and consequently a
boundary layer emerges of reduced plastic slip. Phenomenological plasticity laws are only able to predict such
boundary layers when a higher-order formulation is invoked, which allows one to impose additional boundary
conditions such as the enforcement of vanishing slip on the constrained faces of the strip.

The experiments on size effects and discrete dislocation simulations indicate that plasticity laws should
include a material length scale on the order of microns. A natural way to incorporate such a length scale into
the constitutive law is to postulate that the yield strength depends upon both strain and strain gradient. When
the length scale associated with the deformation field is comparable to the material length scale, the strain gra-
dient contributes significantly to the yield strength.

Two sources of strain gradient strengthening may be identified within a plastically deforming solid:
strengthening due to the formation of a boundary layer at a constrained boundary, such as the strip in shear,
and strengthening due to strain gradients in inhomogeneous plastic flow in the bulk of the solid. In both
instances the generation of geometrically necessary dislocations, resulting in significant internal stresses as well
as short-range interactions with mobile dislocations, gives rise to an increase in flow strength. The physical
basis of strain gradient strengthening is discussed further in Fleck and Hutchinson (1993).

A material length scale also emerges in the development of shear bands and fracture. In a shear band the
deformation is localised within a confined region as a result of strain softening or strain-rate softening. The
thickness of the shear band is finite and is set by the microstructure of the material. In general, this length
scale may be different from that associated with the size effect. Standard plasticity models cannot describe
the localisation of plastic deformation in a finite band because they lack a length scale which sets the width
of the shear band. Indeed, the presence of material softening leads to ill-posed boundary value problems in
conventional continua (Benallal et al., 1989; de Borst et al., 1993).

A generally applicable remedy is to incorporate higher-order strain gradients within the constitutive frame-
work. The higher-order theories provide a length scale that sets the shear band width and provide well-posed
boundary value formulations (Aifantis, 1984; Coleman and Hodgdon, 1985). Note that another size effect
emerges in the localisation (post peak) regime, since the collapse response depends upon the ratio of shear
band width (set by the material length scale) and the size of the overall structure. The reader is referred to
Bažant (2000) for a full discussion of this topic.

The purpose of the present paper is to review a number of recently developed higher-order theories in order
to assess their ability to predict size effects and to handle localisation events. Our interest in theories which
perform well in both aspects is not only academic, but is also motivated by the miniaturisation trend which
can be observed for many components and manufacturing processes. Reliable failure predictions on the
micron-scale require theories which are scale-sensitive and which can describe localised plastic flow and dam-
age. Here the size effect for a beam in bending and the one-dimensional localisation for a bar in tension are
addressed as prototype problems for a representative set of gradient theories. For the purpose of comparing
different formulations, the material length scales in each of the theories are taken to be the same. Furthermore,
we neglect elasticity where possible in order to model behaviour deep in the plastic range, where the physical
origin of the relevant effects is the most prominent.

Section 2 gives a brief overview of the three higher-order plasticity theories which will be considered in this
paper. In each case, conventional von Mises plasticity is recovered when the internal material length scale is set
to zero. The following sections are devoted to a study of the size effects predicted by these theories (Section 3)
and their ability to handle softening material behaviour (Section 4). Based on the insight acquired in these
analyses, conclusions on the capability of these formulations to describe both size effects and localisation
events are drawn in Section 5.
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2. Review of higher-order plasticity theories

Before embarking on our study of size effects and localisation behaviour, the higher-order plasticity theories
which we consider will be briefly reviewed. It is emphasised that many more theories can be found in the lit-
erature, but the theories considered here form a representative subset. In particular, gradient theories with and
without higher-order stresses are considered, as well as strongly and weakly nonlocal theories. Where relevant,
the flow theory versions will be used, but strains and rotations are assumed to be small so that finite strain
effects can be neglected.

2.1. Fleck–Hutchinson 1997 strain gradient plasticity

The strain gradient plasticity theory presented in its full form by Fleck and Hutchinson in 1997 is an exten-
sion of the Toupin–Mindlin higher-order framework (Toupin, 1962; Mindlin, 1964, 1965) into the plasticity
regime. It was developed in order to explain experimentally observed size effects in plastic yielding. The full
theory and simpler versions of it have been used to fit such effects in e.g. torsion of thin wires, bending of foils
and micro-indentation (Fleck and Hutchinson, 1993, 1997; Fleck et al., 1994; Stölken and Evans, 1998). A
preliminary analysis of shear localisation using this theory is given by Fleck and Hutchinson (1998).

The kinematics of the theory take into account the usual first-order gradient of the displacements in the
form of the symmetric strain tensor
eij ¼
1

2
ðui;j þ uj;iÞ ð1Þ
(where i, j = 1, 2, 3 and a comma indicates partial differentiation) as well as the second-order displacement
gradient
gijk ¼ uk;ij ð2Þ
An earlier version considers only the rotational part of the second-order displacement gradient, leading to a
couple-stress theory (Fleck and Hutchinson, 1993). Here, we need to use the full gradient theory, including
stretch gradients, because no rotations are present in the one-dimensional localisation study presented in
Section 4.

Still following the Toupin–Mindlin strategy, a second-order stress tensor rij and a third-order, ‘double
stress’ tensor sijk are introduced as work-conjugate quantities to eij and gijk respectively. These stresses must
satisfy the higher-order equilibrium equations
rik;i � sijk;ij ¼ 0 ð3Þ
where body forces have been neglected.
In addition to appearing in the equilibrium equations, the higher-order stresses also contribute to the sur-

face tractions, which read (Fleck and Hutchinson, 1997)
T k ¼ nirik � nisijk;j þ ninjsijkDqnq � DjðnisijkÞ ð4Þ
Here, ni is the outward unit normal to the surface and the surface gradient operator Di is defined as
Di = (dij � ninj)o/oxj. Note that in a standard continuum only the first term in expression (4) is present.
The traction given by (4) is work conjugate to the boundary displacement uk in the usual way. In addition
to this standard surface traction, a ‘double-stress’ traction tk must be defined, which is conjugate to the normal
displacement gradient on the boundary uk,qnq. This higher-order traction is related to the double stress sijk by
tk ¼ ninjsijk ð5Þ

When the surface of the body contains edges an additional line load appears, see Fleck and Hutchinson (1997)
for details.

Plasticity is introduced by assuming an additive split of both eij and gijk into elastic and plastic parts.
The elastic deformation and stress measures are related through an assumed elastic strain energy density
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(cf. Toupin, 1962; Mindlin, 1964, 1965). The elastic limit is given by a yield criterion defined in the generalised
stress space spanned by rij and sijk:
U ¼ Rðrij; sijkÞ � ryðEpÞ 6 0 ð6Þ

In this relation R is a nonstandard effective stress, and is taken by Fleck and Hutchinson to be a function of rij
and sijk (Fleck and Hutchinson, 1997). The current yield strength ry depends upon an accumulated effective
plastic strain Ep, and this is obtained by time integration of an overall effective plastic strain rate _Ep. The over-
all effective plastic strain rate is defined in terms of the plastic deformation rates _epij and _gpijk. In the most general
form of the isotropic theory, the definitions of R and _Ep feature three separate length scales. In the limiting
case of uniform fields the influence of these length scales vanishes and the generalised quantities reduce to
the standard von Mises stress and effective plastic strain. Alternatively, when strain gradients are large the
overall effective strain is enhanced, and increased hardening results. Plastic flow is assumed to be normal to
the yield surface in the extended stress space of rij and sijk.

