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Abstract

Crack channelling in a brittle, flexural bilayer, composed of a coating adhering to a substrate of
finite thickness, is addressed for the case of a uniform moisture content (or temperature) variation.
The linear remote stress profile may lead to three different fracture mechanisms, which are character-
ized by the degree to which delamination occurs, and whether this delamination is of finite length, or
is unstable and grows without limit. Failure mechanism maps illustrate the dependence of the acting
crack channelling mechanism, and the corresponding critical crack channelling stress, upon the stiff-
ness mismatch between the layers and upon the ratio of interfacial toughness to coating toughness.
Although the results are applicable to bilayers in a wide range of applications, the study focuses on
the prediction of crack channelling in historical paintings. The significance of bending of the bilayer
upon crack channelling is explored by comparing the fracture characteristics of the simply-supported,
flexural bilayer with those of a rigidly supported bilayer that is constrained against bending. These
two bilayer systems are representative of the different framing techniques commonly used for historical
paintings, with the simply-supported bilayer reflecting a regular wooden panel that can bend freely, and
the rigidly supported bilayer characterizing a wooden panel that does not bend as a result of cradle
additions composed of several horizontal members and corresponding orthogonal cross-pieces. Inde-

pendent of the type of framing technique applied, it is shown that crack channelling with delamination
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can be avoided in historical paintings when the delamination toughness exceeds about half of the mode
I toughness of the paint layer. Under these conditions paint flaking does not occur, which preserves
the visual appearance of the painting. The failure maps constructed in this study provide a useful tool
for museum conservators to identify acceptable indoor humidity and temperature variations for which

crack channelling with delamination remains absent in historical paintings.
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1 Introduction

The development of surface cracks in coating-substrate systems by variations in moisture or temperature
play an important role in a wide range of engineering technologies, such as micro-electronics components
[1], thermal barrier coatings [2,3], ceramic multi-layers [4] and road pavements [5]. Due to a difference
in the coefficients of hygral (or thermal) expansion of the coating and substrate, internal stresses can
arise upon moisture (or temperature) fluctuations. The surface cracks that may be generated by these
internal stresses reduce the structural integrity of the bilayer system, and ideally should be avoided.

Surface cracks have also been observed in cultural heritage objects, including historical oak wood
cabinets [6, 7] and historical paintings [8,9]. The present study focuses on the prediction of surface
cracks in historical paintings, as driven by indoor climate variations. Historical paintings are composed
of layer(s) of paint adhering to a canvas or wooden substrate; environmental changes associated with
moisture fluctuations and, to a lesser extent, temperature alterations, may lead to their degradation [10],
whereby a common mechanism observed is crack channelling [11]. This cracking pattern is usually
denoted as craquelure, and has been analysed in a series of studies on panel paintings [12-14].

A channelling crack may deflect at the interface between the paint and the substrate, leading to
interfacial delamination. This failure mode has been identified in several art-works, see e.g., [15, 16],
and its occurrence due to humidity cycles has been recently investigated in [17,18]. Unlimited, unstable
delamination growth at the paint-substrate interface may lead to spallation or flaking of the paint [19,20].
Despite being unsightly, from the practical perspective crack channelling is not considered to be critical by
conservators as long as delamination remains absent. Conversely, channelling cracks with delamination
present require immediate precautionary measures, such as consolidation treatments, before paint loss
occurs and the visual appearance of the historical painting degrades [21]. An illustrative overview of
the three fracture scenarios above is presented in Figure 1, with Figure 1(a) showing a fine network
of channelling cracks at the paint surface, Figure 1(b) illustrating a crack that has locally kinked at

the paint/substrate interface, resulting into two opposite delaminations, and Figure 1(c) displaying a



delaminating crack that grows without limit, thereby inducing paint flaking. From a mechanics point of

Figure 1: Historical paintings showing an overview of typical fracture mechanisms. (a) Girl with a Pearl
Earring, Johannes Vermeer (ca.1665), Mauritshuis, The Hague. Fine network of cracks channelling through
the paint layer. Picture extracted from [22]; (b) Still life with flowers, Anonymous Italian, circa 1850, Oil
on canvas, Private collection. Channelling crack that has kinked at the interface between the substrate and
the paint layer, thereby introducing two opposite delaminations; (c) Anonymous Italian, Oil on canvas,
Private collection. Progressive delamination that has led to flaking of the paint material. Pictures (b) and
(c) are by courtesy of the photographic archive of Matteo Rossi Doria.

view, these three cracking scenarios may be formally denoted as: i) channelling of a mode I crack in the
coating with delamination absent (mechanism 1), see Figure 2(a), ii) channelling of a doubly deflected
crack with finite delamination (mechanism 2), see Figure 2(b), and iii) channelling of a mode I crack
with unlimited delamination in all directions (mechanism 3), see Figure 2(c). The competition between
the three crack channelling mechanisms has been recently explored in [23] by the construction of failure
maps. These failure maps summarize the sensitivity of the active crack channelling mechanism, and
associated channelling stress, to the ratio of coating toughness to interfacial toughness, to the mismatch
in elastic modulus of the layers, and to the mismatch in coefficient of hygral (or thermal) expansion. The
study in [23] was performed on a bilayer that was rigidly supported in order to impose zero curvature on
the system. In this complementary study, the bilayer system is allowed to bend by modelling the substrate
as simply-supported. These two types of support are representative of the different framing techniques
used for historical paintings, with the simply-supported bilayer reflecting a regular wooden panel for
which out-of-plane bending occurs freely, see Figure 3(a), and the rigidly supported bilayer characterizing

