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1 Introduction21

There is current interest in the design and use of new architectures of lat-22

tice materials for structural application, such as the core of a sandwich panel.23

These materials offer significant advantages over foams due to the increased24

nodal connectivity and the realisation of an almost perfect microstructure. In25

order for lattice materials to be adopted in practical engineering structures,26

an understanding of their defect tolerance is required. In an initial study,27

Fleck and Qiu (2007) assessed the fracture toughness of isotropic, two dimen-28

sional (2D) lattices made from elastic-brittle bars. They considered hexagonal29

and triangular honeycombs and Kagome lattices, and found that the fracture30

toughness KIC of the 2D lattices scales with relative density ρ according to31

KIC

σf

√
ℓ

= Dρd (1)

Here, σf and ℓ are the failure strength of the bar material and the bar length,32

respectively. The pre-exponent D is on the order of unity while the exponent33

d equals one half for the Kagome lattice, unity for the triangular honeycomb34

and equals two for the hexagonal honeycomb. It is emphasized that the value35

of this exponent has a dominant influence on the magnitude of the fracture36

toughness. For example, at a relative density ρ of 1%, the fracture toughness37

of the Kagome lattice is three orders of magnitude greater than that of the38

hexagonal honeycomb. But all of this is for perfect lattices. In the current39

study the knockdown in fracture toughness due to microstructural imperfec-40

tions is addressed for a square lattice and also for the three isotropic lattices41

investigated by Fleck and Qiu (2007).42

2



In a parallel study, Symons and Fleck (2007) have explored the imperfection43

sensitivity of the elastic moduli of hexagonal, triangular and Kagome lattices.44

They showed that Kagome lattices, while structurally efficient in the perfect45

state, are highly sensitive to imperfections. In contrast, the in-plane moduli46

of triangular honeycombs are almost imperfection insensitive. The hexagonal47

honeycomb has the unusual property that its in-plane bulk modulus is highly48

imperfection sensitive, whereas its shear modulus is almost insensitive to im-49

perfection, see for example Chen et al. (1999) and Gibson and Ashby (1997).50

Choi and Sankar (2005) have recently investigated the mode I and mode II51

fracture toughnesses of the perfect three dimensional (3D) cubic lattice. This52

lattice can be considered as a stack of 2D square grids, with the nodes of each53

grid fastened to the next layer by out-of-plane bars. Choi and Sankar explored54

the sensitivity of fracture toughness to relative density for an elastic, brittle55

bar material. We shall use the toughness calculations for a 2D lattice in order56

to make predictions for the fracture toughness of the 3D cubic lattice, and57

thereby compare our results with those of Choi and Sankar.58

1.1 Scope of study59

The aim of the current study is to explore the sensitivity of fracture toughness60

of elastic-brittle 2D planar lattices to imperfections in the form of displaced61

nodes. It is assumed that any bar fails when the maximum tensile stress at any62

point attains the fracture strength σf of the solid. Isotropic lattices (hexagonal,63

triangular and Kagome lattices) and orthotropic lattices (square lattices in the64

0/90◦ and ±45◦ orientations) are each considered, see Fig. 1.65
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First, the imperfection sensitivity of the elastic moduli of the lattices is deter-66

mined. Second, the mode I and mode II fracture toughnesses of perfect and67

imperfect lattices are calculated. Simple analytical models are proposed to68

explain the functional dependence of fracture toughness of the perfect square69

lattices upon the relative density ρ. These models are in the spirit of the anal-70

yses of Gibson and Ashby (1997) for the hexagonal honeycomb, and of Fleck71

and Qiu (2007) for the triangular and Kagome lattices.72

2 Relative Density of Perfect and Imperfect Planar Lattices73

Consider the perfect 2D lattice structures shown in Fig. 1. In all cases the74

lattices are made from linear elastic bars of uniform thickness t and length75

ℓ. The square lattices (Figs. 1a,b) are orthotropic whilst the Kagome lattice,76

triangular honeycomb and hexagonal honeycomb (Figs. 1c,d,e, respectively)77

are isotropic.78

At sufficiently low relative density, ρ < 0.1, the relation between ρ and the79

bar aspect ratio t/ℓ can be taken to be linear for all of the lattices in Fig. 1,80

ρ = A
t

ℓ
(2)

The value of the coefficient A depends upon the lattice geometry, as sum-81

marised in Table 1.82
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2.1 The relative density of imperfect lattices83

We shall use the finite element method to explore the dependence of in-plane84

modulus and fracture toughness upon the random perturbation of nodal posi-85

tion. Random lattices are generated by moving each node by a random radial86

distance e along a random inclination α as shown in Fig. 1f. The random87

variables (e, α) are chosen such that there is a uniform probability of the per-88

turbed node lying anywhere within a circle of radius R. Thus, the probability89

density function is90

p(e, α) =
1

2πRe
(3)

In order to ensure no impingement of adjacent nodes we limit our attention91

to 0 ≤ R/ℓ ≤ 0.5. Examples of the random lattices as generated by this92

algorithm are shown in Fig. 2.93

The effect of randomly moving the nodes of each lattice is to increase the94

average length of each bar. A straightforward geometric construction can be95

used to show that the average length ℓ of the bars in the imperfect lattice is96

given by a series expansion in (R/ℓ) according to97

ℓ

ℓ
=1 +

1

4

(

R

ℓ

)2

+ ... (4)