2.2. Fleck–Hutchinson 2001 strain gradient plasticity

A second strain gradient plasticity theory was proposed by Fleck and Hutchinson in 2001 in order to reduce
the complexity of the modelling, while preserving the ability to predict size effects. Inspired by earlier work of
Aifantis, Mühlhaus, de Borst and co-workers (Aifantis, 1984; Mühlhaus and Aifantis, 1991; de Borst and
Mühlhaus, 1992), the simplified model considers only gradients of the effective plastic strain rather than gra-
dients of the complete strain tensor. Note that this also implies that gradient effects in the elastic regime are
neglected. Furthermore, the standard flow rule is assumed to be valid. A vectorial higher-order stress si is
assumed as work conjugate to the effective plastic strain gradient ep,i. Inserting this extra contribution into
the virtual work statement yields the standard equilibrium equation
rij;i ¼ 0 ð7Þ

and an additional, scalar equation in terms of the higher-order stress which reads
Q ¼ re þ si;i ð8Þ

where Q is defined as the work conjugate to ep and re is the usual von Mises equivalent stress. The yield con-
dition reads Q 6 Qy(Ep), where the generalised yield stress Qy is a function of a generalised effective plastic
strain Ep defined in a similar fashion as in the 1997 Fleck–Hutchinson theory.

Associated with the field equations (7) and (8) are the standard displacement/traction boundary conditions
plus a condition in terms of the effective plastic strain or the scalar higher-order traction t = nisi. The latter,
nonstandard condition must be applied at the elastic–plastic boundary and at that portion of the external
boundary which has yielded. Note that this is different from the Fleck–Hutchinson 1997 theory, where the
additional boundary conditions are always imposed at the external boundary. This difference with the previ-
ous theory arises as a consequence of neglecting higher-order contributions to the elastic behaviour in the
Fleck–Hutchinson 2001 theory. Free boundaries and internal plastic boundaries are usually assumed not to
be able to generate a higher-order traction, so that t = 0 is usually employed. Physically, this means at external
boundaries that dislocations can freely move out of the material. If dislocation movement is obstructed, for
instance by the presence of a hard coating, a more appropriate boundary condition is ep = 0 (Fleck and
Hutchinson, 2001).

Evolution relations have been derived for Qy and si in the plastic regime:
_Qy ¼ hðEpÞ _ep þ
1

2
Bi _ep;i þ C _ep

� �
ð9Þ

_si ¼ hðEpÞ Aij _ep;j þ
1

2
Bi _ep

� �
ð10Þ
with h the usual hardening variable, which is considered to be a function of a generalised effective plastic strain
Ep. The factors Aij, Bi and C depend on the flow direction and on three independent length parameters, see
Fleck and Hutchinson (2001) for details.
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If Aij, Bi and C are set to Aij = dijl
2, Bi = C = 0, with l the single remaining length parameter, the equivalent

stress rate can be rewritten in the plastic regime as
_re ¼ hðEpÞ_ep � hðEpÞl2 _ep;i
� �

;i
ð11Þ
This expression is very similar to the one originally proposed by Aifantis (1984) and used later by others
(Mühlhaus and Aifantis, 1991; de Borst and Mühlhaus, 1992). Indeed, for constant h it reduces to the expres-
sion used by these authors, except for the absence of an influence of the first gradient of ep, which is used in
some of the work of Aifantis and co-workers. In the following the Fleck and Hutchinson 2001 theory is taken
as representative of a wider class of theories which use gradients of the effective plastic strain, but which are
based upon the standard equilibrium equation (7).
2.3. Nonlocal plasticity

Nonlocal theories use nonstandard measures of plastic strain in order to introduce spatial interactions at a
certain length scale. These interactions are strongly nonlocal, i.e. they act over finite distances, unlike the infin-
itesimal distances implied by including only gradients of plastic strain or total strain. This appears to be par-
ticularly important when modelling fracture, where strong nonlocality is needed to deal with the singularities
at a crack tip (Peerlings et al., 2002).

Most nonlocal plasticity theories have been developed for the purpose of regularising localisation of defor-
mation as a result of material softening. The link between nonlocality and regularisation was first made by
Bažant, Pijaudier-Cabot and co-workers (Bažant et al., 1984; Pijaudier-Cabot and Bažant, 1987). Most of
their developments were done in a continuum damage context, in which they proposed to replace the variable
which controls damage growth by a moving, weighted average of this variable in order to smear out damage
growth and thus avoid pathological localisation. Following this principle, nonlocal plasticity theories have
been proposed, among others, by Leblond et al. (1994), Strömberg and Ristinmaa (1996), Needleman and
Tvergaard (1998) and Polizzotto et al. (1998).

Nonlocal models of the above integral type lead to a set of integro-differential equations, which do not fit
very well into the numerical solution strategies commonly used in solid mechanics. It has been realised more
recently, however, that very similar properties can be obtained by replacing the integral averaging by a partial
differential equation. If this differential approximation is chosen properly, the strongly nonlocal character of
the integral formulation is preserved (Peerlings et al., 2001). In the damage mechanics context such a formu-
lation was first developed by Peerlings et al. (1996). A coupled damage-plasticity formulation of this type has
been developed by Engelen et al. (1999, 2003). A large-strain version of the latter theory has recently been pub-
lished (Geers et al., 2003). All of these theories aim at regularising localisation of deformation due to strain
softening; we have not been able to trace any applications to size effects in hardening.

In this study, we will take the small-strain theory of Engelen et al. (1999, 2003) as representative of the class
of nonlocal models. As in the Fleck–Hutchinson 2001 theory, it uses the standard equilibrium equation and
the standard flow rule. The yield condition, however, is nonstandard and reads in a general form as
re 6 ryðep;�epÞ ð12Þ
where ep denotes the usual effective plastic strain and �ep is a nonlocal effective plastic strain. The original the-
ory of Engelen et al. (1999, 2003) was aimed at describing the influence of ductile damage on the flow behav-
iour of metal alloys. The nonlocal effective strain therefore enters the yield stress via a damage variable, which
degrades the undamaged hardening behaviour in a multiplicative way. In order to also have a gradient influ-
ence on the undamaged hardening regime, the yield condition has been generalised here to (12).

The nonlocal effective plastic strain �ep follows from an additional partial differential equation
�ep � l2�ep;ii ¼ ep ð13Þ

and an associated boundary condition, which is usually defined as
ni�ep;i ¼ 0 ð14Þ
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The length parameter l in (13) represents the scale at which the nonlocal interactions take place. As in the
Fleck–Hutchinson 2001 theory, (13) is coupled with the equilibrium equations. An important difference, how-
ever, is that (13) is valid over the entire domain, rather than only in the plastic zone, and the above boundary
condition must therefore be applied on the full external boundary of the body.

3. Size effects in hardening: the bending of a beam

We will now compare the magnitude of the size effect predicted by the various higher-order plasticity the-
ories. For this purpose, the micro-bending experiments of Stölken and Evans (1998) are taken as a prototyp-
ical case. In these experiments, nickel foils of different thicknesses were subjected to bending. As the thickness
of these foils was reduced to a few microns, the bending moment generated in the test became significantly
higher than that predicted by standard continuum mechanics. The authors also showed that this effect can
be described by using a higher-order plasticity theory of the Fleck–Hutchinson 1997 type with linear harden-
ing and a length scale on the order of a few microns. Below, we will perform similar analyses using each of the
three higher-order theories and power-law hardening.

