
1

d
2
c
c
n
h
3
s
l
r
t
e

a
a
o
a
r
e
p
p
m
d
e

J
m
d

J

Downloa
Digby D. Symons

Norman A. Fleck

Engineering Department,
Cambridge University,

Trumpington Street,
Cambridge CB2 1PZ, UK

The Imperfection Sensitivity of
Isotropic Two-Dimensional
Elastic Lattices
The imperfection sensitivity of the effective elastic properties is numerically explored for
three planar isotropic lattices: fully triangulated, the Kagome grid, and the hexagonal
honeycomb. Each lattice comprises rigid-jointed, elastic Euler–Bernoulli beams, which
can both stretch and bend. The imperfections are in the form of missing bars, misplaced
nodes, and wavy cell walls. Their effect on the macroscopic bulk and shear moduli is
numerically investigated by considering a unit cell containing randomly distributed im-
perfections, and with periodic boundary conditions imposed. The triangulated and
Kagome lattices have sufficiently high nodal connectivities that they are stiff, stretching
dominated structures in their perfect state. In contrast, the perfect hexagonal honeycomb,
with a low nodal connectivity of 3, is stretching dominated under pure hydrostatic load-
ing but is bending dominated when the loading involves a deviatoric component. The
high connectivity of the triangulated lattice confers imperfection insensitivity: Its stiffness
is relatively insensitive to missing bars or to dispersed nodal positions. In contrast, the
moduli of the Kagome lattice are degraded by these imperfections. The bulk modulus of
the hexagonal lattice is extremely sensitive to imperfections, whereas the shear modulus
is almost unaffected. At any given value of relative density and level of imperfection (in
the form of missing bars or dispersed nodal positions), the Kagome lattice has a stiffness
intermediate between that of the triangulated lattice and the hexagonal honeycomb. It is
argued that the imperfections within the Kagome lattice switch the deformation mode
from stretching to a combination of stretching and bending. Cell-wall waviness degrades
the moduli of all three lattices where the behavior of the perfect structure is stretching
dominated. Since the shear response of the perfect hexagonal honeycomb is by bar
bending, the introduction of bar waviness has a negligible effect on the effective shear
modulus. �DOI: 10.1115/1.2913044�
Introduction
There is a current interest in the mechanical properties of two-

imensional and three-dimensional lattice materials. For example,
D lattices exist as an array of ceramic prismatic tubes in catalytic
onverters for automotive use. 2D lattices are also used in woven
omposites, such as triaxially woven carbon fiber epoxy lami-
ates. Natural 2D lattices include the wax honeycomb of the
oney bee, wood, and coral. In contrast, bone and sponges form
D lattices, and 3D woven composites are under development for
andwich cores. In practical applications, these structures are
oaded in the elastic regime and it is important to understand the
elationship between their microstructure and mechanical proper-
ies. We consider in this paper the fundamental problem of the
lastic properties of 2D imperfect but isotropic lattices.

It is now well established that the effective properties of lattices
re dependent on the degree of nodal connectivity, but no system-
tic studies have been performed on the imperfection sensitivity
f competing lattices of widely varying connectivity. Practical 2D
nd 3D lattice materials contain imperfections in the form of ir-
egular cells, wavy bars, and possibly missing bars. It is of broad
ngineering significance to determine imperfection sensitivity of
roperties: If an imperfection causes a significant drop in a useful
roperty then it may be worthwhile to put in serious effort to
anufacture the lattice in as perfect a state as possible. This paper

escribes an investigation into the imperfection sensitivity of the
lastic moduli of three planar isotropic lattices: the fully triangu-
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lated lattice with a nodal connectivity of Z=6, the Kagome lattice
with a nodal connectivity of Z=4, and the hexagonal honeycomb
with a nodal connectivity of Z=3, see Fig. 1. All three perfect
lattices comprise uniform cell walls �bars� of length l and thick-
ness t.

