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a b s t r a c t
The normal impact of thermal barrier coatings by spherical particles is analysed by the ﬁnite element method in order to determine the transient stress state and potential for erosion. During the
impact event, the deformation response can progress from elasto-dynamic to quasi-static elastic and
then plastic. The precise sequence depends upon the size and velocity of the impacting particle, and
upon the geometric and mechanical properties of the coating. Each deformation mechanism involves
transient tensile stresses at characteristic depths within the coating, and these can lead to fracture
of the columns from pre-existing ﬂaws. Analytical solutions are presented that describe the transient
stress state within the coating for each deformation mechanism; the analytical models are validated by
independent ﬁnite element simulations in order to evaluate independent parameters. The analytical
framework is used to construct deformation mechanism maps for the erosion of the thermal barrier coatings. It is concluded that erosion is a consequence of a set of potentially active deformation
mechanisms.
Crown Copyright © 2010 Published by Elsevier B.V. All rights reserved.

1. Introduction

1.1. Severe erosion by foreign object damage (FOD)

The current generation of thermal barrier systems used in gas
turbines comprises a stack of multifunctional layers. Electron beam
deposited (EB-PVD) thermal barrier coatings (TBCs) have an outermost thermal barrier layer of yttria-stabilised zirconia (YSZ),
with an underlying thermally grown oxide (TGO) to give oxidation resistance. The TGO grows progressively over the life of the
coating by the oxidation of an aluminium-rich underlying bond
coat, which rests in turn upon the nickel-based superalloy of the
blade [1–3]. Thermal barrier systems exhibit two major categories
of failure: one based on oxidation [1,4–6] and the other on impact
by projectiles ingested into the gas stream [7–9]. While models
of oxidation-induced failure have reached a maturity that allows
trends with constituent properties to be ascertained, the situation is less complete for failure mechanisms caused by impact.
Turbine blades have a tip velocity on the order of 300 ms−1 , and
suffer erosive wear upon impact by small hard particles entrained
within the combustion gases of the turbine [10]. Little information
exists on the mechanisms that govern erosion of TBCs. Two types
of mechanical responses have been identiﬁed and are outlined as
follows.