Following the analysis of Stölken and Evans (1998), a pure bending deformation is assumed, as well as a
plane strain state in the x3-direction, see Fig. 1. Furthermore, the deformation is assumed to be deep in the
plastic range, such that elastic strains can be neglected. This means that the plastic strain tensor equals the
total strain tensor, and for pure bending the nonvanishing components are given by
e11 ¼ jx2 e22 ¼ �jx2 ð15Þ

where j denotes the curvature of beam. The (plastic) strain gradient tensor of the Fleck–Hutchinson 1997 the-
ory is also prescribed by the kinematics; the nonvanishing components read
g121 ¼ g211 ¼ j g112 ¼ g222 ¼ �j ð16Þ

The above bending fields are assumed to be valid throughout the entire domain, including the upper and lower
boundary. This seems to pose a problem for the two Fleck–Hutchinson theories, because it means that the
(effective) plastic strain at this boundary is entirely prescribed and an essential boundary condition is thus
set automatically. The higher-order tractions resulting from the bending field generally will not vanish and
work will thus be done at the free boundary, which seems questionable from a physical point of view. A more
realistic boundary condition would be the natural condition of vanishing higher-order tractions, which can be
interpreted physically as the absence of any resistance to the glide of dislocations out of the material (Fleck
and Hutchinson, 2001), but our freedom to set this boundary condition has been lost by assuming the total
deformation field and neglecting elasticity. Note that the nonlocal model does not suffer from this difficulty,
because its additional boundary condition is formulated in terms of the nonlocal effective plastic strain �ep,
which is not prescribed by (15).

We shall demonstrate below that the inability of the Fleck–Hutchinson models to accommodate homoge-
neous natural boundary conditions in pure bending is only an apparent problem, introduced by the assump-
tion of rigid-plastic behaviour. The correct overall size effect for these boundary conditions can still be
extracted from a rigid-plastic analysis if the work done at the free boundary is taken into account properly.
Fig. 1. Geometry of the bending specimen: (a) reference configuration; (b) bent specimen.
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In order to show this, we will derive the size effect predicted by the elastoplastic solution for a particular case
of the Fleck–Hutchinson 2001 theory and then take the limit of infinite elastic stiffness. The understanding
gained from this analysis will be used in subsequent sections to determine the size effects predicted by the
two Fleck–Hutchinson theories.

3.1. Calculation of bending moments for the Fleck–Hutchinson 2001 theory with linear hardening

The full, elastoplastic bending problem can be solved analytically for the Fleck–Hutchinson 2001 theory if
we assume incompressible elastic behaviour and linear hardening plasticity. Closed-form expressions for the
relevant fields are derived in Appendix A. Deep in the plastic range, the effective plastic strain is given in the
top half of the specimen as a function of x2 and j by
ep ¼
2ffiffiffi
3

p E
E þ h

j x2 � k
sinh x2

k

cosh H
k

� �
� ry0

E þ h
1�

cosh H�x2
k

cosh H
k

� �
ð17Þ
where ry0 denotes the initial yield strength and the constant k has been defined as
k ¼ l

ffiffiffiffiffiffiffiffiffiffiffiffi
h

E þ h

r
ð18Þ
The effective plastic strain, normalised by ry0/h, is plotted in Fig. 2 versus the normalised thickness co-ordinate
x2/H for a fixed curvature j = 0.1/H and for Young’s moduli E = 100ry and E = 1000ry. The internal length
scale l equals l ¼ 1

2
H and a hardening modulus of h = 20 ry0 has been used. The dashed line in the diagram

represents the rigid-plastic case, for which ep follows directly from the total strain fields as
ep ¼
2ffiffiffi
3

p jx2 ð19Þ
Note that this rigid-plastic solution is independent of the length scale and thus holds for gradient plasticity as
well as for the standard rigid-plastic theory. Compared with this linear profile, the gradient-elastoplastic solu-
tions clearly show a boundary layer near the top surface, in which the plastic strain is reduced in order to meet
the higher-order boundary condition t = hl2ep,2 = 0. Inspection of the expression (17) reveals that the width of
this boundary layer is set by the constant k as defined above. For the smaller choice of value of E in Fig. 2(a) the
constant k is of the same order as the specimen thickness H and the effect of the boundary condition is notice-
able even near the neutral axis (at x2/H = 0). If Young’s modulus is increased, however, k decreases, the bound-
ary layer becomes thinner and the effective plastic strain profile approaches that of the rigid-plastic case.

In order to comply with the imposed bending deformation, the reduced plastic strain in the boundary layer
must be compensated by higher elastic strains, thus leading to higher stresses. This is illustrated in Fig. 2(b),
where the axial stress distributions corresponding to the plastic strain distributions in Fig. 2(a) have been plot-
ted. These profiles are given by (see Appendix A)
r11 ¼
2ffiffiffi
3

p Ery0

E þ h
1�

cosh H�x2
k

cosh H
k

� �
þ 4

3

E
E þ h

j hx2 þ Ek
sinh x2

k

cosh H
k

� �
ð20Þ
The dashed line again represents the rigid-plastic case, for which
r11 ¼
2ffiffiffi
3

p ry0 þ
4

3
hjx2 ð21Þ
It is evident from Fig. 2 that the increased axial stress in the boundary layer leads to a higher bending moment
in the strain gradient theory than in the standard theory; we shall show that this effect persists upon taking the
limit of rigid-plastic behaviour. Consider the virtual work done by the bending moment M through the cur-
vature variation dj. This work can be written in terms of the standard and higher-order tractions as (cf. Fleck
and Hutchinson, 2001)
dW ¼ 2LMdj ¼
Z
S

T idui þ tdep
� �

dS ð22Þ



Fig. 2. Relevant fields obtained from the elastoplastic analysis for increasing Young’s modulus: (a) effective plastic strain; (b) axial stress
component. The dashed lines represent the rigid-plastic fields.
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where 2L denotes the length of the considered beam section and S denotes its external surface. Now for the
elastoplastic case the higher-order traction t vanishes everywhere on S, whereas the standard traction compo-
nents Ti vanish on the top and bottom surfaces. The only remaining contribution to (22) comes from the trac-
tion across the cross-section of the specimen at both ends (x1 = ±L). Using T1 = r11 and du1 = Lx2dj, we thus
have for the bending moment
M ¼ 4D
Z H

0

x2r11 dx2 ð23Þ
This establishes that, in the elastoplastic case, the standard expression in terms of stresses and the virtual work
statement yield the same bending moment.

Evaluation of (23) for the stress field according to (20) gives
M ¼ 4ffiffiffi
3

p Ery0

E þ h
DH 2 1� 2

k2

H 2

cosh H
k � 1

cosh H
k

� �
þ 16

9

Eh
E þ h

jDH 3 1þ 3
E
h

k2

H 2
� 3

E
h

k3

H 3

sinh H
k

cosh H
k

� �
ð24Þ
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The factors outside the brackets are the usual contributions from standard, local elastoplasticity. The addi-
tional contributions depend upon k and stem from the boundary layers at the centre and at the top and bot-
tom of the specimen. Alternatively, the bending moment can be calculated via the internal virtual work.