1.1 Recent Work on the Mechanical Properties of Planar
Isotropic Lattices. Deshpande et al. �1� have shown that whether
a lattice is bending or stretching dominated may be informed by a
consideration of its nodal connectivity Z, that is, the number of
bars attached to each node. The approach is based on Maxwell’s
�2� equation for the rigidity of pin-jointed structures. If a pin-
jointed structure contains a collapse mechanism under a particular
loading, then the equivalent rigid-jointed structure will be flexible
�bending dominated� under the same loading. Otherwise, both the
pin-jointed and equivalent rigid-jointed structures will be stiff
�stretching dominated�. The necessary �but not sufficient� condi-
tion for rigidity of a planar lattice is Z=4. The Kagome lattice
only just achieves this condition, and we shall show in this study
that this has a major impact on its imperfection sensitivity.

The hexagonal honeycomb architecture �Fig. 1�c�� is ubiquitous
in both natural and man-made materials. Although stiff under
equibiaxial �i.e., hydrostatic� loading, it is flexible under devia-
toric loading due to its low nodal connectivity. Hydrostatic load-
ing is resisted by stretching of the cell walls, whereas deviatoric
loading is resisted by bending of the cell walls. In contrast, the
fully triangulated lattice �Fig. 1�a�� is stretching dominated under
all loading states and is thereby stiff under both hydrostatic and
shear loading.

Hyun and Torquato �3� have shown that the Kagome lattice
attains the upper Hashin–Shtrikman bound for the stiffness of a

two-phase isotropic composite, where one phase is empty space.
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n fact, the moduli of the Kagome lattice are identical to those of
triangulated grid of the same relative density �̄. The high stiff-

ess of the rigid-jointed Kagome lattice is consistent with the
ollapse response of the infinite pin-jointed version. Hutchinson
nd Fleck �4� have shown that the infinite pin-jointed Kagome
attice has an infinite number of internal periodic collapse mecha-
isms, yet none of these mechanisms produces macroscopic
train. Consequently, the Kagome lattice is stretching dominated
nder both hydrostatic and deviatoric loading.

Symons et al. �5� have explored the morphing potential of the
agome lattice. They explored the static and kinematic determi-
acy of the finite, 2D pin-jointed Kagome truss and the finite,
ouble layer grid with Kagome faces. They showed that the addi-
ion of patch bars to the periphery of the finite trusses converts
hem to forms which are statically and kinematically determinate.
hus, on external loading, the structure is stiff. However, if one of

ig. 1 Perfect geometries of three planar grids: „a… triangular,
b… Kagome, and „c… Hexagonal
he bars is replaced by an axial actuator and extended, the remain-
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ing structure behaves as a mechanism with a single degree of
freedom. Thus, the structure has a high morphing capability. In
order to find application, however, additional studies are needed
on the stiffness of the Kagome lattice and its imperfection
sensitivity.

The low nodal connectivity of the rigid-jointed Kagome lattice
also conveys to it a high fracture toughness. Fleck and Qiu �6�
have shown that the lattice deforms by bar stretching remote from
the crack tip and by a combination of bar bending and bar stretch-
ing within a characteristic elastic deformation zone near the crack
tip. This elastic zone reduces the stress concentration at the crack
tip in the Kagome lattice and the macroscopic toughness thereby
exceeds that of the triangulated and hexagonal lattices.

1.2 Imperfection Sensitivity. Structures contain imperfec-
tions, either due to manufacturing or damage. The main aim of
this study is to compare the imperfection sensitivity of elastic
properties for the triangular lattice, the Kagome lattice, and the
hexagonal honeycomb. It is anticipated that the large variation in
nodal connectivity from one microstructure to the next will lead to
marked differences in imperfection sensitivity. Partial information
on the imperfection sensitivity of particular lattices can be gleaned
from the existing literature, but no systematic comparisons have
been reported to the authors’ knowledge.