Note that the relative density ρ scales with R/ℓ in an identical manner to98

that of ℓ/ℓ. We shall ignore this small correction factor for ρ when presenting99

our results: the correction factor is only 1.0025 for R/ℓ = 0.1 and remains100
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negligible at 1.0625 for R/ℓ = 0.5.101

3 The In-plane Elastic Moduli of the 2D lattice102

3.1 Moduli of perfect lattices103

The in-plane stiffness of any 2D orthotropic solid is described by four elastic104

moduli: the direct modulus in two orthogonal directions, E11 and E22, the shear105

modulus, G12 and the Poisson ratio, ν12. For the square lattices considered106

here, symmetry dictates that E11 = E22, so we need only consider the three107

elastic moduli E11, G12 and ν12.108

For an isotropic solid the number of independent elastic constants is further109

reduced from three to two since110

G12 =
E11

2(1 + ν12)
(5)

A strength-of-materials approach can be used to obtain analytic expressions111

for the in-plane elastic moduli of each perfect lattice of Fig. 1 as a function of112

relative density. The resulting analytic expressions for modulus already exist113

in the literature for all the lattices of Fig. 1 (see Choi and Sankar (2005), Fleck114

and Qiu (2007) and Gibson and Ashby (1997)). These analytical results are115

summarised below, in terms of the in-plane Cartesian axes (x1, x2) as defined116

in Fig. 1.117

The moduli scale with the value Es of the fully dense solid according to118
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E11

Es

=Bρ b (6)

and119

G12

Es
= Cρ c (7)

where the coefficients B and C, and the exponents b and c, as well as the Pois-120

son’s ratio ν12, depend upon the architecture as tabulated in Table 1. Values121

for the isotropic lattices are taken from Fleck and Qiu (2007). Those for square122

lattices are calculated using cantilever beam theory as described by Choi and123

Sankar (2005). An exponent of unity in Eq. (6) or (7) (as for perfect trian-124

gular, Kagome and 0/90◦ square lattices) indicates a stretching-dominated125

response, whilst an exponent of three (hexagonal honeycombs, perfect ±45◦126

square lattices) indicates a bending-dominated response.127

3.2 Finite Element Analysis of the Effective Moduli of Perfect and Imperfect128

Lattices129

Finite Element (FE) models have been constructed for the perfect and imper-130

fect lattices using the commercial programme ABAQUS/Standard (version131

6.5). The programme was used to calculate both the effective in-plane mod-132

uli and the fracture toughness. Each bar of the lattice was treated as an133

Euler-Bernoulli (‘B21’) beam element. A cubic shape function was sufficient134

to model the transverse beam displacement associated with a linear bending135

distribution along each beam.136
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The effective macroscopic properties were determined using periodic cell simu-137

lations of side length 200ℓ by 200ℓ. Periodic boundary conditions on displace-138

ment were applied such that an average strain was imposed on the overall139

mesh. A preliminary mesh convergence study revealed that this mesh is of140

adequate size to give repeatable results. In order to assess this quantitatively,141

five structural realisations were constructed for any given level of randomness142

R/ℓ of the lattice. For the mesh of size 200ℓ × 200ℓ it was found that the143

scatter in moduli was less than 1% for ρ = 0.4 and about 4% for ρ = 0.01.144

This was deemed acceptable for present purposes and only the average values145

are given below.146

3.3 The Dependence of Modulus upon Relative Density147

The dependence of E11 and G12 upon ρ are shown in Figs. 3a,b for the perfect148

lattices (piecewise-linear solid lines) and for the lattices with the most extreme149

imperfection of R/ℓ = 0.5 (piecewise-linear dotted lines). In each case, multiple150

simulations were performed for each of 8 selected values of ρ. Straight-line fits151

to the log-log graphs of Fig. 3 were performed for the perfect geometries. These152

curve fits confirmed the accuracy of formulae (6) and (7) and the values of153

coefficients listed in Table 1. For example, for the hexagonal lattice a curve fit154

revealed that155

E11

Es
=1.47ρ3 (8)

The coefficient of 1.47 is within 3% of the value 3/2 given by the analytical156

result of Table 1. For all lattices the analytical values of the pre-exponents are157
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within 8% of the FE values. We conclude that the formulae listed in Table 1158

are adequate for our purposes.159

3.3.1 Direct modulus of imperfect lattices160

It is clear from Fig. 3a that the direct moduli of the hexagonal and triangular161

honeycombs are only mildly sensitive to imperfections: upon perturbing the162

nodal positions the hexagonal honeycomb remains bending-dominated while163

the triangular honeycomb remains stretching-dominated. However, a disper-164

sion of nodal position for the square and Kagome lattices changes the value165

of the exponent in the power-law fit of modulus versus relative density.166

First, consider the imperfect (R/ℓ = 0.5) Kagome lattice. The presence of the167

imperfections increases the value of b to above unity: b varies from approxi-168

mately 3 at low ρ (bending dominated) to 1.5 at high ρ (suggesting that the169

deformation mode involves a stretching component). Alternatively, a straight170

line fit may be used to approximate the imperfect Kagome data (Fig. 3), such171

that172

E11

Es
≈ 0.54ρ2. (9)