Large particles at high velocity cause the material to be susceptible to large-scale plastic deformation and densiﬁcation around
the contact site. The deformation zones develop over millisecond timescales, as the impacting particle decelerates to rest, prior
to rebound [7]. Within the densiﬁed zone, kink bands form and
extend diagonally downward, toward the interface with the thermally grown oxide (TGO) [10,11]. In some cases, the bands reach the
interface with the thermally grown oxide (TGO) and lead to delamination within the TBC, just above the TGO. Such delaminations
provide a mechanism for creating large-scale spalls.
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1.2. Mild erosion by near surface cracking
During initial impact, elastic waves are induced in the TBC
columns (Fig. 1). Over a time frame of nanoseconds, bending waves
are induced at the top of the columns, and these cause ﬂaws at the
column perimeter to extend across the columns. The column-sized
cracks link, leading to small amounts of material removal. Elastic
waves also reﬂect off the bottom of the columns [10], becoming tensile waves that propagate back to the surface. These waves can also
induce cracking across the columns, and at the interface between
the columnar layer and the underlying thermally grown oxide, particularly when the interface has been embrittled by segregation of
contaminants such as sulphur. Wellman and Nicholls [9] and Wellman et al. [11] have demonstrated the existence of the above two
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Nomenclature
Latin symbols
b
contact radius
b̄
dimensionless contact radius
C
constraint coefﬁcient
c
elastic wave speed
D
diameter of the particle
ETBC
Young’s modulus of the thermal barrier coating
g
intercolumnar gap thickness
thickness of the ceramic layer
HTBC
P
contact force
P̄
dimensionless contact force
pav
average contact pressure
p̄av
dimensionless average contact pressure
elasto-dynamic contact force
Ped
P̄ed
dimensionless elasto-dynamic contact force
ped
elasto-dynamic average contact pressure
Pes
elasto-static contact force
dimensionless elasto-static contact force
P̄es
pes
elasto-static average contact pressure
p̄es
dimensionless elasto-static average contact pressure
pmax
maximum contact pressure
plastic–static contact force
Pps
P̄ps
dimensionless plastic–static contact force
pps
plastic–static average contact pressure
R
radius of the spherical indenter
t
current time
T
arrest time
ted,end
time of duration of the elasto-dynamic response
TBC
thermal barrier system
TGO
thermally grown oxide
V
initial velocity of the particle
current velocity of the particle
v
v̄
dimensionless current velocity of the particle
v̄ed
dimensionless current velocity of the particle in the
elasto-dynamic regime
v̄es
dimensionless current velocity of the particle in the
elasto-static regime
v̄ps
Dimensionless current velocity of the particle in the
plastic–static regime
Greek symbols
ı
indentation depth of the spherical indenter
ı̄
dimensionless indentation depth of the spherical
indenter
ı̄ed, max maximum indentation depth of the particle in the
elasto-dynamic regime
ı̄es,max maximum indentation depth of the particle in the
elasto-static regime
maximum indentation depth of the particle
ı̄max
εY
yield strain
critical strain rate
ε̇c
c
intercolumnar friction coefﬁcient
Coulomb friction coefﬁcient between the surface of
s
the indenter and the surface of the thermal barrier
coating
p
density of the particle
density of the thermal barrier coating
TBC
 TBC
yield strength of the thermal barrier coating
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mechanisms of erosion. Experimental evidence on actual engine
hardware during accelerated testing and service conﬁrm that the
small particles lead to crack formation at various locations within
the columnar zirconia top layer: sub-surface cracking, cracking at
mid-depth of the columns and cracking at the interface (and close
to the interface) with the underlying TGO layer (Fig. 1).
1.3. Outline of the study
The main purpose of this study is to synthesise a set of analytical models of dynamic indentation of a TBC layer and to provide
numerical validation of these models by selected ﬁnite element
calculations. The models have already found support from experimental data on the erosion of TBC systems, see [12]. First, analytical
solutions are developed for the elasto-dynamic impact of the TBC
layer by a rigid sphere and are validated by explicit ﬁnite element
(FE) calculations. The elasto-dynamic response may be followed
by either an elastic quasi-static or by a plastic quasi-static loading phase. Analytical solutions are presented with respect to these
two quasi-static regimes and each is validated by FE prediction. The
sensitivity of the dynamic indentation response to material properties, geometry and friction is explored. Indentation mechanism
maps are constructed from the analytical formulae and these take
as axes the velocity and indentation depth of particle.
2. Non-dimensional groups
We begin by deﬁning the geometry and relevant material
parameters and then non-dimensionalise the problem. The impacting particle is spherical of radius R, has a density p and an initial
velocity V, see Fig. 2. The TBC is treated as an array of parallel
columns, each of diameter d and height HTBC , with an intervening gap g between each column. The columns are made from an
elastic-ideally plastic solid of Young’s modulus ETBC , uniaxial yield
strength  TBC and density TBC . At a time t after initial contact, the
indentation depth is ı, the radius of contact between particle and
TBC layer is b, the average pressure is pav , the contact load is P and
the particle velocity is v. Non-dimensional groups are now introduced for the contact radius, load, average contact pressure, particle
velocity, indentation depth and yield strain of TBC, respectively:
b̄ ≡

b
P
P
,
, P̄ ≡ 2 ETBC , p̄av ≡
R
R
(b2 ETBC )



v̄ ≡ v

p /ETBC , ı̄ ≡

ı
TBC
and εY ≡
HTBC
ETBC

(1)

Note that
velocity can be rephrased as
 the non-dimensional

in terms of the elastic wave speed c ≡

v̄ ≡ vp 1/2 / TBC 1/2 c



ETBC /TBC . Analytical models are presented below for three competing regimes of response (elasto-dynamic, quasi-static elastic
and quasi-static plastic), and a numerical validation is then provided via selected ﬁnite element simulations.
3. Analytical model for elasto-dynamic regime

The problem under consideration is sketched in Fig. 2. We begin
by presenting an analytical solution for the elasto-dynamic regime
based upon the analysis of Zisis and Fleck [13]. A spherical particle of initial velocity V impacts the columnar layer. During the
initial stage of impact, elastic waves radiate from the contact into
the TBC columns and thence down the columns: in this sense the
TBC columns behave as individual wave guides. It is assumed that
no pile-up or sink-in occurs at the contact, such that the contact
radius b is related to the current indentation depth ı by
b2 = 2Rı

(2)
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Fig. 1. (a) Scanning electron microscope image of specimen cross-section revealing near surface cracking, cracking at mid-depth and TBC/TGO interface delamination [12].
(b) Plastically deformed TBC columns upon impact by a spherical projectile at elevated temperature (800 ◦ C). No signiﬁcant cracking is observed [17]. (c) and (d) Scanning
electron microscope images of cross-sections of a 7YSZ TBC subjected to plastic indentation at 1150 ◦ C [12]. The process occurs over several milliseconds.