The bending moment in the rigid-plastic limit can now be obtained from (24) by taking the limit E ! 1. In
this limit we have k ! 0 and the width of the boundary layers thus vanishes (Fig. 2). Evaluation gives
M ¼ 4ffiffiffi
3

p ry0DH 2 þ 16

9
hjDH 3 1þ 3

l2

H 2

� �
ð25Þ
The contribution involving the internal length l stems from the gradient influence. Although the thickness of
the boundary layer tends to zero in the rigid-plastic limit, the boundary layer continues to deliver a finite con-
tribution to the bending moment. As the thickness of the specimen, H, is diminished, the relative importance
of this nonstandard term increases and the bending moment predicted by (25) diverges from that predicted by
the standard theory. This is exactly the trend which is observed in experiments by Stölken and Evans (1998).

The expression (25) is uncontroversial because it has been obtained from the elastoplastic case, in which the
influence of the higher-order boundary conditions is entirely clear. Our goal is now to demonstrate that this
result can also be obtained directly from a much simpler, rigid-plastic analysis. It is immediately clear that
substituting the rigid-plastic stress field (21) in expression (23) cannot yield the nonstandard contribution
to the bending moment, because the length scale l does not appear in either of these relations. The bending
moment predicted by the simple mechanical relation (23) thus does not show a size effect. To resolve this
dichotomy, we revisit the virtual work statement (22) and note that at the top and bottom surface of the bend-
ing specimen the higher-order traction t no longer vanishes in the rigid-plastic analysis, but is prescribed by the
plastic strain field. Taking into account this higher-order traction, as well as the symmetry and anti-symmetry
properties of the relevant fields, the virtual external work performed by a curvature variation dj can be written
for the rigid-plastic case as
dW ¼ 8D
Z H

0

T 1ðx2Þdu1ðx2Þdx2 þ 8LDtðHÞdepðHÞ ð26Þ
Using the kinematic relations du1 = Lx2dj and depðHÞ ¼ 2=
ffiffiffi
3

p
Hdj as well as T1 = r11 and t = s2, the bending

moment can be extracted from this work statement as
M ¼ 4D
Z H

0

x2r11 dx2 þ
8ffiffiffi
3

p DHs2ðHÞ ð27Þ
The first term in (27) is the standard contribution of axial stresses, which also appears in the expression for the
elastoplastic case (23). Substitution of the rigid-plastic stress field according to (21) in this term yields the
bending moment which would be obtained for standard plasticity without any gradient influences. The second
term, however, is nonstandard and gives rise to the size effect. It can easily be verified that the contribution of
this term is identical to the nonstandard term in the bending moment as obtained by taking the rigid limit of
the elastoplastic solution. Thus, the correct bending moment, given by (25), can be obtained from a rigid-plas-
tic analysis by including the work done by the higher-order traction at the free boundary x2 = ±H via relation
(27). Equivalently, the correct bending moment can be obtained via the internal virtual work.

The above limiting process has the following physical interpretation. In the elastoplastic solution, the axial
stress r11 displays a concentration near the top surface of the specimen in order to meet the boundary condi-
tion imposed on the higher-order traction at this surface, recall Fig. 2. As the role of elastic strains is reduced
by increasing Young’s modulus, this concentration is limited to a smaller region but at the same time becomes
more intense, in such a way that it continues to have a finite contribution to the overall bending moment and
to the overall work, even in the rigid-plastic limit. In order to maintain the rigid-plastic fields (19) and (21), a
higher-order traction t must exist at the free boundary. The internal virtual work associated with a curvature
variation dj is exactly the same in the rigid-plastic case as in the rigid limit of the elastoplastic analysis. The
extra external work which is required to maintain the plastic strain gradient is no longer introduced via the
cross-section of the specimen, but through the top (and bottom) surfaces. The higher-order traction in
the rigid-plastic solution can be taken to represent a boundary layer of vanishing thickness. Upon including
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the contribution of this traction to the virtual work statement the correct bending moment is obtained; this
correct value is identical to that obtained in the elastoplastic analysis upon taking the rigid-plastic limit.

It is concluded that a size effect is obtained in the simplified Fleck–Hutchinson 2001 theory despite the fact
that for a constant hardening modulus h the consistency condition (11) contains only a second-order gradient
of the effective plastic strain. The argument of Fleck et al. (1994) and Aifantis (1999) that a first-order gradient
of plastic strain should enter this relation since all higher-order gradients vanish in the bending fields, does not
hold here because it disregards the boundary contribution to the bending moment which we have identified
above. As we will show below, the theory in its present form, without the first-order gradient contribution
used by Aifantis (1999), shows a realistic size effect.

The expressions obtained here for the bending moment are specific to the case of the Fleck–Hutchinson
2001 theory with linear hardening. However, the underlying principle that the correct external loads can be
obtained from a rigid-plastic analysis via a work statement can be applied more generally. Accordingly, we
will use this principle in the remainder of this section not only for the Fleck–Hutchinson 2001 theory, but also
for the Fleck–Hutchinson 1997 theory, and for nonlinear hardening. Note that the nonlocal plasticity theory
does not require this re-interpretation of the bending moment, because homogeneous higher-order boundary
conditions can be applied in it without any difficulty.
3.2. Fleck–Hutchinson 1997 strain gradient plasticity with power-law hardening

For the Fleck–Hutchinson 1997 elastoplastic flow theory it is convenient to compute the bending moment
via the internal virtual work. Assuming a rigid-plastic response the internal virtual work reads
dW ¼

R
V RdEp dV , where R and Ep are the generalised equivalent stress and effective plastic strain as intro-

duced in Section 2.1.
To proceed, we abandon the linear hardening law of the previous section and adopt the more realistic

choice of power-law hardening in the remainder of this section. This allows the governing field equations
to be homogeneous in stress and strain. For each of the theories the hardening relation is chosen such that
it reduces to the classical Nadai power-law for a vanishing gradient influence, i.e. for l = 0. Note that this
implies that the initial yield stress vanishes. In the Fleck–Hutchinson 1997 theory the hardening relation is
generalised as ry ¼ CEn

p, where generally 0 < n < 1 (Fleck and Hutchinson, 1997).
Following Stölken and Evans (1998) we neglect the influence of stretch gradients compared with rotation

gradients for the bending problem. The generalised effective strain Ep is then given by
Ep ¼
2ffiffiffi
3

p j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x22 þ

1

2
l2

r
ð28Þ
Using this expression and the generalised equivalent stress R = ry, the bending moment can be extracted from
the work statement in normalised form as
M
M0

¼ ðnþ 2Þ
Z 1

0

n2 þ 1

2
a2

� �nþ1
2

dn ð29Þ
where n � x2/H, a � l/H and
M0 ¼
4

nþ 2

2ffiffiffi
3

p
� �nþ1

CDHnþ2jn ð30Þ
is the moment which results in classical plasticity (or for l = 0). It can easily be verified that the ratio given by
(29) is always greater than unity for l 5 0. For thicknesses which are large compared to the internal length
scale l, that is for small a, M/M0 is of order unity and the bending moment of the gradient theory reduces
to that predicted by standard plasticity. As the thickness of the specimen is diminished (and a is thus in-
creased), however, the second terms within brackets becomes more important and a strengthening effect is
observed.
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3.3. Fleck–Hutchinson 2001 strain gradient plasticity with power-law hardening