The index of 2 is consistent with the arguments made by Wicks and Guest173

(2004) for the local stiffness of a Kagome lattice with an imperfection in the174

form of a missing bar. They show that the quadratic dependence of stiffness175

upon ρ is a result of combined bending and stretching in approximately equal176

proportions.177

Second, consider the 0/90◦ square lattice. An examination of the deformed FE178
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mesh reveals that direct loading leads to significant bending in the imperfect179

lattice. The drop in direct modulus can be associated with a switch in deforma-180

tion mode from stretching to bending. In contrast, imperfections in the ±45◦181

lattice lead to an increase in direct modulus by switching the deformation182

mode from one of bending to one of combined bending and stretching.183

3.3.2 Shear modulus of imperfect lattices184

Now consider the shear stiffness for an extreme imperfection R/ℓ = 0.5 for185

each lattice, as shown in Fig. 3b. Nodal dispersion results in a major drop in186

shear modulus for the Kagome lattice, but gives only a minor change in shear187

modulus for the other two isotropic structures. The imperfection sensitivities188

are comparable for shear and direct loadings for each of the three isotropic189

lattices, compare Figs. 3a and 3b.190

The perfect ±45◦ lattice deforms by bar stretching under shear loading, while191

the imperfect ±45◦ lattice deforms in a more compliant manner by a combi-192

nation of bending and stretching of bars. This mimics closely the imperfection193

sensitivity of the 0/90◦ lattice to direct loading. Introduction of imperfections194

to the 0/90◦ lattice changes its shear response from one of bar bending to com-195

bined bending and stretching. Consequently, the macroscopic shear modulus196

increases.197

A detailed treatment of the role of various imperfections (including nodal dis-198

persion) upon the in-plane effective properties is given in the parallel study by199

Symons and Fleck (2007) for the three isotropic lattices. Our results presented200

here are consistent with their findings, and are included here in order to con-201

trast the imperfection sensitivity of the square lattice with that of the isotropic202
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lattices. We shall also make use of the effective moduli in our prediction of203

fracture toughness.204

3.4 Imperfection Sensitivity of the Elastic Moduli205

We proceed to explore the imperfection sensitivity of the lattices at a fixed206

stockiness t/ℓ = 0.01. Figs. 4a and b show respectively the direct and shear207

modulus versus imperfection amplitude in the range (0 < R/ℓ < 0.5). The208

vertical axes have been normalised by the moduli of the respective perfect209

lattices to facilitate comparison of the five lattice topologies, i.e.210

E11 =
E11

Ep
, G12 =

G12

Gp
(10)

where Ep and Gp are the (topology-specific) direct and shear moduli of the211

perfect lattices at the same t/ℓ value. The following observations may be drawn212

from Fig. 4.213

(1) The hexagonal lattice deforms by bar bending, while the triangular lattice214

deforms by bar stretching, regardless of the level of imperfection. Conse-215

quently, the macroscopic moduli are almost insensitive to the magnitude216

of imperfection, R/ℓ.217

(2) The direct modulus of the 0/90◦ square lattice and the shear modulus of218

the ±45◦ lattice decrease almost linearly with increasing R/ℓ. This is due219

to the introduction of bar bending by the presence of imperfections. Like-220

wise, the axial and shear moduli of the Kagome lattice decrease almost221

linearly with increasing R/ℓ.222
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(3) The direct modulus of the ±45◦ lattice and the shear modulus of the 0/90◦223

lattice increase in an approximately quadratic manner with increasing224

R/ℓ. This is associated with the observation that the perfect lattice bends225

while the imperfect lattice carries load by a combination of bar stretching226

and bar bending.227

3.5 Imperfection Sensitivity of Poisson’s Ratio and the Degree of Anisotropy228

The Poisson ratio ν12 is plotted as a function of ρ in Fig. 5a for all topologies,229

with R/ℓ = 0 and 0.5 In all cases, ν12 is almost independent of ρ for ρ ≤ 0.01,230

as expected by simple beam theory. At higher relative densities the bending231

and stretching stiffnesses of a beam are comparable and ν12 varies somewhat232

with ρ.233

The imperfection sensitivity of Poisson’s ratio ν12 is shown in Fig. 5b for234

t/ℓ = 0.01. A wide range of ν12 is evident, with the value dependent upon235

both the choice of topology and the level of imperfection. ν12 is insensitive236

to R/ℓ for the triangular and ±45◦ lattices. For the remaining lattices, ν12237

decreases monotonically with increasing imperfection R/ℓ.238

Now consider the dependence of the isotropy measure I ≡ 2G12(1 + ν12)/E11239

upon ρ and R/ℓ, see Figs. 6a and 6b, respectively. As expected, the three240

isotropic lattices (Kagome, triangular and hexagonal) remain isotropic when241

nodes are randomly displaced, and this is reflected by the result I = 1 re-242

gardless of the values of ρ and R/ℓ. Introduction of dispersed nodes into the243

orthotropic (square) lattices induces a more isotropic response and I tends244

towards unity with increasing R/ℓ, see Fig. 6b.245

12



Finally, consider the dependence of I upon ρ for R/ℓ = 0 and 0.5, as shown246

in Fig. 6a. The shear and axial moduli have markedly different dependences247

upon ρ for the two square lattices. Consequently, the value of I is sensitive to248