An elastic
 stress wave propagates down each column at a velocETBC /TBC resulting in an elasto-dynamic pressure ped =
ity c ≡



v

or, in non-dimensional form,

ETBC TBC where v is the current velocity of the impacting parti-



cle. The maximum value of contact pressure is pmax = V ETBC TBC
in terms of the initial particle velocity V. The transient contact force
is

2



Ped = b ped = 2Rıv

ETBC TBC

(3)

P̄ed

P
≡ 2 ed = 2
R ETBC



TBC HTBC
v̄ı̄
p
R

(4)

Application of Newton’s second law to the particle, and integration of the resulting expression for the particle acceleration,
gives the change in particle velocity with change in indent depth
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4. Analytical model for quasi-static, elastic indentation
The particle may have slowed down sufﬁciently after the initial
elasto-dynamic phase for indentation to become quasi-static. Zisis
and Fleck [14] have suggested that a Winkler foundation (mattress)
model is adequate for describing the quasi-static elastic response
of the thermal barrier layer, and we now summarise their analysis.
The contact radius b is again related to the radius of indentating
sphere R and indentation depth ı via (2). The indentation load P in
the quasi-static, elastic regime is
Pes =

ETBC b2 ı
ETBC Rı2
=
2HTBC
HTBC

(12)

or, in non-dimensional terms,
P̄es = 

H

TBC



R

ı̄2

(13)

where P̄es ≡ Pes /R2 ETBC . The average pressure is:
pes =

ETBC ı
2HTBC

(14)

and in non-dimensional form this reduces to,
p̄es =
Fig. 2. Normal impact of a TBC columnar layer of thickness HTBC and density TBC
by a spherical particle of radius R and density p . The TBC is adhered to a rigid
substrate. Upon impact the layer responds in elasto-dynamic manner and combinations of stress waves propagate into the columns of the TBC layer. Subsequently,
the response may become quasi-static elastic or quasi-static plastic.

v̄ed = −

3
4

TBC
p

H

 ı̄

(5)





This relation deﬁnes a trajectory in ı̄, v̄ space of the evolution of particle velocity with indent depth. For the case of small,
high velocity particles, elastic wave effects dominate the response
and the non-dimensional, maximum indentation depth ı̄ed,max is
obtained by setting v̄ → 0 in (5), giving
ı̄2ed,max

4
=
3



p
TBC

 R 2
HTBC

V̄

(6)

As will be shown later in this paper, the elasto-dynamic phase
ends after the elastic wave has propagated down the height HTBC
of the TBC layer and back again to the surface. Consequently, the
duration of the elasto-dynamic regime is given by
ted,end

(8)

where K ≡ 3(TBC ETBC )1/2 /4p R2 . Consequently, the arrest time is
ımax
0

dı
V − Kı2

and integration gives
1 1
T= √
ln
2 KV

ı̄3es,max = 2V̄ 2

1 + ımax
1 − ımax

H

TBC

2  
3

 R 2

 1/2

b̄ = ı̄

P̄ =



(20)
4

3 1 − 2



4

3 1 − 2





1/2  1/2
TBC

H

H

TBC

K

K
V

√
1/2
where ımax = 2/ 3(p /(TBC ETBC )1/4 )RV 1/2 .

(10)

(21)

ı̄

R

3/2  3/2

(22)

ı̄

R

It is clear that the mattress model gives a different power law
dependence of load upon indent depth than that of the Hertz solution. Finite element simulations are required in order to assess their
relative accuracy for the TBC layer, as detailed below. The Hertz
solution (22) for contact force is used in Newton’s second law for
the particle in order to obtain

v̄2 = −

V

(19)

HTBC

(9)



(18)

 ı̄

R

It is instructive to compare the predictions with the Hertz solution for frictionless indentation of an isotropic, elastic half-space,
see for example Johnson [15]. The Hertz solution reads

(7)

dı
v=
= V − Kı2
dt

1
2

We emphasise that Eq. (18) gives a trajectory in (ı̄, v̄) space for
the evolution of particle velocity with indent depth, and is analogous to (5) for the elasto-dynamic case. For the case of small,
low-velocity particles, elastic quasi-static indentation can dominate the response and the maximum indentation depth is obtained
by setting v̄ → 0 in (18), giving

p̄es =

2HTBC
=
c

Assuming that the impact is elasto-dynamic throughout, the
arrest time T can be calculated as follows. The projectile velocity
v follows from (5) as