The sensitivity to node misplacement has been investigated by
a number of authors for both 2D hexagonal honeycombs and 3D
foams. Silva et al. �7� compared the elastic properties of 2D ran-
dom Voronoi honeycombs to those of perfect hexagonal honey-
combs. The Voronoi honeycomb is an arrangement of irregular
hexagons and thereby has a connectivity Z=3. They found that the
Voronoi honeycomb has a macroscopic shear modulus and
Young’s modulus slightly higher than that of a perfect hexagonal
honeycomb �by 11% and 6%, respectively, for a relative density of
�=0.15�. They concluded that the random �Voronoi� honeycomb
has similar elastic properties to that of the perfect honeycomb.
This conclusion is accurate for deviatoric loading but does not
hold for hydrostatic loading; Zhu et al. �8� also observed an in-
crease in shear and Young’s modulus for increasingly imperfect
2D Voronoi honeycombs but showed that the bulk modulus de-
creased significantly. This increase in Young’s modulus with in-
creasing node misplacement in 2D hexagonal honeycombs is also
observed for 3D open cell foams, see, for example, Van der Burg
et al. �9�. Both structures are bending dominated in their perfect
forms. In contrast, Grenestedt and Tanaka �10� show that perturb-
ing the nodal positions of a 3D closed cell foam �a stretching-
dominated structure in its perfect form� leads to a decrease in both
bulk and shear moduli.

Chen et al. �11� examined the stiffness �and strength� of hex-
agonal honeycombs with imperfections in the form of rigid inclu-
sions, holes, and missing cell walls. They found that the honey-
comb was insensitive to the presence of rigid inclusions but that
the presence of holes or missing cell walls causes a substantial
knockdown in bulk modulus due to the induced cell-wall bending.
Gan et al. �12� observed similar imperfection sensitivity in 3D
open cell foams. Both Young’s modulus and bulk modulus were
reduced by the presence of broken cell edges, with the bulk modu-
lus showing the greatest knockdown. However, stretching-
dominated structures do not show the same sensitivity. Wallach
and Gibson �13� found that Young’s modulus of a fully triangu-
lated 3D truss material is relatively insensitive to the removal of
bars. For example, the removal of 10% of struts from the 3D truss
decreases Young’s modulus by only 17%.

The effect of cell-wall waviness in open and closed cell 3D
foams has been investigated by Grenestedt �14�. A significant
knockdown in bulk modulus of the open cell foam was observed
for increasing bar waviness, with Young’s modulus and shear
modulus showing lesser sensitivities. The knockdown observed
for closed cell foam was less significant and this was attributed to
the dominance of stretching behavior in all deformation modes of

this 3D structure, even in the presence of cell-wall waviness. Si-
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one and Gibson �15� also showed a knockdown in Young’s
odulus due to the cell-wall waviness of both 2D hexagonal hon-

ycombs and closed cell 3D foams; they showed that the reduc-
ion is small unless the imperfection is very large.

The interaction of different types of imperfection in cellular
aterials may be of concern. However, Grenestedt �16� and Li et

l. �17� examined combined imperfections in closed cell foams
nd Voroni honeycombs, respectively, and showed very little in-
eraction between types of imperfection. For small levels of im-
erfection, the effects are additive. The imperfection sensitivity of
agome type structures has received limited attention. Symons et

l. �18� performed a number of morphing experiments on 3D
agome lattices and showed that the presence of geometric im-
erfections significantly reduced the stiffness of the lattice against
ctuation. However, the imperfection sensitivity of in-plane stiff-
ess under external loads was not explored.

1.3 Outline of the Study. The structure of this paper is as
ollows. First, the in-plane properties of the perfect triangulated,
agome, and hexagonal lattices are reviewed. The numerical pro-

edure for predicting the moduli of imperfect lattices is then de-
cribed. The imperfection sensitivity of each of the three lattices is
etailed for three types of imperfection: missing bars, a dispersion
f nodes, and bar waviness. This paper concludes with a discus-
ion of the relationship between imperfection sensitivity and nodal
onnectivity.