ρ for these lattices, particularly in the perfect state R/ℓ = 0.249

3.6 Plane strain moduli250

So far, we have considered a 2D lattice in plane stress such that σ33 = σ13 =251

σ23 = 0, where the x3 axis is normal to the (x1, x2) plane of Fig. 1. Alterna-252

tively, plane strain conditions can be envisaged such that ε33 = 0. The effective253

modulus in the prismatic direction is E33 = ρEs, and the longitudinal Poisson254

ratios ν31 = ν32 equal the value νs of the solid. Consequently, in plane strain255

we have σ33 = νs(σ11 + σ22). The in-plane, plane stress modulus E11 is now256

replaced by the plane strain modulus Eps
11, and the in-plane Poisson ratio ν12257

is replaced by the plane strain value νps
12 , where258

Eps
11 =

1

1 − ν2
sBρb−1

E11 (11)

and259

νps
12 =

ν12 + ν2
sBρb−1

1 − ν2
sBρb−1

(12)

Plane strain moduli and Poisson ratios for the lattices of Fig. 1 are listed in260

Table 2, according to the above prescription. Note that the shear modulus G12261

for plane strain is the same as that for plane stress.262

It remains to compare the plane strain moduli with the plane stress values.263
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Consider the case νs = 0.3 and ρ in the range 10−3 to 10−1. The plane strain264

moduli for the three isotropic lattices is about 3% above the plane stress value,265

while the Poisson ratio increases by up to 13%. Likewise, the square lattices266

show only a negligible increase in their direct moduli and Poisson ratios upon267

switching from plane stress to plane strain.268

4 Prediction of Fracture Toughness269

Sih et al. (1965) have determined the K-field at the tip of a semi-infinite crack270

in an orthotropic elastic plate. We make extensive use of their solution in271

order to apply the K-field on the outer periphery of a finite element mesh272

containing a single edge crack, see Fig. 7. The fracture toughness of the lattice273

is calculated by equating the maximum tensile stress at any point in the FE274

mesh to the assumed tensile strength σf of the solid.275

A finite element mesh of side length 600ℓ by 600ℓ was constructed from Euler-276

Bernoulli (‘B21’) beam elements. The mesh contains a traction free edge crack277

of length 300ℓ, see Fig. 7. Loading was imposed by the displacement field of278

the K-field on the boundary nodes of the mesh, as given by Sih et al. (1965).279

A mesh convergence study revealed that this mesh size is adequate for the280

stockiness range investigated (0.001 ≤ t/ℓ ≤ 0.2). Nodal rotations equal to281

the material rotation of the K-field were imposed on the periphery of the282

mesh. The resulting fracture toughness was within 0.1% of the value obtained283

allowing free rotation of peripheral nodes. Thus, the precise prescription of284

nodal rotation on the periphery of the mesh is unimportant.285

The fracture toughness of the lattices was calculated as follows. The maximum286
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tensile stress anywhere in the structure was determined for pure mode I loading287

and then for pure mode II loading. The predicted macroscopic toughness KC288

is the value of remote K at which the maximum local tensile stress attains the289

fracture strength σf . Results are presented both for the perfect topology and290

for the case of randomly dispersed joints (as randomised by the prescription291

of section 2.1). In order to minimise the scatter in results for the random292

structures, ten structural realisations were performed for selected values of293

relative density ρ and for selected values of randomness R/ℓ.294

4.1 Fracture toughness of perfect lattices: FE results295

The predicted mode I toughness KIC/σf

√
ℓ is plotted as a function of the296

relative density ρ in Fig. 8a for each topology. Similarly, the mode II frac-297

ture toughness KIIC/σf

√
ℓ is given in Fig. 8b. The plots include results for298

the perfect topologies R/ℓ = 0 (shown as solid lines), and also for the case299

of an extreme imperfection R/ℓ = 0.5 (dotted lines). The fracture toughness300

drops significantly with increasing R/ℓ for all lattices except the hexagonal301

honeycomb; this topology has a low toughness which is relatively insensitive302

to imperfections. We save our full discussion of the imperfect lattices to sec-303

tion 4.4.304

It is seen from Fig. 8 that the fracture toughness KC has a power-law depen-305

dence upon ρ, such that306

KC

σf

√
ℓ

= Dρd (13)
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where the values of (D, d) depend upon both the topology and the degree of307

imperfection. Curve fits have been performed on the data shown in Fig. 8, and308

the values of (D, d) for the perfect lattices are listed in Table 3. The exponent309

d ranges from 0.5 for the mode I and mode II toughness of the perfect Kagome310

lattice to the value of 2 for the mode I and mode II toughness of the hexagonal311

honeycomb, as already remarked upon by Fleck and Qiu (2007).312

The triangular honeycomb and the ±45◦ lattice are intermediate structures313

in the sense that the mode I and mode II fracture toughnesses scale linearly314

with ρ. A more complex behaviour is noted for the 0/90◦ lattice: KIC scales315

linearly with ρ for mode I, while KIIC scales as ρ3/2.316

Analytical models for the mode I and mode II toughness of the three isotropic,317

perfect lattices have already been given by Fleck and Qiu (2007) and Gibson318

and Ashby (1997). These models give the correct values for the exponent d,319

and accurate estimates for D. In the following section, models are constructed320

for the toughness of the 0/90◦ and ±45◦ perfect square lattices.321

4.2 Analytical models for the fracture toughness of the perfect square lattices322

323

Consider an edge crack in an orthotropic plate, as shown in Fig. 7. Write the324

displacement field in Cartesian form as u I
i for a mode I crack, and as u II

i for325

a mode II crack. Then introduce the polar co-ordinates (r, θ) centred on the326

crack tip, with the crack faces lying along the θ = ±π rays, as sketched in327

Fig. 7. The displacement field of the K field in an orthotropic plate is given328

by Sih et al. (1965), and is of the form329
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u I
i (r, θ) =