T=



 v̄2es = −

2   
TBC
2
R

(15)

where p̄es ≡ pes /ETBC .
The dependence of particle velocity upon indentation depth is
obtained by integration of Newton’s second law for the indentating
particle, to give



according to



1
ı̄
2

1
41


5  1 − 2

H

TBC

5/2 

R

 ı̄5/2



(23)

Again, the maximum indentation can be extracted directly from
Eq. (23) by setting v̄ = 0, to give
ı̄max =


5 
 1 − 2
4

 R 5/2
HTBC

2/5

V̄

2

(24)
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5. Analytical model for plastic quasi-static indentation
Quasi-static elastic indentation is superseded by plastic indentation at sufﬁciently large indentation depths when the particle has
a large initial kinetic energy and the TBC has a low yield strain. This
plastic response has already been explored by Zisis and Fleck [14],
and so only the main results are presented here. The contact radius
for this case is given by (2) and the average contact pressure is
pps = CY

(25)

where the plastic constraint factor C is a function of the indenter
shape and yield strain [14]. Recall that for spherical indentation of
a rigid-ideally plastic solid we have C = 3, independent of indent
depth. Zisis and Fleck [14] have found that C is between 1 and 2 for
indentation of an elastic-ideally plastic TBC.
The load P is related to the indent depth ı by
Pps = CY b2

(26)

and so the non-dimensional contact force is
P̄ps = 2CεY

H

TBC



R

ı̄

(27)

This force decelerates the particle and Newton’s law gives a
drop in non-dimensional particle velocity v̄pl with increasing indent
depth according to



 
3
HTBC
 v̄2ps = − CεY
2
R

2  
2
 ı̄

(30)

For the case of large, high velocity particles plastic indentation
dominates the response and the maximum indentation depth is
obtained by setting v̄ps → 0 in (30), giving
ı̄2max =

2 1
3 CεY

 R 2
HTBC

V̄ 2

(31)

in terms of the initial particle velocity V̄ .
6. Comparison of FE and analytical results for the
elasto-dynamic regime
We proceed to determine the accuracy of the analytical equations for the elasto-dynamic response by a set of elasto-dynamic FE
calculations.
6.1. Finite element model
The commercial ﬁnite element program ABAQUS Explicit (version 6.2) was used [16]. It is assumed that the TBC layer is adhered
to a rigid substrate (Fig. 2). The impacting sphere has a radius
R = 25 m and initial velocity V = 300 ms−1 . The rigid contact surface option was employed to mimic the rigid indenter. In order
to generate a tractable problem, an axisymmetric model is constructed, with the columnar microstructure represented by a series
of concentric circular cylinders of wall width d = 2.5 m unless otherwise stated, and intervening gap g. The columns are made from an
isotropic elastic solid, with Young’s modulus ETBC = 140 GPa, Poisson’s ratio  = 0.3 and density TBC = 5900 kg m−3 . The density of
the impacting spherical particle is p = 4000 kg m−3 representative
of that for alumina particles. A cylindrical co-ordinate system is
adopted with x1 as the radial co-ordinate and x2 as the axial coordinate, see Fig. 2. A mesh sensitivity study revealed that adequate
accuracy is achieved using about 161,000 4-noded quadrilateral
axisymmetric elements (CAX4R in ABAQUS notation).
The boundary conditions are as follows. Along the axis of symmetry we have u1 = 0, while along the bottom of the mesh we take
u1 = u2 = 0. Numerical experimentation revealed that the mesh precise boundary conditions on the outer radius are unimportant when

Fig. 3. Elasto-dynamic regime. (a) Particle velocity and (b) load as a function of
displacement for a gap thickness g/d = 0.004 and 0.04. All contacts are frictionless.
The analytical solutions are included. (d/R = 0.1, HTBC /R = 8.)