The generalised effective plastic strain of the Fleck–Hutchinson 2001 theory reads for the bending problem
Ep ¼
2ffiffiffi
3

p j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x22 þ l2

q
ð31Þ
The hardening relation enters this theory via the hardening modulus h, which for power-law hardening reads
h ¼ CnEn�1

p .
It can be shown that the full and simplified versions of the Fleck–Hutchinson 2001 theory coincide for the

bending problem. We can therefore use the consistency condition (11) to determine the equivalent stress rate.
After integrating the result in time and obtaining the higher-order stress s2 in a similar manner, the bending
moment can be evaluated using Eq. (27). In dimensionless form, the result reads, in terms of the dimensionless
variables n and a as introduced above,
M
M0

¼ ðnþ 2Þ
Z 1

0

n2ðn2 � ðn� 2Þa2Þðn2 þ a2Þ
n�3
2 dnþ a2ð1þ a2Þ

n�1
2

� �
ð32Þ
In the limit a ! 0 this ratio clearly goes to unity again, whereas for large a (small H) it becomes large.

3.4. Nonlocal plasticity

The bending moment as predicted by the nonlocal plasticity formulation of Section 2.3 requires that we
solve the partial differential equation (13) and boundary condition (14) for the bending problem. Upon insert-
ing expression (19) for the effective plastic strain in (13) and noting that derivatives with respect to x1 and x3
must vanish, the partial differential equation reduces to an ordinary differential equation in terms of �ep for
0 < x2 < H, which together with homogeneous natural boundary conditions can be solved as
�ep ¼
2ffiffiffi
3

p j x2 � l
cosh x2

l

sinh H
l

þ l
cosh H�x2

l

sinh H
l

� �
ð33Þ
The solution in the bottom half of the specimen follows immediately by symmetry.
The stress distribution in the specimen can now be determined via the yield condition (12), in which the

equality holds. For this purpose we make the choice for the yield stress as ry ¼ Cen�m
p �emp , with 0 < n < 1 and

�n 6 m 6 n. This form is inspired by the multiplicative character of the damaged yield stress in the original
model (Engelen et al., 1999, 2003). The parameter m determines the relative influences of the local and non-
local effective plastic strains on the yield stress. For m = 0 note that ry depends solely upon ep and the local
theory is thus retrieved; for m = n, on the other hand, ry depends solely upon �ep and the multiplicative influ-
ence of both strain measures is lost. For any value of m, it can be seen directly that standard Nadai hardening
is retrieved when the internal length is set to zero and the nonlocal and local strain fields thus coincide.

Substitution of the ep and �ep fields in the above hardening law allows one to compute the equivalent stress
and the axial stress r11 as well as, via (23), the corresponding bending moment. The result reads, normalised
with respect to the classical result,
M
M0

¼ ðnþ 2Þ
Z 1

0

nn�mþ1 n� a
cosh n

a

sinh 1
a

þ a
cosh 1�n

a

sinh 1
a

 !m

dn ð34Þ
In the limit a ! 0 this ratio approaches unity as for the other theories. But for larger a (smaller thicknesses)
either a strengthening or a weakening effect is predicted depending on the value of the parameter m, as we shall
see below.

3.5. Comparison of predicted size effects for a beam in bending

Fig. 3 shows the normalised bending moments M/M0 predicted for each of the higher-order plasticity the-
ories as given by expressions (29), (32) and (34) as a function of the ratio H/l (or 1/a). The integrals in the



Fig. 3. Comparison of the normalised bending moments predicted by the three higher-order plasticity theories as a function of the
thickness of the specimen relative to the internal length l. A hardening exponent of n = 0.5 has been used.
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respective expressions for M/M0 have been evaluated numerically. A value of n = 0.5 has been used for the
hardening exponent. A change in the hardening exponent changes the quantitative results, but not the qual-
itative picture. Two values were used for the parameter m in the nonlocal theory: m = 0.25 and m = �0.25. As
can be seen from the diagram, this parameter has a significant influence upon the predicted trend. For
m = 0.25, and in fact for all positive m, the theory predicts a weakening effect for small H/l. A strengthening
effect can be obtained by setting m < 0, as is illustrated by the curve for m = �0.25. However, this effect
remains rather small compared with experimental observations: the elevation in M/M0 is less than 10% for
m = �0.25, whereas strengthening by a factor of up to 5 was observed in the experiments (Stölken and Evans,
1998). The two Fleck–Hutchinson theories predict a much stronger strengthening effect, and are in much bet-
ter agreement with the experimental results of Stölken and Evans.

It is remarkable how closely the two Fleck–Hutchinson theories match, even if no attempt has been made to
correlate the length scales of the two theories. The reduction of the full strain gradient theory (Fleck–
Hutchinson 1997) to the simpler 2001 Fleck–Hutchinson theory seems to be quite acceptable for this bound-
ary value problem.

4. Prediction of the higher-order theories of the transition to softening and localisation behaviour

Having analysed the size effect in hardening for the three higher-order plasticity formulations, the transition
to material softening and subsequent localisation is now considered. Many materials display an overall soft-
ening behaviour after a certain amount of plastic deformation. For example, metals may soften due to the
initiation, growth and coalescence of voids, resulting in the localisation of deformation and eventually in
failure.

It is well known that material softening within a local continuum plasticity description may result in the loss
of well-posedness of the governing equations (Benallal et al., 1989), and homogeneous boundary value prob-
lems then have an infinite number of solutions. For the case of inhomogeneous problems instantaneous failure
is predicted within a band of vanishing width without any energy dissipation. Numerical solutions are limited
in capturing this discontinuous solution by their finite spatial resolution and therefore show an extreme sen-
sitivity to the numerical discretisation. Higher-order formulations may restore the well-posedness of the
boundary value problem. As a result, deformation bands of finite width are obtained, in which a finite amount
of energy is dissipated (Bažant et al., 1984, see for example; Pijaudier-Cabot and Bažant, 1987; de Borst and
Mühlhaus, 1992; Engelen et al., 2003).

In homogeneous problems without imperfections, localised solutions appear as bifurcations of the homo-
geneous solution. We shall consider the bifurcation problem next in a one-dimensional setting. The starting
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point is a bar under uniform tensile straining. At each state of this uniform solution, an incremental solution is
sought of the harmonic form _e ¼ ê expðikxÞ, where ê denotes the complex amplitude of the harmonic pertur-
bation and k its wave number. This harmonic field is substituted into the rate equilibrium equations, assuming
a state of plastic loading on the entire domain (Hill’s linear comparison solid assumption, see Hill (1958)). The
rate equilibrium equations are then examined in order to determine the wave numbers for which the harmonic
incremental solution exists.

In a local continuum (as in classical plasticity), no harmonic incremental solutions exist in the elastic regime
as well as in the hardening plasticity regime. At the onset of softening, however, a continuous spectrum of
wave numbers k is found for which the above harmonic form is a solution of the incremental equilibrium
problem, including that which represents a vanishing wavelength (i.e. k ! 1). This reflects the ill-posedness
of the problem and the pathological localisation which results from it (Peerlings et al., 2002). The desired
behaviour of the higher-order plasticity theories considered here is bifurcation into a finite number of solu-
tions, each with a finite wave number.