KI

√
r

Es
f I

i (θ, ρ) (14)

for mode I, and330

u II
i (r, θ) =

KII

√
r

Es
f II

i (θ, ρ) (15)

for mode II. The non-dimensional functions f I
i (θ, ρ) and f II

i (θ, ρ) depend upon331

the angular co-ordinate θ and upon the orthotropic properties of the plate.332

The dependence upon ρ enters because the ratio of shear modulus to direct333

modulus is a function of ρ, see Eqs. (6) and (7).334

An analytical model for the macroscopic fracture toughness is now estimated335

by considering the stress state within the critical bar of the lattice. The lo-336

cation of maximum tensile stress depends upon the mode mix and upon the337

orientation of the lattice, and is marked by a small circle on the deformed338

meshes shown in Figs. 9a-d.339

Consider first the case of a ±45◦ lattice under mode I loading. The critical bar340

is at the crack tip, and the maximum tensile stress in this bar is determined341

in the manner as described by Quintana Alonso and Fleck (2007). Assume342

that the critical bar deforms as a built-in cantilever beam, see Fig. 10. The343

clamping moment M on this bar is344

M =
1

2
Es

t3

ℓ2
uT (16)

in terms of the transverse displacement, uT , as shown in Fig. 10. Now uT scales345
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with the crack tip opening displacement, δ, evaluated at a distance x′ = ℓ/
√

2346

behind the crack tip, according to347

uT =
δ(x′ = ℓ/

√
2)

2
√

2
(17)

Recall that the crack tip opening of an orthotropic continuum is given by348

δ(x′)=
8√
2π

CKI

√
x′ (18)

where the elastic coefficient C depends upon the degree of orthotropy (Sih349

et al., 1965; Tada et al., 1985). For the ±45◦ square lattice we have350

C =
2
√

2

ρ2Es
(19)

Assume that the critical beam of Fig. 10 fails when the local bending stress351

σ = 6M/t2 attains the tensile fracture strength σf of the bar material. Now352

make use of Eqs. (16)-(19) and the geometric relation ρ = 2t/ℓ in order to353

obtain354

KIC = 2−1/4

√
π

6
ρ σf

√
ℓ (20)

A similar argument may be developed for the ±45◦ lattice under remote mode355

II loading, and for the the 0/90◦ lattice under mode I loading. Expressions356

(18) and (19) remain valid, with no change of numerical constants. The values357
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of fracture toughness follow immediately as358

KIIC =2−1/4

√
π

6
ρ σf

√
ℓ (21)

for the ±45◦ lattice under mode II loading, and359

KIC =
1

6

√

π

2
ρ σf

√
ℓ (22)

for the 0/90◦ lattice under mode I loading. Expressions (20), (21) and (22) are360

in excellent agreement with the finite element predictions listed in Table 3:361

there is only a slight discrepancy in the numerical constant.362

4.2.1 Mode II fracture toughness of a 0/90◦ lattice363

Now consider the remaining case of a 0/90◦ lattice under mode II loading. The364

procedure outlined in the previous section would erroneously predict that the365

fracture toughness KIIC scales linearly with ρ. In reality, the finite element366

simulations of the discrete lattice reveal that KIIC scales as ρ 3/2. The discrep-367

ancy can be traced to the difference in crack face sliding displacements of the368

two solutions: the displacement scales as ρ−2 in the orthotropic continuum369

solution while it scales as ρ−5/2 for the discrete lattice. Further investigation370

revealed that the displacement field in the continuum solution has a steep vari-371

ation in the vicinity of the crack flanks, particularly at low ρ, fand this small372

sector of intense strain does not exist in the discrete lattice. This ‘boundary373

layer’ is explored further below.374
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The orthotropic continuum solution for the near tip displacement u1 in the375

x1-direction is plotted in Fig. 11 as a function of the shifted polar co-ordinate376

θ′ = π − θ at fixed radius r. Upon normalising the displacement u1 by ρ 5/2 it377

is seen that the displacement field has a converged solution for a wide range378

of ρ at θ′ > π/4. Recall that this scaling is the same as that exhibited by379

the discrete lattice solution. In contrast, the crack face displacement of the380

continuum scales as ρ−2 and so the normalisation u1ρ
5/2 is inappropriate in381

the limit θ′ → 0. Thus, the normalised curves for u1 in Fig. 11 diverge as382

θ′ → 0.383

It is instructive to add to this plot the finite element solution for u1 at r = ℓ/2384

and θ′ = 0 for the discrete lattice. Note that the crack faces of the discrete385

lattice (along θ′ = 0) displace by a similar amount to that of the continuum386

solution at π/4 < θ′ < 3π/4. In contrast, the crack face displacement of the387

discrete lattice is significantly greater than that of the continuum solution.388