Review of the In-Plane Properties of Isotropic Lat-
ice Materials

The relative density �̄ of the three planar isotropic lattices are
isted in Table 1 in terms of the cell-wall thickness t and length l.
he table also gives the in-plane effective elastic properties in

erms of �̄ and Young’s modulus Es of the parent material, see
ibson and Ashby �19�, Christensen �20�, Fleck and Qiu �6�, and
rikantha Phani et al. �21�. Define the bulk modulus K as the ratio
f the mean applied biaxial stress to the in-plane hydrostatic
train. The in-plane shear modulus G has its usual definition.

Note that the elastic moduli of the triangular and Kagome lat-
ices scale linearly with �̄ in identical fashions. For both micro-
tructures, the behavior is stretching dominated; we neglect here
he very small additional contribution to stiffness associated with
ending and shear deformation of the struts. The bulk modulus K
f the perfect hexagonal honeycomb is identical to that of the
ther two lattices but the shear modulus G is dominated by bend-
ng and scales with �̄3.

Prediction of the Elastic Moduli of Imperfect Lat-
ices

The finite element method was used to calculate the macro-
copic modulus of imperfect lattices containing either missing

able 1 Relevant mechanical properties of the three perfect
sotropic lattices

opology

Relative
density

�̄

Bulk
modulus

K

Shear
modulus

G

Poisson
ratio

�

riangular
oneycomb 2�3

t

l

1

4
�̄Es

1

8
�̄Es

1 /3

exagonal
oneycomb

2
�3

t

l

1

4
�̄Es

3

8
�̄3Es

1

agome
attice �3

t

l

1

4
�̄Es

1

8
�̄Es

1 /3
ars or a dispersion of nodes. The effective elastic moduli were
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the mean values from multiple realizations of the imperfect lat-
tices. The response of each realization has been determined by the
finite element computer package ABAQUS/STANDARD �22�. In the
simulations, a two-noded cubic beam element was used to repre-
sent each wall �element “B23” within ABAQUS�. The B23 element
is an Euler–Bernoulli beam that can both stretch and bend, but is
rigid against shear.

A preliminary set of finite element calculations was performed
to explore the degree to which a neglect of shear deformation
leads to inaccurate predictions of the macroscopic stiffness. A
perfect, hexagonal honeycomb was analyzed, and the macroscopic
shear modulus was calculated using the B23 elements within
ABAQUS. The results were then compared to the analytic expres-
sion given by Silva et al. �7�, which includes the contribution from
shear of the beam cross section. A comparison reveals that the
neglect of shear deformation leads to too stiff a macroscopic shear
modulus by a negligible factor: The finite element prediction is
too stiff by 2.6% at a relative density of �̄=0.115, with a smaller
error at lower values of relative density. The Kagome and trian-
gulated lattices are stretching-controlled structures and so the er-
ror introduced by a neglect of shear deformation is more minor for
these lattices than the hexagonal honeycomb. We conclude that
the B23 elements within ABAQUS are adequate for our purposes.

The macroscopic stiffness of the imperfect lattices was obtained
by considering a representative unit cell containing a random dis-
tribution of imperfections. Periodic boundary conditions were ap-
plied such that the translation displacements u�

i and rotation �i of
every node on the boundary of the mesh satisfy

u�
J − u�

I = ����x�
J − x�

I �, �J − �I = 0, �,� = 1,2 �1�

where ��� is the average macroscopic strain and x�
J and x�

I are the
coordinates of a pair of corresponding nodes I and J on opposite
sides of the mesh. Periodic boundary conditions were also adopted
in numerical studies of imperfection sensitivity of cellular mate-
rials by Chen �11,23�, Grenestedt �10�, Zhu et al. �8�, and Gan et
al. �12�. Li et al. �17� confirmed that for a regular honeycomb the
computed moduli are independent of the number of cells with
periodic boundary conditions; this is not the case for an analysis
based on displacement boundary conditions.