The ability of the Fleck and Hutchinson 1997 and 2001 theories and the nonlocal theory of Engelen et al.
(1999, 2003) to handle material softening is now explored by considering the bifurcation of a bar under uni-
form tensile straining.

4.1. Fleck–Hutchinson 1997 elastoplastic strain gradient plasticity theory

Consider first the prediction of bifurcation by the Fleck–Hutchinson 1997 elastoplastic strain gradient plas-
ticity theory. We consider a uniform reference solution with g = gp = s � 0 in the reference state. This implies
that the generalised effective plastic strain equals Ep = ep and the generalised equivalent stress R = r; we also
have _R ¼ _r and it follows from normality that _Ep ¼ _ep. Using these relations, the flow rules which govern the
evolution of ep and gp can be written as (cf. Fleck and Hutchinson, 1997)
_ep ¼
_R

hðEpÞ
r
R
¼ _r

hðepÞ
_gp ¼

_R
hðEpÞ

s
R
¼ 0 ð35Þ
where h(Ep) = dry/dEp describes the current hardening/softening behaviour in the material. The second of the
above relations tells us that the rate of plastic strain gradient vanishes. Combining the first with Hooke’s law
and the higher-order rate equilibrium equation and substituting for the assumed harmonic form of _e yields
ikE
h

E þ h
þ k2l2

� �
ê expðikxÞ ¼ 0 ð36Þ
Apart from the trivial solution ê ¼ 0, the above equation has only one real solution as long as the tangent h is
positive: k = 0. This solution represents a continued uniform deformation. Once h becomes negative, however,
a second solution appears
k ¼ 1

l

ffiffiffiffiffiffiffiffiffiffiffiffi
�h

E þ h

r
ð37Þ
This means that at each uniform reference state in the softening regime the possibility of bifurcation into a
harmonic solution exists. This harmonic solution of the homogeneous, linear comparison solid problem cor-
responds to a localised solution of the underlying nonlinear equations in inhomogeneous problems. The wave
number k given by relation (37) remains finite, which means that the corresponding wavelength 2p/k is always
positive. Full, nonlinear numerical solutions have been performed for similar higher-order theories and con-
firm that the pathological solution 2p/k = 0 does not exist (Peerlings et al., 2002). The above result demon-
strates that the Fleck–Hutchinson 1997 theory shows the desired localisation behaviour at and beyond the
transition from hardening to softening.

It is worth noting that the higher-order contribution in (36), and therefore the regularisation, comes from
the elastic part of the constitutive modelling. This is best seen from relation (35)2, which states that the plastic
strain gradient does not come into play. Accordingly, although so far no distinction has been made between
elastic and plastic length scales, the internal length l in (37) should be interpreted as the internal length
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associated with the elastic response of the material. This analysis is confirmed by Rolshoven (2003), who has
shown that the width of the plastic localisation band depends mainly on the elastic length scale, with only a
secondary influence of the plastic length scale.

4.2. Fleck–Hutchinson 2001 strain gradient plasticity

The generalised effective plastic strain of the Fleck and Hutchinson 2001 theory (Fleck and Hutchinson,
2001) coincides with ep in the uniform reference solution. Combining the one-dimensional version of the con-
sistency relation (11), the incremental form of Hooke’s law and the rate equilibrium equation _r;x ¼ 0 allows
one to derive the nonlinear eigenvalue equation
ikE
hð1þ k2l2Þ

E þ hð1þ k2l2Þ
ê expðikxÞ ¼ 0 ð38Þ
For h > 0 this relation again has only the trivial solution k = 0. At the transition from hardening to softening,
h = 0, however, Eq. (38) is trivially satisfied and any harmonic wave number k is allowed. This indicates that
pathological localisation at the peak strength is not prevented by the Fleck and Hutchinson 2001 theory. Be-
yond the peak strength, in the softening regime, we have h < 0 and (38) has again only the trivial solution.
Thus, in contrast to the earlier Fleck–Hutchinson theory, no wavelength can be identified for which the uni-
form reference solution may bifurcate into a harmonic incremental solution. Although these observations do
not provide irrefutable proof with respect to the nonlinear case, they do cast serious doubt upon the ability of
the theory to handle localisation events in an adequate fashion.

It should be mentioned here that gradient plasticity models with a structure which is very similar to that of
the present one have been used with some degree of success to regularise localisation in the softening regime
(Aifantis, 1984; de Borst and Mühlhaus, 1992). In these theories the higher-order contribution to the harden-
ing law is added to the local contribution rather than subtracted from it. In our analysis this would result in a
minus sign in front of the k2l2 in (38). The resulting equation does have a nontrivial solution k = 1/l in the
softening regime and a nonuniform incremental solution with a finite wavelength can thus be obtained. How-
ever, this solution is also available in the hardening plastic regime (i.e. for h > 0), which suggests that nonuni-
form solutions can occur even before the peak load. Indeed, it seems that previous applications of these
theories have been limited to situations where the plastic softening sets in immediately at the elastic limit, with-
out any prior hardening. In connection to this, it has been argued by Mühlhaus and Aifantis (1991) and Fleck
and Hutchinson (2001) that such a formulation cannot be obtained from a work statement. Mühlhaus and
Aifantis (1991) suggested to repair this shortcoming by adding a fourth-order gradient contribution to it.
While interesting from a theoretical viewpoint, this is not a very attractive option in terms of numerical imple-
mentation, because it would impose stringent continuity requirements on the interpolation functions used in
the spatial discretisation of the problem.
4.3. Nonlocal plasticity

In the nonlocal plasticity model of Section 2.3 the nonstandard plastic strain measure �ep is governed by Eq.
(13). This measure enters the constitutive response via the hardening/softening law, which can be rewritten in
the present case as
_r ¼ hðep;�epÞ_ep þ �hðep;�epÞ_�ep ð39Þ
where hðep;�epÞ ¼ ory=oep and �hðep;�epÞ ¼ ory=o�ep. Combining these relations with rate equilibrium and substi-
tuting the harmonic form of _e gives
ikE
hð1þ k2l2Þ þ �h

ðE þ hÞð1þ k2l2Þ þ �h
êeikx ¼ 0 ð40Þ
in which the arguments of h and �h have been dropped for brevity.
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Whether or not this equation has nontrivial solutions k depends upon the current values of the hardening
moduli h and �h. These also determine whether the incremental response is hardening or softening. For uniform
straining, we have �ep ¼ ep and the stress rate can thus be written as _r ¼ ðhþ �hÞ_ep. This relation shows that a
hardening behaviour is observed when the sum of the two moduli is positive while softening occurs when this
sum becomes negative. In the plasticity-damage formulation of Engelen et al. (1999, 2003) the local contribu-
tion h is always positive, whereas �h is always negative. Initially, their sum will usually be positive and a hard-
ening incremental response is thus observed. It can easily be seen that Eq. (40) only has the trivial solution k = 0
when the sum of the two moduli is positive. At some stage of the uniform straining process, however, the bal-
ance between h and �h may change and their sum may change sign, thus resulting in a transition to a softening
response. Exactly at the peak, that is for hþ �h ¼ 0, the trivial, uniform solution is still the only one, but when
the sum of the two moduli becomes negative, a second, nontrivial solution of (40) exists, and is given by
k ¼ 1

l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� hþ �h

h

s
ð41Þ
It is concluded that the nonlocal plasticity formulation allows for a transition from hardening to softening,
and within the softening regime it correctly predicts a localisation band of finite width.