A simple analytical model can now be developed for the mode II toughness389

of a discrete 0/90◦ lattice. Recall that the critical bar lies directly ahead of390

the crack tip, see Fig. 9d. This bar behaves as a clamped-clamped beam, with391

relative displacement ∆u across its ends. We argue that ∆u is given by the392

crack sliding displacement at r = ℓ/2 and θ′ = 0 for the discrete 0/90◦ lattice.393

This displacement is shown in Fig. 11 and is given by394

∆u = 2u1 = 14.1
KII

√
ℓ

Esρ2.5
(23)

according to the finite element solution. We have already remarked that the395

orthotropic continuum solution can be used to obtain this displacement, pro-396
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vided we take the solution for π/4 < θ′ < 3π/4. To complete the model, we397

invoke equation (16) and the beam bending formula σ = 6M/t2 as before, and398

thereby obtain399

KIIC =0.047ρ1.5σf

√
ℓ (24)

This is in reasonable agreement with the values for (D, d) as listed in Table 3400

from the full finite element simulations. The exponent d is precise, while the401

pre-exponent D is given only approximately by the analytical model.402

4.2.2 Shear lag region403

The 0/90◦, ±45◦ and Kagome lattices each exhibit narrow shear bands em-404

anating from the crack tip along the principal material directions: the bars405

traversing the shear band are subjected to a high bending moment. We define406

the length of the shear lag region L as the distance over which the bending407

moment M within the shear band drops to 10% of the value M0 at the crack408

tip, as shown in Fig. 12a.409

The length of the shear lag region is plotted against relative density ρ in410

Fig. 12b. Using this criterion, the length of the shear lag region in a 0/90◦411

square lattice under mode I loading is L/ℓ ≈ 2/ρ. Using the same criterion for412

mode I loading of a ±45◦ lattice, we have L/ℓ ≈ 50/ρ. Note that, using this413

criterion, the length of the shear lag region exceeds the mesh size for ρ < 0.1.414

The size L of the shear lag region in the Kagome lattice scales as L/ℓ ≈415

0.1/ρ. However, for ρ ≥ 0.1, the shear lag region spans only a few cells,416

and its length becomes independent of relative density, see Fig. 12b. The417
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hexagonal honeycomb is a bending dominated structure, and hence bending418

is not restricted to a shear lag region: the concept of a shear lag region does not419

apply. Similarly, no shear lag region is observed in the stretching dominated420

triangular lattice as bars carry axial loads rather than bending loads.421

4.3 Fracture toughness of a 3D Cubic Lattice422

For a planar 0/90◦ square lattice, we have found that the 2D fracture toughness423

K
(2D)
C is424

K
(2D)
C = D ρ d σf

√
ℓ (25)

with (D, d) = (0.278, 1) under mode I loading, and (D, d) = (0.121, 1.5) under425

mode II loading. We can make use of this result in order to predict the fracture426

toughness of a 3D simple cubic lattice. The unit cell of the cubic lattice has427

side length ℓ and is composed of bars of square cross-section t × t. This 3D428

lattice can be considered to comprise a separated stack of 2D square grids429

each of thickness t. One grid is fastened to the next layer at its nodes by430

out-of-plane bars of length ℓ. The fracture toughness of the 3D lattice K
(3D)
C431

is then related to the fracture toughness of the 2D lattice K
(2D)
C by432

K
(3D)
C =

t

ℓ
K

(2D)
C (26)

It remains to express K
(3D)
C in terms of the relative density ρ∗/ρs = 3(t/ℓ)2 for433

the 3D lattice. Recall that ρ = 2t/ℓ for the 2D lattice, and upon substituting434

equation (25) into (26) we obtain435
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K
(3D)
C = D′

(

ρ∗

ρs

) d′

σf

√
ℓ (27)

where436

D′ =
2d D

3
d+1

2

(28)

and437

d′ =
d + 1

2
(29)

The so-obtained values of (D′, d′) for mode I and II loading are given in the438

first row of Table 4. Note that d′ equals unity for mode I and 5/4 for mode II.439

Choi and Sankar (2005) have recently investigated the mode I and mode II440

fracture toughnesses of the perfect 3D cubic lattice. They explored the sen-441

sitivity of fracture toughness to relative density for an elastic, brittle solid442

of density ρs = 1750 kg/m3, Young’s modulus Es = 207 GPa and ultimate443

tensile strength of σf = 3.6 GPa. It is instructive to compare our results with444

theirs.445

Choi and Sankar (2005) did not make use of dimensional analysis and first446

chose to vary t for a fixed cell size ℓ = 200 µm, giving447

KIC =1.961

(

ρ∗

ρs

)1.045

MPa
√

m (30)

KIIC =6.95

(

ρ∗

ρs

)1.32

MPa
√

m (31)
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Second, they varied the cell size ℓ at a fixed bar thickness of t = 20 µm and448

obtained449

KIC =7.82

(

ρ∗

ρs

)0.788

MPa
√

m (32)

KIIC =2.76

(

ρ∗

ρs

)1.07

MPa
√

m (33)