In each simulation, a single-step linear calculation was per-
formed to determine the response to uniform biaxial �hydrostatic�
strain and then to deviatoric strain. The bulk modulus and shear
modulus were calculated from the work-conjugate applied loads.
Meshes of the imperfect lattice were generated from perfect par-
ent meshes using a MATLAB �24� routine. For the imperfection of
missing bars, the routine randomly removed a proportion f of the
elements �see Fig. 2�. For misplaced nodes, the routine displaced
every node in the mesh from its perfect position along a randomly
generated direction by a randomly generated distance up to a
maximum distance of al, where a is the amplitude of nodal dis-
persion. The probability distribution of the random radial move-
ment of nodes was chosen to give a uniform probability distribu-
tion with respect to area within a disk of radius al. Corresponding
pairs of boundary nodes were assigned the same random displace-
ment to ensure periodicity. Note that a can take values of the
range of 0 to 0.5; for the choice a=0.5, occasional nodes touch in
the undeformed configuration.

The unit cell of the imperfect lattice in the finite element simu-
lations should be sufficiently large in order to give an accurate
estimate of the modulus for the infinite imperfect lattice. A series
of preliminary calculations was performed with the side length L
of the unit cell varied from 12l to 96l. For a given size of unit cell,
20 different randomly generated structural realizations were ana-
lyzed with the same level of imperfection in the form of missing
bars. With increasing size of unit cell, it is anticipated that the
standard deviation of modulus decreases �and asymptotes to zero
in the limit of an infinite mesh�, while the mean value of modulus
asymptotes to the infinite lattice result. It is of interest to explore

whether the rate of convergence of the standard deviation is the
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ame as that for the mean value. A similar approach was adopted
y Gan et al. �12�. They examined the mean and standard devia-
ion of the moduli of randomly perturbed �Voronoi� 3D open cell
oams and showed convergence of the results for increasing model
ize.

A representative set of calculations is reported in Fig. 3, for a
agome unit cell with selected values of side lengths 12l, 24l, 48l

nd 96l. In each case, the unit cell was rectangular with a height to
idth ratio of �3 /2. The mean and standard deviation of the bulk
odulus K were obtained from each set of 20 simulations. This

xercise was performed for three different values of t / l �i.e., vary-
ng �̄� and for two fractions of missing bars f =0.01 and f =0.1. It
s clear from the results shown in Fig. 3 that the standard devia-
ion of the bulk modulus K asymptotes to zero with increasing
ize of unit cell. The mean value decreases to a stabilized value,
nd this stable value is taken to represent the infinite lattice modu-
us. We note that the required size of unit cell to give a negligible

ig. 2 Planar grids with f=0.1 „10%… missing bars: „a… triangu-
ar, „b… Kagome, and „c… hexagonal
tandard deviation is essentially the same as that required to give

51011-4 / Vol. 75, SEPTEMBER 2008

ded 19 Dec 2008 to 129.169.142.48. Redistribution subject to ASM
a stable mean value. For any given size of unit cell and relative
density, the standard deviation of the bulk modulus is lower for a
smaller level of imperfection f of missing bars.

The Kagome lattice has the characteristic feature that the size of
unit cell in order to give an acceptable estimate for the infinite
lattice solution is dependent on t / l. For example, for the choice
f =0.01, it is evident from Fig. 3�a� that a unit cell of width L
=24l is adequate for t / l=0.05, whereas a unit cell of width L
=96l is needed for t / l=0.01. The reason for this size dependence
on t / l is evident from an examination of the deformed mesh, as
follows. Consider the choice of a unit cell of size L=96l and f
=0.01. Then, the perturbation in deformation field around a miss-
ing bar is much larger for t / l=0.02 than for t / l=0.05, as shown in
Fig. 4. This has already been noted in the study of Wicks and
Guest �25� in the context of single member actuation of a Kagome
lattice.