the mesh extends further than 5R over the timescale of the elastodynamic event.
In order to calibrate the analytical model from the ﬁnite element analysis we explore the sensitivity of the contact load P̄ versus
indent depth ı̄ to the following parameters: height of layer HTBC ,
diameter of columns d, intercolumnar gap g, intercolumnar friction
coefﬁcient c and friction coefﬁcient s at the contact between TBC
and particle.
6.2. Results
The evolution of dimensionless velocity v̄ ≡ v



p /ETBC and

load P̄ ≡ P/R2 ETBC with indent depth ı̄ ≡ ı/HTBC is given in Fig. 3 for
g = 0.01 m and g = 0.1 m (g/d = 0.004 and 0.04, respectively). The
thickness of the layer is HTBC = 200 m and the radius of the sphere
is R = 25 m. Frictionless conditions are assumed at all contacts. We
note that the intervening gap width g has only a mild inﬂuence upon
the velocity proﬁle and the load. For both gap widths, the velocity v̄ decreases monotonically with increasing indentation depth ı̄,
whereas the load displays a maximum value P̄max = 0.05 at a depth

N.A. Fleck, Th. Zisis / Wear 268 (2010) 1214–1224

Fig. 4. (a) Particle velocity and (b) load as a function of displacement for selected
values of Coulomb friction coefﬁcients c and s . Analytical solutions are included.
(g/d = 0.04, d/R = 0.1, HTBC /R = 8.)

ı̄ = 0.0135 and time t = 2.5 ns after initial contact. Thereafter, the
load decreases while the displacement continues to increase. The
maximum displacement ı̄max = 0.023 is attained when v̄ = 0. The
analytical solution is included in Fig. 3 and is in excellent agreement
with the FE results.
The elasto-dynamic response is given in Fig. 4, for selected values of c and s , with g = 0.1 m, HTBC = 200 m and R = 25 m.
We deduce from the ﬁgure that an increase in c or s leads to a
small increase in P̄max and consequently to a small decrease in the
maximum indentation depth ı̄max . The analytical solution assumes
frictionless contact between the columns and gives adequate agreement with the FE results. We conclude that the levels of friction
between impacting particle and layer, and between columns, are
of minor signiﬁcance.
The sensitivity of the velocity proﬁle and load to layer thickness is explored in Fig. 5 (with g = 0.1 m, R = 25 m, d = 2.5 m,
c = s = 0). Layer thicknesses of HTBC = 200 m (HTBC /R = 8) and
HTBC = 50 m (HTBC /R = 2) are considered. For the case of HTBC /R = 8,
the response of the TBC layer is elasto-dynamic throughout. In contrast, for the choice HTBC /R = 2, the response is elasto-dynamic up
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Fig. 5. Elasto-dynamic regime. (a) Particle velocity and (b) load as a function of
displacement for HTBC = 200 m and 50 m (d/R = 0.1 and g/d = 0.04). All contacts
are assumed frictionless. The analytical solutions are included. When the contact is
of sufﬁcient duration the response of the TBC layer switches to quasi-static elastic.

to an indent depth ı̄ = 0.08 (and time t = 19.3 ns), and subsequently
the response is quasi-static. Note that this transition time is of order
tend = 2HTBC /c, which is the time needed for the stress wave, travelling with velocity c, to move down the height of the TBC layer
columns and reﬂect back to the top surface. We conclude that if
the contact time is less than tend the response of the TBC layer
is elasto-dynamic throughout. At contact times beyond tend the
response switches to elastic quasi-static. The analytical solutions
for the velocity proﬁle and the contact load exerted on the particle
in the elasto-dynamic phase are in excellent agreement with the
FE results.
The elasto-dynamic model assumes that the response is independent of column diameter d. The FE results presented in
Figs. 4 and 5 are for d/R = 0.1. Additional calculations have been performed for d = 2.5 m, 5 m, 10 m and 15 m, with HTBC = 200 m,
R = 25 m and g/d = 0.04. (Consequently, g = 0.1 m, 0.2 m, 0.4 m
and 0.6 m are considered.) Furthermore, all contacts are assumed
frictionless. Results are presented in Fig. 6: the accuracy of the analytical solution diminishes with increasing d/R. In order to gauge
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Fig. 7. Elasto-dynamic regime. Comparison of analytical and FE values of maximum
load and displacement of the particle as a function of d/R. (g/d = 0.04 and HTBC /R = 8.)
Results are presented for c = s = 0.