Values of (D′, d′) have been extracted from these expressions, and are pre-450

sented in Table 4. There is reasonable agreement between their predicted val-451

ues of d′ and those obtained in the present study.452

It is of concern that Choi and Sankar found values of D′ which varied by an453

order of magnitude depending upon whether they varied t or ℓ. Dimensional454

analysis tells us that the result is unique. Their mode II results do not show455

this inconsistent behaviour. We believe that the results of the present study456

are more accurate as the mesh size employed is much greater than that used457

by Choi and Sankar (2005).458

4.4 Fracture Toughness of Imperfect 2D Lattices459

The sensitivity of fracture toughness to nodal dispersion is now addressed460

for the 2D lattices shown in Fig. 1. Define the normalised mode I fracture461

toughness for any lattice by462

KIC =
KIC(R/ℓ)

KIC(0)
(34)
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where KIC(R/ℓ) is the mode I fracture toughness of the imperfect lattice463

and KIC(0) is the mode I fracture toughness of the perfect lattice of the same464

topology and relative density. Significant scatter was observed in the predicted465

fracture toughness: the standard deviation increases with R/ℓ to a value of466

approximately 20% of the mean value for R/ℓ = 0.5. This scatter is a conse-467

quence of the use of a local fracture criterion in the random mesh rather than468

a more global, averaged criterion. We adopt the pragmatic approach of pre-469

senting the average results from 10 simulations for each topology, slenderness470

and value of R/ℓ.471

4.4.1 Fracture toughness of imperfect lattices472

Consider again Fig. 8, which shows the fracture toughness of perfect and im-473

perfect lattices as a function of relative density. Introduction of an extreme474

imperfection (R/ℓ = 0.5) causes the Mode I and Mode II fracture toughnesses475

of the square and Kagome lattices to drop to almost that of the perfect hexag-476

onal honeycomb, with an exponent d of 2. For a slenderness ratio t/ℓ = 0.001477

this drop is large: by a factor of up to 3 × 104 for the case of the Kagome478

lattice. In contrast, the fracture toughnesses of the hexagonal honeycomb is479

almost insensitive to imperfection. Imperfections in the triangular honeycomb480

lead to a small drop in fracture toughness: this is discussed in more detail in481

the following section.482

4.4.2 Imperfection sensitivity of fracture toughness483

The normalised mode I fracture toughness, KIC as defined in Eq. (34) is plotted484

against the degree of imperfection R/ℓ in Fig. 13a for all five lattices and485
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t/ℓ = 0.01. Ten structural realisations are considered for each R/ℓ, and the486

mean response is shown by a solid line in the figure. Significant scatter is487

evident. The mode I fracture toughness decreases with increasing R/ℓ for all488

lattice topologies, with extreme sensitivity exhibited by the Kagome, ±45◦489

and 0/90◦ lattices.490

For example, introduction of an imperfection R/ℓ = 0.1 into the Kagome lat-491

tice results in a decrease of fracture toughness by a factor of approximately492

three. The hexagonal and triangular honeycombs are only slightly sensitive to493

R/ℓ: KIC decreases linearly with increasing R/ℓ, and for an extreme imperfec-494

tion of R/ℓ = 0.5 the mode I fracture toughness KIC takes values of 0.7 and495

0.4, respectively.496

The normalised mode II fracture toughness, KIIC is defined as497

KIIC =
KIIC(R/ℓ)

KIIC(0)
(35)

where KIIC(R/ℓ) is the mode II fracture toughness of the imperfect lattice and498

KIIC(0) is the mode II fracture toughness of the perfect lattice of the same499

topology and relative density. KIIC is plotted against the level of imperfection500

R/ℓ in Fig. 13b. Note that, for the 0/90◦ square lattice and the hexagonal501

honeycomb, the mode II toughness is essentially insensitive to the degree of502

imperfection. Although the average value of fracture toughness KIIC is ap-503

proximately unity for these two cases, there is a high degree of scatter. This is504

a consequence of the sensitivity of stress state near the crack tip to the precise505

structural geometry there.506

The imperfection sensitivities of the mode II fracture toughness of the trian-507

26



gular honeycomb, the ±45◦ square lattice and the Kagome lattice are very508

similar to the mode I fracture toughness sensitivities.509

4.4.3 Comparison of the imperfection sensitivities of moduli and fracture510

toughness511

The imperfection sensitivity of the mode I and mode II fracture toughness,512

KI and KII is compared in Fig. 14 with that of the Young’s modulus E11 and513

shear modulus G12 for each lattice topology.514

Consider first the Kagome lattice imperfection sensitivity, see Fig. 14c. All515

four quantities (E11, G12, KI and KII) exhibit similar, high imperfection sen-516

sitivities. For the triangular honeycomb (Fig. 14d), the elastic moduli reduce517

gradually and in a linear manner with increasing R/ℓ. The fracture toughness518

also drops in an almost linear manner, but at a somewhat faster rate.519

The results for a hexagonal honeycomb are shown in Fig. 14e. All four quan-520

tities are largely insensitive to the degree of imperfection. The elastic moduli521

and KII increase slightly with increasing R/ℓ, while K I drops almost linearly522

with increasing R/ℓ.523

It remains to discuss the imperfection sensitivity of the 0/90◦ and ±45◦ square524

lattices, plotted in Figs. 14a and 14b, respectively. The imperfection sensitiv-525

ities of KI and the direct modulus E11 are similar for the 0/90◦ lattice, while526

the imperfection sensitivities of K II and G12 are similar for the ±45◦ lattice.527
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5 Concluding Remarks528