Similar preliminary investigations have been performed for the
shear modulus of the Kagome lattice, and for both in-plane
moduli of the triangular lattice and hexagonal honeycomb. The
required sizes of unit cell to achieve accurate values of the effec-
tive shear modulus of the Kagome lattice are the same as that
noted above for the bulk modulus. Smaller unit cells suffice for
the triangular lattice and hexagonal honeycomb as these lattices

Fig. 3 Convergence of bulk modulus of planar Kagome with
increasing size of unit cell; „a… f=0.01 „1%… missing bars and „b…
f=0.1 „10%… missing bars „means of 20 simulations plotted, er-
ror bars represent ±1 standard deviation…
do not have long decay lengths adjacent to missing bars, as dis-
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ussed by Wicks and Guest �25�. Detailed results for the effective
oduli are now given for the three lattices employing a unit cell

f width 96l.

Imperfection Sensitivity

4.1 Imperfection Type 1: Missing Bars. The first imperfec-
ion investigated is that of missing �or broken� bars. All nodes are
n their ideal �perfect� positions and all bars are perfectly straight,
ut a random distribution of the bars are missing. Figure 2 shows
epresentative regions of the three planar lattices where the frac-
ion of missing bars f =0.1.

4.1.1 Bulk Modulus. The dependence of bulk modulus of the
hree lattices on relative density �̄ is plotted in Fig. 5�a� for f =0
nd f =0.1. �Note that the relative density as plotted includes the
orrection associated with missing bars.� All lattices in their per-
ect state �f =0� have a slope of unity on this log-log plot. This is
ue to the stretching-dominated behavior: the bulk modulus scales
inearly with �̄.

The triangulated lattice is relatively unaffected by the introduc-
ion of missing bars; the modulus drops by 30% upon increasing f
rom zero to 0.1. However, the bulk modulus still scales linearly
ith �̄ �a slope of unity�, indicating that stretching behavior is
reserved.

In contrast, for the Kagome and hexagonal lattices, an increase
f f from 0 to 0.1 greatly reduces the bulk modulus. The bulk
odulus now scales as �̄3 indicating that bending behavior now

ominates. However, for the practical range of relative density, the
agome is one order of magnitude stiffer than the honeycomb and

s therefore much more tolerant to imperfections in the form of
issing bars.
The knockdown in bulk modulus K /K0 is plotted as a function

f fraction f of missing bars in Fig. 5�b� for the three lattices. In
his plot, an intermediate cell-wall �bar� thickness has been chosen
f t / l=0.02 and K0 is the bulk modulus of each lattice for f =0.
Note that a fixed value of t / l gives a different �̄ for each lattice.�
he extreme imperfection sensitivity of the hexagonal lattice is
vident. In contrast the Kagome is much more imperfection toler-

ig. 4 Planar Kagome grids with f=0.01 „1%… missing bars: „a…
quibiaxial strain t / l=0.05; „b… equibiaxial strain t / l=0.02
nt and the triangular lattice is almost insensitive to missing bars.

ournal of Applied Mechanics
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4.1.2 Shear Modulus. The effective shear modulus G of the
three lattices is plotted as a function of �̄ in Fig. 6�a� for the two
choices f =0 and f =0.1. For the perfect lattice, f =0, the triangu-
lated and Kagome lattices have the same stiffness, as expected
from Table 1. However, for f =0.1, the Kagome suffers a signifi-
cant knockdown in shear stiffness whereas the triangulated grid is
relatively unaffected by the imperfection. The perfect hexagonal
honeycomb has a very low shear modulus due to its bending-
dominated response, and the introduction of missing bars leads to
only a small additional reduction in modulus.

The knockdown in shear modulus G /G0 with increasing f is
plotted in Fig. 6�b� for the choice t / l=0.02, where G0 is the bulk
modulus of each lattice for f =0. The Kagome is clearly the most
sensitive to the introduction of missing bars but it must be recalled
from Fig. 6�a� that the absolute shear modulus of the Kagome
lattice is an order of magnitude greater than that of the hexagonal
honeycomb at any given value of �̄.