Fig. 6. Elasto-dynamic regime. (a) Particle velocity and (b) load as a function of
displacement for d/R = 0.1, 0.1, 0.2 and 0.3. (HTBC /R = 8 and g/d = 0.04.) All contacts
are assumed frictionless. The analytical solutions are included.

the trends, it is instructive to cross-plot these results in terms of
the maximum load and the maximum attained displacement as
a function of d/R (Fig. 7). The analytical values from maximum
displacement are attained from Eq. (6) whereas the analytical maximum load P̄max is obtained from Eq. (4). It is concluded that the
analytical prediction of ı̄max and P̄max are in good agreement with
the FE results provided d/R < 0.24.
7. Comparison of FE and analytical results for quasi-static,
elastic regime
We proceed to compare the analytical solution for quasi-static,
elastic indentation of Section 4 with FE results for selected contact
conditions and geometries. FE simulations were carried out using
the same FE model as that presented in Section 4. An extensive
FE study for the quasi-static indentation of an elastic TBC columnar layer by a sphere has already been reported by Zisis and Fleck
[14]. Here, we present additional FE results with the new feature
that inertial stresses within the TBC are included in the analysis (that is, elasto-dynamic effects are included) and the sphere is

allowed to slow down with progressive indentation from an initial
velocity of V = 300 ms−1 . The geometry and material characteristics are the same as those reported above, unless otherwise stated.
Comparisons are made between the FE predictions and the analytical models for elasto-dynamic indentation and quasi-static, elastic
indentation.
The sensitivity of response to TBC thickness is shown in
Fig. 8, for HTBC = 200 m, 50 m and 10 m (HTBC /R = 8, 2 and
0.4, respectively). The results support the assertion that the
elasto-dynamic phase ends and the response switches to elastic quasi-static at tend = 2HTBC /c. We observe that, for HTBC /R = 8,
the response of the TBC is elasto-dynamic throughout. For
HTBC /R = 2, the response is mainly elasto-dynamic and, at time
tend = 2HTBC /c = 20 ns (ı̄ = 0.0936), the response switches to elastic
quasi-static. For HTBC /R = 0.4, the response is mainly elastic quasistatic: the elasto-dynamic response ends at tend = 2HTBC /c = 4 ns,
which corresponds to ı̄ = 0.12. For this choice of layer thickness,
very good agreement is observed between the elastic quasi-static
analytical model and the FE results.
7.1. Effect of intercolumnar friction upon indentation response
The remainder of the quasi-static, elastic simulations have been
carried out for a ﬁxed height of HTBC = 10 m, R = 25 m, d = 2.5 m
and V = 300 ms−1 . We explore the effect of intercolumnar friction
by taking c = 0 and 5 and the effect of gap width by considering
g = 0.1 m and g = 0.01 m (g/d = 0.04 and 0.004, respectively). The
contact between particle and TBC is considered frictionless, s = 0.
Results for the velocity proﬁle of the indenter and the normalised
indentation load are shown in Fig. 9. The analytical model is in good
agreement with the FE calculations for frictionless intercolumnar
contact and a large gap, g/d = 0.04. The sensitivity of response to
intercolumnar friction coefﬁcient c increases with decreasing gap
thickness g/d. In broad terms, the analytical model is adequate over
the wide range of values of c and g/d considered.
7.2. Effect of particle diameter upon indentation response
We now turn our attention to the effect of d/R upon particle
velocity and load. In order to vary the ratio d/R we take the diame-
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Fig. 8. (a) Particle velocity and (b) load as a function of displacement for
HTBC = 200 m, 50 m and 10 m. (d/R = 0.1 and g/d = 0.04.) For HTBC = 200 m, the
response of the TBC is elasto-dynamic throughout whereas, for the other two cases,
the response switches to quasi-static elastic at tend = 2HTBC /c. Frictionless contacts
are assumed. Analytical solutions are included.

ter d of the columns to be d = 2.5 m, 5 m, 10 m, and 30 m (with
R = 25 m and HTBC = 10 m). Although the gap width has a minor
effect upon the velocity proﬁle and the load on the indenter, for
consistency we varied the gap width in proportion to column diameter in order to maintain a constant dimensionless width, g/d = 0.04.
Fig. 10 presents the velocity proﬁle and the load exerted on the
impacting particle as a function of indent depth. Analytical solutions for the elasto-dynamic and the elastic quasi-static regime
are included. The FE response is initially elasto-dynamic but soon
changes to quasi-static. Close agreement is observed between the
FE results and analytical solutions for d/R = 0.1, but the solutions
diverge somewhat with increasing d/R. This is expected: at large
d/R the response approaches that of a homogeneous substrate and
the Hertz solution then pertains.
8. Comparison of FE results and analytical model for
quasi-static plastic indentation
Finite element simulations of the quasi-static, plastic regime
have also been conducted using the FE model of Section 4. Unless
otherwise stated, the geometry is speciﬁed by d = 2.5 m, R = 25 m
and HTBC = 200 m. The material properties are the same as those
used above but in order to explore the elastic–plastic response,
the columns are treated as an isotropic elastic, perfectly plastic
solid with a von Mises yield surface. The uniaxial yield strength is
representative of that at service temperature,  TBC = 400 MPa [17].
The present study builds upon that by Zisis and Fleck [14], where
the sphere was subjected to a prescribed indentation rate. Now,
however, the rigid, indenting sphere is allowed to retard by the
indentation load from an initial velocity V = 50 ms−1 . The response
of the TBC layer to impact by the rigid sphere at V = 50 ms−1 is in the