4.4. Comparison of the predicted wavelengths in the softening regime

In order to compare the localisation behaviour of the three plasticity theories, we need to assume a specific
form of the hardening/softening relations featuring in them. The choice of these relations was motivated by
the plasticity-damage theory of Engelen et al. (1999, 2003), as this theory was developed to describe softening
and localisation. Accordingly, we assume the following law for the nonlocal plasticity theory:
ry ¼ ry0 1þ C
ry0

enp

� �
1� �ep

ec

� �
ð42Þ
This relation can be regarded as a combination of power-law hardening (in terms of the local plastic strain ep)
and a linear degradation which depends upon the nonlocal plastic strain �ep (cf. Engelen et al., 1999, 2003).
When the nonlocal strain attains the critical value ec, the yield strength vanishes and failure is obtained.
The local and nonlocal hardening moduli hðep;�epÞ and �hðep;�epÞ used within the nonlocal plasticity theory fol-
low by straightforward differentiation of (42). It can easily be verified that the resulting expression for h is in-
deed always positive and �h is always negative, as assumed in the previous section.

In the Fleck–Hutchinson 1997 theory, the yield stress ry depends upon the generalised effective plastic
strain Ep, cf. Section 2.1. For this theory we assume the following hardening/softening law:
ry ¼ ry0 1þ C
ry0

En
p

� �
1� Ep

ec

� �
ð43Þ
and the tangent modulus again follows by differentiation. The resulting expression is also used for the Fleck–
Hutchinson 2001 theory.

For the case of uniform plastic straining, with �ep ¼ Ep ¼ ep, the three constitutive theories give identical
hardening/softening behaviours along the primary loading path. The axial stress versus plastic strain curve
is shown in Fig. 4 for the choice C = 4ry0, n = 0.5 and ec = 1; these values are adopted in the remainder of
this section. It is clear from Fig. 4 that the material displays a hardening response up to a plastic strain of
ep ¼ 1

4
ec. At this value of plastic strain, the tangent to the curve is horizontal and a transition to softening

behaviour occurs. Softening continues until complete failure occurs at ep = ec.
The nontrivial wavelengths 2p/k, normalised by the length scale l, are plotted in Fig. 5 as a function of nor-

malised plastic strain ep/ec for each of the higher-order theories. A value of E = 100ry0 is adopted for Young’s
modulus. In the Fleck–Hutchinson 2001 theory, the incremental solution can take all wavelengths at the peak
load (i.e. at ep=ec ¼ 1

4
). Beyond this peak load, no solution exists for a finite wavelength, as was shown in Sec-

tion 4.2. In contrast, the other two theories give a finite wavelength within the softening regime. At ep=ec ¼ 1
4

both curves have a vertical asymptote, indicating that at the peak load only a uniform incremental solution



Fig. 5. Normalised wavelength 2p/kl of the localised incremental solution vs the normalised plastic strain ep/ ec in the uniform reference
state for the three higher-order theories.

Fig. 4. Hardening/softening behaviour for uniform straining as used for all three theories in the localisation study.
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exists. Beyond the peak, however, a finite wavelength is obtained, and this wavelength decreases with increas-
ing reference strain for both theories. In the Fleck–Hutchinson 1997 theory a finite wavelength is obtained at
failure (i.e. at ep/ec = 1), whereas the wavelength goes to zero in the nonlocal theory. The latter could be an
advantage in situations where a gradual transition from a diffuse degradation mechanism to a discrete crack
is desired, see e.g. Simone et al. (2003). Apart from this qualitative difference, the wavelength predicted by the
Fleck–Hutchinson 1997 theory is—for the same value of the internal length l—much higher than that pre-
dicted by the nonlocal theory. This difference is due to the appearance of Young’s modulus in the wavelength
of the Fleck–Hutchinson theory; for higher ratios E/ry0 than that used here the difference becomes even
more pronounced. However, it can easily be compensated for by choosing a smaller length scale in the
Fleck–Hutchinson theory. This is quite acceptable since the relevant length scale in the theory is associated
with the elastic behaviour (cf. Fleck and Hutchinson, 1997).

5. Concluding remarks

The relative performance of three prototypical higher-order plasticity theories has been explored. Two
extreme test cases have been considered: the prediction of size effects in the hardening regime and the ability



Table 1
Summary of the evaluation of the three theories in terms of size effect predictions and localisation behaviour

Theory Size effect Localisation

Fleck–Hutchinson 1997 ++ +
Fleck–Hutchinson 2001 ++ �
Nonlocal � ++
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to remove the pathological localisation behaviour exhibited by standard plasticity theory within the softening
regime. Our findings are summarised in Table 1, in which ++ denotes an excellent performance, + denotes a
satisfactory performance, and � indicates shortcomings or at least serious concerns.

Each of the three theories have been developed with either size effects or localisation in mind: the two
Fleck–Hutchinson theories were developed to describe size effects, whereas the nonlocal theory was originally
aimed at handling softening and localisation in a reliable and meaningful way. It is therefore not surprising
that these theories perform well in the corresponding prototype problems. Extraction of the physically rele-
vant size effect for a beam in bending for the Fleck–Hutchinson theories, however, requires a careful treatment
of the stress state near the free boundary, as was illustrated in Section 3.

As summarised in Table 1, the Fleck–Hutchinson 1997 theory can predict finite-sized shear bands and deg-
radation zones in the softening regime in addition to giving realistic size effects in hardening. This is of par-
ticular relevance to problems where localisation and size effects become important at the same time, e.g. in
problems of large plastic deformations leading to damage in the manufacture of small components. The ability
to handle localisation stems from the presence of a gradient influence in the elastic part of the constitutive the-
ory rather than from plastic strain gradients. Furthermore, unlike the nonlocal theory, the localisation width
predicted by the Fleck–Hutchinson 1997 theory does not vanish at complete failure. This may not be a prob-
lem in most applications, but it is less desirable in computational approaches which use a so-called contin-
uum–discontinuum transition (e.g. Simone et al., 2003).