4.2 Imperfection Type 2: Stochastic Dispersion of Nodes.
The second type of imperfection investigated is that of misplaced
nodes. All bars are present and perfectly straight but are connected
to nodes which are randomly displaced from their ideal �perfect�
positions. As already noted, the random displacement has a uni-
form probability density function over a circular disk of radius al.
Figure 7 shows the representative portions of each lattice with
stochastically displaced nodes of amplitude a=0.3.

4.2.1 Bulk Modulus. The dependence of in-plane bulk modu-

Fig. 5 Sensitivity of bulk modulus of planar grids to missing
bars: „a… for varying relative density �̄ with f=0 and f=0.1 „10%…

missing bars; „b… for varying proportion of missing bars f with
fixed cell-wall thickness t / l=0.02
lus on relative density for the three lattices is shown in Fig. 8�a�,
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or the choices a=0 and a=0.5. The triangulated lattice is rela-
ively insensitive to nodal position. The bulk modulus of the im-
erfect triangulated lattice linearly scales with �̄, indicating that
tretching behavior remains dominant. In contrast, the stiffness of
he hexagonal lattice is severely degraded by random movement
f the nodes. The bulk modulus K of the imperfect honeycomb
cales as �̄3. The Kagome is the intermediate case: The bulk
odulus of the imperfect lattice scales as �̄n, with the index n

ncreasing from unity to 2 with increasing a. In the extreme case
hown for a=0.5, K scales as �̄2. It is argued that this intermediate
ehavior of the Kagome lattice is due to the fact that it deforms by
combination of bending and stretching, as discussed by Wicks

nd Guest �25�. The knockdown in bulk modulus K /K0 is plotted
s a function of dispersion amplitude a in Fig. 8�b� for the case
/ l=0.02. This plot clearly shows the extreme sensitivity of the
exagonal honeycomb to the imperfection, while the Kagome lat-
ice is moderately sensitive and the triangular lattice is almost
nsensitive.

4.2.2 Shear Modulus. Figures 9�a� and 9�b� show the effect of
tochastic nodal dispersion on the shear modulus of the three lat-
ices, again for a=0 and a=0.5. The shear modulus of the trian-
ulated lattice decreases slightly while that of the hexagonal hon-
ycomb increases slightly when a is increased from zero �perfect
attice� to 0.5 �imperfect lattice�. In contrast, the shear modulus of
he Kagome lattice is sensitive to nodal dispersion, as shown in
ig. 9�b�. For the choice a=0.5, as shown in Fig. 9�a�, the shear
odulus approximately scales as �̄2. A similar behavior has al-

ig. 6 Sensitivity of shear modulus of planar grids to missing
ars: „a… for varying relative density with f=0 and f=0.1 missing
ars; „b… for cell-wall thickness t / l=0.02
eady been noted for the bulk modulus.

51011-6 / Vol. 75, SEPTEMBER 2008
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The slight effect of nodal dispersion on the shear modulus of
the hexagonal honeycomb is consistent with the observations by
Silva et al. �7� that the shear modulus of a Voronoi honeycomb
�with a nodal connectivity of Z=3� is slightly above that of the
perfect hexagonal honeycomb.

4.3 Imperfection Type 3: Bar Waviness. The final type of
imperfection considered here is bar waviness, that is, lack of
straightness of cell walls. The waviness of a bar leads to a reduc-
tion in axial stiffness and to a negligible change of bending stiff-
ness. The relationship between amplitude of waviness and axial
stiffness of a bar can be straightforwardly determined, as follows.

Consider a bar of length l, with an integral number of sine
waves of wavelength l�. Then, the misalignment w as a function
of position along the bar x is

w�x� = w0 sin�2�x

l�
� �2�

where w0 is the amplitude of waviness, as defined in Fig. 10�a�.

Fig. 7 Planar grids with stochastic nodal dispersion amplitude
a=0.3: „a… triangular, „b… Kagome, and „c… hexagonal
Now apply an axial tension T to the ends of the bar. This tension
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ives rise to a bending moment M and an additional transverse
isplacement u such that

M = − EI
d2u

dx2 = Tw�x� �3�

here E is the axial modulus and I the second moment of area of
he bar cross section.