Fig. 9. Quasi-static elastic regime. (a) Particle velocity proﬁle and (b) load as a
function of displacement for frictionless intercolumnar contact and contact with
c = 5. Two different gap thicknesses g/d = 0.04 and 0.004 are assumed. (d/R = 0.1
and HTBC = 10 m, s = 0.) The analytical solutions are included.



quasi-static domain since V/ TBC /TBC is much less than unity.
This is conﬁrmed in Fig. 11: the load is plotted against indentation
depth for the FE simulations (with V = 50 ms−1 ) and the response is
in excellent agreement with a ﬁnite element prediction for quasistatic elastic–plastic indentation, such that a spherical indenter is
impressed into the TBC at a quasi-static rate.
8.1. Effect of intercolumnar friction upon the indentation
response
The sensitivity of indentation response to intercolumnar friction coefﬁcient c and gap width g is now explored, with contact
between the indenter and the TBC taken to be frictionless. Normalised velocity and load are shown in Fig. 12 as a function of indent
depth for selected values of c and g. Analytical results from Eqs.
(30) and (28) are included for three choices of plastic constraint
coefﬁcient C = 1, 2 and 3. For the choice of a large gap g/d = 0.04
and frictionless intercolumnar contact, the analytical solution is in
good agreement with the FE simulation provided we take C = 1. As
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Fig. 11. Quasi-static plastic response. FE prediction for dynamic indentation with
initial velocity V = 50 ms−1 and for quasi-static indentation. (g/d = 0.04, c = s = 0,
d/R = 0.05.) The analytical solution is included for C = 1.

9. Construction of dynamic indentation map from the
analytical models
The analytical models developed above are now used tocon
struct an indentation mechanism map. It is convenient to take ı̄, v̄
as axes of the map, and to display regimes of dominant deformation mechanism. Additionally, trajectories showing the evolution
of particle velocity with indent depth have been added to the map.
9.1. Boundaries between mechanisms
The dynamic response of the thermal layer is by a sequence of
deformation mechanisms. We begin by summarizing the equations
that describe 
the response in each regime in terms of normalised
velocity v̄ ≡ v p /ETBC and indentation depth ı̄ ≡ ı/HTBC of the
impacting particle:
Fig. 10. Quasi-static elastic regime. (a) Particle velocity and (b) load as a function
of displacement for d/R = 0.1, 0.2, 0.4 and 1.2. (g/d = 0.04, HTBC = 10 m.) Frictionless
conditions are assumed. Analytical solutions are included.

the gap width g/d decreases and c increases the analytical prediction of velocity proﬁle approaches the FE prediction provided we
take C = 3. This is fully expected: a small gap dimension and a large
value for c causes interlocking of the intercolumnar faces, so that
the TBC layer behaves as homogeneous half-space.

(i) Mode A: elasto-dynamic phase, with v̄ = v̄ed as given by (5).
(ii) Mode B: elastic quasi-static phase, with v̄ = v̄es as given by (18).
(iii) Mode C: plastic quasi-static phase, with v̄ = v̄ps as given by (30)
and C = 2.
The boundaries between the competing mechanisms are
determined as follows. Initially, the TBC layer responds in an elastodynamic manner with elastic stress waves propagating down the
individual columns. The elasto-dynamic phase ends after a time
tend =

(32)



8.2. Effect of particle diameter upon the indentation response
The second set of simulations explores the effect of the ratio d/R
upon the velocity proﬁle and the indentation load, as a function
of displacement. The ratio d/R is varied by taking d = 2.5 m, 5 m,
10 m and 30 m, with R held ﬁxed at 25 m, giving d/R = 0.1 − 1.2.
Furthermore, g/d = 0.04 for all cases. Fig. 13 shows that the FE results
for d/R = 0.1 are in excellent agreement with the analytical predictions for C = 1. As the ratio d/R increases to 0.2, the velocity and the
load attained from the FE is closely approximated by Eqs. (30) and
(29) for C = 2. And, for d/R = 1.2, the FE results support the analytical
model provided we take C = 3. We conclude that, for large ratios of
d/R, the TBC behaves as a homogeneous layer.