The imperfection sensitivity of modulus and fracture toughness for the lattices529

of the present study can be catalogued in terms of the nodal connectivity of530

each lattice. The hexagonal honeycomb, with a connectivity of 3 bars per531

joint, is a bending-dominated structure and the random movement of nodes532

has only a small effect upon the bending stiffness of the bars and upon the533

stress state in the lattice. Thus, the hexagonal lattice has a low sensitivity534

to nodal dispersion. The triangular lattice has a high connectivity of 6 bars535

per joint, and is a stretching-dominated structure. Again, it is imperfection536

insensitive: the random movement of nodes will have only a small effect upon537

the stretching stiffness of the bars and upon the stress state in the lattice. But538

the Kagome and square lattices are transition cases, with a connectivity of 4539

bars per joint. For these structures, the response can be bending or stretching540

dominated, depending upon the level of imperfection (and upon the loading541

direction in relation to the microstructure for the square lattices). Thus, the542

moduli and fracture toughness of these topologies are highly sensitive to im-543

perfection.544

The fracture toughness of the highly imperfect lattices (R/ℓ = 0.5) increases545

with increasing connectivity, recall Fig. 8. It is remarkable that the fracture546

toughness of the 0/90◦, ±45◦ and Kagome lattices are almost identical when547

the imperfection is large (R/ℓ = 0.5). The nodal connectivity appears to548

dictate the response more than the precise lattice topology, compare Fig. 2a,b549

and c.550

Analytical models are given for the fracture toughness of the 0/90◦ and ±45◦551
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square lattices under mode I and mode II loadings. These models are in-552

structive for explaining the power law dependence of fracture toughness upon553

relative density ρ. It is striking that KIIC scales as ρ 1.5 rather than ρ for the554

0/90◦ lattice.555
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Fig. 1. (a) 0/90◦ square; (b) ±45◦ square; (c) Kagome lattice; (d) triangular hon-
eycomb; (e) hexagonal honeycomb. (f) The geometric imperfection. Each node is
perturbed by a random distance e at a random angle α. The probability density is
uniform within a prescribed circular disc of radius R.
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Fig. 2. Examples of the imperfect lattices (R/ℓ = 0.5). (a) 0/90◦ square; (b) ±45◦

square; (c) Kagome lattice; (d) triangular honeycomb; (e) hexagonal honeycomb.
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Fig. 3. Dependence of elastic moduli upon relative density ρ for perfect and imperfect
lattices. (a) Direct modulus; (b) Shear modulus. The results for the perfect lattices
(R/ℓ = 0) are shown by solid lines, while results for imperfect lattices (R/ℓ = 0.5)
are shown by dashed lines.
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Fig. 7. The finite element mesh and crack tip co-ordinate system used in the fracture
toughness predictions.
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Fig. 9. Predicted failure location in ±45◦ lattices under (a) mode I; (b) mode II
loading, and in 0/90◦ lattices under (c) mode I and (d) mode II loading. The location
is insensitive to the values of ρ.
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loading, (b) beam analysis of the critical bar.
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Fig. 14. Comparison of the imperfection sensitivity of modulus and fracture tough-
ness, for lattices with t/ℓ = 0.01. (a) 0/90◦ square lattice; (b) ±45◦ square lattice;
(c) Kagome lattice; (d) triangular honeycomb; (e) hexagonal honeycomb.
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0/90◦ ±45◦ Kagome Triangular Hexagonal

A 2 2
√

3 2
√

3 2/
√

3

B 1/2 1/4 1/3 1/3 3/2

b 1 3 1 1 3

C 1/16 1/4 1/8 1/8 3/8

c 3 1 1 1 3

ν12 0 1 1/3 1/3 1

Table 1
The in-plane elastic moduli of perfect lattices.
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0/90◦ ±45◦ Kagome Triangular Hexagonal

Eps
11

2E11

2−ν2
s

4E11

4−ρ2ν2
s

3E11

3−ν2
s

3E11

3−ν2
s

2E11

2−3ρ2ν2
s

νps
12

ν2
s

2−ν2
s

4+ρ2ν2
s

4−ρ2ν2
s

1+ν2
s

3−ν2
s

1+ν2
s

3−ν2
s

2+3ρ2ν2
s

2−3ρ2ν2
s

Table 2
The plane-strain elastic moduli of perfect lattices.
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Mode I Mode II

D d D d

0/90◦ 0.278 1 0.121 3/2

±45◦ 0.216 1 0.225 1

Kagome 0.205 1/2 0.115 1/2

Triangular 0.607 1 0.404 1

Hexagonal 0.902 2 0.408 2

Table 3
The fracture toughness of perfect lattice structures.
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Mode I Mode II

D′ d′ D′ d′

Present study, Eq. (27) 0.185 1 0.089 5/4

Choi and Sankar (2005), fixed ℓ 0.039 1.05 0.137 1.32

Choi and Sankar (2005), fixed t 0.369 1.04 0.130 1.32

Table 4
The fracture toughness of perfect cubic lattices.
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