I = t3/12 �4�
Substitute Eq. �2� into Eq. �3� and solve the resulting differen-

ial equation to obtain

u�x� = −
T

EI
� l�

2�
�2

w0 sin�2�x

l�
� �5�

he extension �l of a bar of thickness t and total length l has two
ontributions: the stretching of the bar and the straightening due to
ts initial waviness. Hence,

�l =
Tl

Et
−�

0

l 	�1 + �du

dx
+

dw

dx
�2

−�1 + �dw

dx
�2
dx �6�

pon assuming that the elastic deflection du /dx	dw /dx	1, we
btain

�l =
Tl

Et
�1 +

w0
2t

2I
� �7�

ig. 8 Sensitivity of bulk modulus of planar grids to stochas-
ic nodal dispersion: „a… for varying relative density with disper-
ion amplitude a=0 and a=0.5; „b… for varying dispersion am-
litude with fixed cell-wall thickness t / l=0.02
he axial stiffness k of the bar is therefore

ournal of Applied Mechanics
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Fig. 9 Sensitivity of shear modulus of planar grids to stochas-
tic nodal dispersion: „a… for varying relative density with disper-
sion amplitude a=0 and a=0.5; „b… for varying dispersion am-
Fig. 10 „a… Definition of bar waviness; „b… sensitivity of bulk
and shear moduli of triangular, Kagome, and hexagonal planar

grids to bar waviness
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k =
T

�l
=

Et

l

1

�1 + 6e2�
�8�

here e�w0 / t is a nondimensional measure of waviness given by
he ratio of the amplitude of waviness w0 to the bar thickness t.
his result agrees with the knockdown factor calculated by
renestedt �14�.
Thus, the presence of waviness reduces the axial stiffness of the

ar by the factor 1+6e2. Consequently, stretching-dominated de-
ormation modes of lattices will have the relevant modulus re-
uced by this factor upon introducing bar waviness. This knock-
own factor is potent: The effective modulus drops by a factor of
5 for a waviness amplitude w0=2t. For the three isotropic lattices
onsidered in this study, all moduli are degraded except for the
hear modulus of the hexagonal honeycomb. This result is shown
n Fig. 10�b�.

Concluding Remarks
Perfect triangulated and Kagome lattices are stiff, stretching-

ominated structures under all loadings and their bulk and shear
oduli scale with �̄. The hexagonal honeycomb is only stretching

ominated under hydrostatic loading. Under deviatoric loading, it
s a flexible, bending-dominated structure. Consequently, the bulk

odulus of the perfect hexagonal honeycomb scales with �̄,
hereas its shear modulus scales with �̄3.
The high nodal connectivity Z=6 of the triangulated lattice con-

ers insensitivity to imperfections in the form of missing bars and
odal dispersion: It remains a stiff stretching structure under all
oadings. In contrast, the bulk and shear moduli of the Kagome
attice �Z=4� are significantly degraded by these imperfections.
he bulk modulus of the hexagonal lattice �Z=3� is extremely
ensitive to the presence of missing bars and nodal dispersion as
he deformation mode switches from stretching dominated to
ending dominated. Its shear modulus is almost unaffected since it
s bending governed for both the perfect and imperfect geom-
tries.

This study has highlighted the relative ranking of the in-plane
oduli of three isotropic lattices in the presence of missing bars

nd nodal dispersion. For the same relative density and level of
mperfection, both the bulk and shear moduli of the Kagome are
ntermediate between those of the imperfection-insensitive trian-
ulated lattice and the hexagonal honeycomb. This suggests that
he Kagome lattice is a promising topology for morphing applica-
ions: The imperfect structure is stiff under external loads, yet
ompliant when one or more bars are axially actuated.

Cell wall lack of straightness �bar waviness� degrades the
oduli of all three lattices where the behavior is stretching domi-

ated. Consequently, it is only the shear modulus of the hexagonal
oneycomb that is insensitive to this imperfection, since in this

ase the behavior is already bending controlled.
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