2HTBC
c

where c ≡
ETBC /TBC .
The reduction in velocity of the impacting particle prior to the
transition from dynamic to quasi-static response is second order in
the displacement, recall (5). Consequently, to within an acceptable
error, the indentation depth ı of the impacting particle is given by
ı = vt

(33)

and, upon making use of (5), the response will switch from dynamic
to quasi-static at an indentation depth of



ı̄ = 2v̄

TBC
p

(34)
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Fig. 12. Quasi-static plastic response. (a) Particle velocity and (b) load as a function of displacement for g/d = 0.04 and 0.004. Frictionless intercolumnar contact and
contact with c = 1 are considered. (d/R = 0.1 and HTBC = 200 m, s = 0.) Analytical
solutions for C = 1, 2 and 3 are included.
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Fig. 13. Quasi-static plastic response. (a) Particle velocity and (b) load as a function
of displacement for d/R = 0.1, 0.2, 0.3 and 1.2. Every contact is frictionless. (g/d = 0.04
and HTBC = 200 m.) Analytical solutions are shown for C = 1, 2 and 3.

9.2. The indentation mechanism map
The ensuing quasi-static response will switch from elastic to
plastic as follows. The elastic/plastic boundary occurs at an indent
depth of
ı
= εY
HTBC

(35)

or, in non-dimensional form,
ı̄es/ps = εY

(36)

An additional boundary between the elastic quasi-static to plastic quasi-static phase arises when plasticity is suppressed at very
high strain rates. Assuming a critical strain rate ε̇c = v/HTBC =
106 s−1 , the second elastic/plastic boundary occurs at the velocity


v̄ = ε̇c HTBC

p
ETBC

(37)

Mechanism maps are now constructed. The location of the
boundaries of the map depend upon the values of the nondimensional groups p /TBC , εY and HTBC /R. The mechanism
maps presented in Fig. 14 relate to a TBC system of thickness HTBC = 10 m, density TBC = 5900 kg m−3 , Young’s modulus
ETBC = 140 GPa and particle density p = 4000 kg m−3 . Representative values are assumed for the yield strain: εY = 0.001 in Fig. 14(a)
pertinent to the response at service temperature; in contrast, we
adopt εY = 0.01 in (b) for the room temperature response. In these
ﬁgures, we superpose velocity versus indentation trajectories taken
from (5), (18) and (30) with respect to each indentation mechanism,
for a particle radius of R = 0.1 m, 1 m, 10 m and 100 m. Subsequent to the elasto-dynamic phase (that is, at times exceeding
tend = 2HTBC /c), the response depends upon the values of v/HTBC and
ı/HTBC . It responds elastically when v/HTBC > 106 s−1 and ı/HTBC < εY ,
and plastically when v/HTBC < 106 s−1 and ı/HTBC > εY .
Consider ﬁrst the response of a TBC layer of low yield strain
(εY = 0.001, Fig. 14(a)). Upon impact by small particles of R = 0.1 m
the response is initially elasto-dynamic and trains of stress waves
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radius R = 100 m impacting the TBC layer, the response switches
from elasto-dynamic to quasi-static elastic since the high imposed
strain rate suppress plasticity within the TBC columns. Finally, the
particle slows down sufﬁciently for the response to switch from
quasi-static elastic to quasi-static plastic.
10. Conclusions
It is concluded that the dynamic indentation response of an
EB-PVD TBC coating entails a sequence of mechanisms. The initial elasto-dynamic response is followed by an elastic or a plastic
quasi-static phase, depending upon the velocity and the mass of
the particle. Analytical solutions for the load and the velocity of
the particle, as a function of the indentation depth, have been
derived and validated by ﬁnite element simulations. The FE simulations also show that the indentation response within each regime
of behaviour is relatively insensitive to the gap thickness and
to the level of friction at the particle-TBC contact. The response
is, however, somewhat sensitive to the intercolumnar Coulomb
friction coefﬁcient at small values of gap thickness, and to the
ratio d/R of column diameter to impacting sphere. The indentation
map is a convenient means for showing the competition between
deformation mechanisms and for revealing the sequence of active
mechanisms over the impact event.
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