The other two theories are incapable of describing both phenomena adequately. The Fleck–Hutchinson
2001 theory in unable to remove the pathological behaviour of standard plasticity when passing from the
hardening to the softening regime. As indicated in Section 4.2, we believe that this conclusion holds for a wider
category of weakly nonlocal gradient theories, although acceptable results may be obtained in very specific
cases. The nonlocal plasticity theory which was modelled after the plasticity-damage framework of Engelen
et al. (1999, 2003) gives a size effect in the bending problem, but depending upon parameter values this effect
is either too small or in the wrong direction (weakening instead of the experimentally observed strengthening).
Here also we believe that a similar weakness is present in other nonlocal plasticity formulations; additional
work is needed to substantiate this, however.
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Appendix A. Analytical solution for the elastoplastic bending problem

For the Fleck–Hutchinson 2001 theory, the solution for the elastoplastic bending problem can be obtained
in closed form if a constant hardening modulus h is assumed and the elastic behaviour is assumed to be incom-
pressible. We will do the analysis here for the upper half of the beam (x2 P 0) and assuming positive curvature
for ease of notation; the lower half can then easily be obtained by symmetry arguments.

http://www.nimr.nl
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For an incompressible elastoplastic material the total strain rate can be written in the plastic regime as
_eij ¼
3

2E
_sij þ

3

2
_ep
sij
re

ðA:1Þ
where E denotes Young’s modulus and sij the deviatoric stresses. Setting these strain rate components equal to
the imposed deformation according to (15) and using the definition of the equivalent stress re gives s33 = 0,
s11 ¼ �s22 ¼ re=

ffiffiffi
3

p
and
1

2

ffiffiffi
3

p _re

E
þ _ep

� �
¼ _jx2 ðA:2Þ
For the beam-bending problem it can be shown that the full and simplified versions of the Fleck–Hutchinson
2001 theory coincide. Upon substituting (11) for the effective stress rate the above equation becomes
_ep � k2 _ep;22 ¼
2ffiffiffi
3

p E
E þ h

_jx2 ðA:3Þ
where the constant k is
k ¼ l

ffiffiffiffiffiffiffiffiffiffiffiffi
h

E þ h

r
ðA:4Þ
It is useful to adopt x2 and j as the independent variables and rewrite the problem in terms of them by using
o=ot ¼ _jo=oj:
o

oj
ep � k2ep;22
� �

¼ 2ffiffiffi
3

p E
E þ h

x2 ðA:5Þ
The general solution of this equation can be written as
epðx2; jÞ ¼
2ffiffiffi
3

p E
E þ h

jx2 þ fcðjÞ cosh
x2
k
þ fsðjÞ sinh

x2
k
þ gðx2Þ ðA:6Þ
In this expression, fc(j), fs(j) and g(x2) are still arbitrary functions, which must be determined from the bound-
ary data.

Eq. (A.5) and its general solution (A.6) are valid in that part of the beam which has already entered the
plastic regime. This elastoplastic domain has been sketched in the x2–j space as a shaded area in Fig. A.1,
and is sub-divided into two sub-domains II and III, as shown. At sufficiently low values of j the beam is
Fig. A.1. Solution domain in x2–j space for the elastoplastic bending problem.
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elastic, and this domain is labelled I in Fig. A.1. It will be shown below that the elastic–plastic boundary,
i.e. the boundary between sub-regions I and II, meets the neutral axis at a finite value of curvature j, as
suggested in the figure. This value of j indicates the onset of fully plastic behaviour and is denoted jfp.
First we will concentrate on the sub-domain II, for which the plastic domain is sandwiched between the
top of the beam (x2 = H) and the elastic–plastic boundary. The position of this internal boundary at a
given curvature is not known a priori, but follows from the solution. The function d(j) indicates the height
of this boundary and must be determined together with fc(j), fs(j) and g(x2) from the boundary data. Four
boundary conditions are thus needed: one at the top surface and three at the elastic–plastic boundary (see
the figure).

Since the top surface is free, it is natural to set the higher-order traction to zero here:
hl2ep;2ðH ; jÞ ¼ 0 ðA:7Þ
At the elastic–plastic boundary we have
epðdðjÞ; jÞ ¼ 0 ðA:8Þ
hl2ep;2ðdðjÞ; jÞ ¼ 0 ðA:9Þ

ry0 þ hepðdðjÞ; jÞ � hl2ep;22ðdðjÞ; jÞ ¼
2ffiffiffi
3

p EjdðjÞ ðA:10Þ
with ry0 the initial yield stress. The second of these relations expresses vanishing higher-order traction on the
elastic–plastic boundary; the first and last ensure continuity of plastic strain and equivalent stress across this
boundary. The functions fc(j), fs(j) and g(x2) can be solved in terms of d(j) by substituting the general solu-
tion (A.6) into the relations (A.7), (A.9) and (A.10). Eq. (A.6) then gives
ep ¼
2ffiffiffi
3

p E
E þ h

j x2 � k
cosh x2�dðjÞ

k

sinh H�dðjÞ
k

þ k
cosh H�x2

k

sinh H�dðjÞ
k

 !
� ry0

E þ h
ðA:11Þ
An implicit relation for the position of the elastic–plastic boundary, d(j), is determined by the condition (A.8),
with a behaviour of the form sketched in Fig. A.1. The curvature jfp for which d(j) becomes zero is deter-
mined by setting x2 = d = ep = 0 in (A.11) to give
jfp ¼
1

2

ffiffiffi
3

p ry0

Ek
sinh H

k

cosh H
k � 1

ðA:12Þ
Now consider curvatures which exceed the value jfp; this is denoted sub-domain III in Fig. A.1. The bottom
boundary of the plastic zone is fixed at x2 = 0 with ep = 0 there. The boundary condition at x2 = H remains
unchanged. Recall that the governing partial differential equation, Eq. (A.5), constitutes an initial value prob-
lem in j as a time-like parameter, and a boundary value problem in the spatial dimension x2. The initial con-
dition for sub-domain III is provided by the solution of sub-domain II, as given by (A.11), at j = jfp. The
general solution to (A.6) can be determined for j > jfp as
ep ¼
2ffiffiffi
3

p E
E þ h

j x2 � k
sinh x2

k

cosh H
k

� �
� ry0

E þ h
1�

cosh H�x2
k

cosh H
k

� �
ðA:13Þ
The solutions (A.11) and (A.13) for ep(x2, j) in sub-domains II and III, respectively, are plotted in Fig. A.2. In
this diagram, the effective plastic strain, normalised by ry0/h, is plotted horizontally versus the vertical relative
co-ordinate x2/H. This solution was obtained for the choice l ¼ 1

2
H , a Young’s modulus of E = 100ry0 and a

hardening modulus h = 20ry0. Curves are plotted for j = 0.02/H, for j = jfp � 0.04/H and for j = 0.1/H. For
the first curve j < jfp and the elastic–plastic boundary is therefore located above the neutral axis at x2 > 0; at
this boundary the higher-order traction vanishes and so the gradient of ep vanishes. At j = jfp, the elastic–
plastic boundary touches the neutral axis and at j = 0.1/H > jfp, the plastic zone extends across the full
cross-section of the beam. In the latter case, on the neutral axis, x2 = 0, a higher-order traction exists and
the gradient of ep is finite. However, ep is zero at x2 = 0 and so this traction does no work.



Fig. A.2. Effective plastic strain distribution in the top half of the beam for increasing curvature j.
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The equivalent stress in each of the plastic domains II and III is obtained by integration of (11) and by
substitution of the effective plastic strain distributions obtained above, to give
re ¼
Ery0

E þ h
þ 2ffiffiffi

3
p E

E þ h
j hx2 þ Ek

cosh x2�dðjÞ
k

sinh H�dðjÞ
k

� Ek
cosh H�x2

k

sinh H�dðjÞ
k

 !
for j 6 jfp ðA:14Þ
and
re ¼
Ery0

E þ h
1�

cosh H�x2
k

cosh H
k

� �
þ 2ffiffiffi

3
p E

E þ h
j hx2 þ Ek

sinh x2
k

cosh H
k

� �
for j > jfp ðA:15Þ
The axial stress r11 is obtained from the above expressions via r11 ¼ 2s11 ¼ 2re=
ffiffiffi
3

p
. The only nonvanishing

component of the higher-order stress vector is s2 = hl2ep,2.
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