a wooden panel that is constrained against out-of-plane bending by cradle additions composed of several
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Figure 2: Three possible crack channelling mechanisms for a coating-substrate system consisting of two
dissimilar, isotropic hygro-elastic materials and subjected to a uniform change in moisture content. (a)
Mechanism 1: Channelling of a mode I crack in the coating with delamination absent; (b) Mechanism
2: Channelling of a deflected crack with finite delamination length; (¢) Mechanism 3: Channelling of a
mode I crack with unlimited delamination in all directions.

horizontal members and corresponding orthogonal cross-pieces, see Figure 3(b).

In the present study, the aim is to investigate how bending of the bilayer influences the competition
between the moisture-induced crack channelling mechanisms sketched in Figure 2, and to determine the
critical channelling stress. For this purpose, a brittle crack is analysed that channels in a simply-supported
bilayer under a uniform moisture variation. The moisture variation originates from a relative humidity
fluctuation, whereby water diffusion is taken to be in steady state, so that time transients do not play a
role. As described above, the mode I crack channelling in the coating may kink at the coating-substrate
interface into two opposite delaminations of equal length, which results in the doubly deflected crack as
depicted in Figure 4. The delamination length can, in principle, exist over the full range of zero to infinity,
so that this configuration is representative of all three crack channelling mechanisms that are sketched in
Figure 2. The 3D crack channelling mechanisms are investigated by making appropriate use of 2D finite
element method results for steady-state crack channelling and plane-strain delamination. The modelling
strategy departs from the framework proposed in [23] for the case of moisture-induced channelling
cracks in a bilayer that is fully constrained against bending. Comparable modelling strategies have been
developed for the analysis of microbuckle tunnelling in fibre composites [25] and crack tunnelling in

layered solids [26-28]. The coating and substrate are assumed to be isotropic, linear elastic solids of
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(a) Simply-supported wooden panel painting (b) Rigidly supported wooden panel painting

Figure 3: Back view of two panel paintings illustrating different framing techniques. (a) Regular wooden
panel (picture courtesy of Paul van Duin). This type of panel painting allows for out-of-plane bending,
and may be termed simply-supported. (b) Wooden panel restrained by cradle additions composed of
several horizontal members and corresponding orthogonal cross-pieces [24]. This type of panel painting
is constrained against out-of-plane bending, and may be termed rigidly supported.
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Figure 4: A doubly deflected crack in a brittle elastic coating bonded to an elastic substrate of finite
thickness. The crack is generated under a uniform moisture content variation.

differing hygroscopic and stiffness properties. The assumption of elastic isotropy is realistic for the paint
material. For an orthotropic substrate made of canvas or wood, this modelling assumption is reasonable
if the Young’s modulus of the isotropic elastic solid is set equal to the orthotropic stiffness in the direction

of the crack face normal [6].



The critical remote stress for steady-state crack channelling is determined from a plane-strain elas-
ticity solution of a doubly deflected crack, whereby the difference in the elastic strain energy upstream
and downstream of the channelling crack front is equated to the work of fracture of the doubly deflected
crack [25,27-30]. The delamination toughness is assumed to be constant and independent of the mode-
mixity; this assumption is acceptable since the mode-mixity reaches a steady-state value at relatively short
delamination lengths for any of the configurations analysed. The numerical results are reduced to failure
mechanism maps, which illustrate the operating crack channelling mechanism and the corresponding
critical channelling stress as a function of the ratio between the interfacial toughness and mode I tough-
ness of the coating, and the stiffness mismatch between the layers. A comparison of the results for the
simply-supported, flexural bilayer with those presented in [23] for a bilayer constrained against bending
subsequently reveals the role of bending of the bilayer upon the operating crack channelling mechanism.

The analyses discussed in this work refer to a bilayer subjected to a moisture content variation, but,
due to the analogy between moisture diffusion and thermal conduction processes, the results can be di-
rectly applied to channelling cracks under thermal fluctuations. In addition, as argued in [23], the surface
cracks observed in historical paintings may be treated as isolated defects, since the crack spacing typically
exceeds the paint thickness by an order of magnitude, such that interactions become negligible. Although
the present study has been inspired by observations of crack formation in historical paintings, the results
can be used more generally for applications in which a flexural bilayer may experience channelling cracks
under moisture (or temperature) variations.

The paper is organized as follows. The definition of the problem and the governing equations for
steady-state crack channelling and plane-strain delamination are presented in Section 2. Section 3
presents the numerical results for crack channelling in a flexural bilayer for which the substrate is of
thickness ten times larger that of the coating, since this is representative of historical paintings. Fracture
mechanism maps are constructed, and the significance of bending upon the fracture response is deter-
mined by comparing the fracture characteristics to those of a bilayer constrained against bending. The

main conclusions are reported in Section 4.

2 Problem definition

2.1 Crack geometry and remote layer stresses

Consider a simply-supported bilayer composed of a coating of thickness h; bonded to a substrate of
thickness hs, such that the total height equals i = h; + ho, see Figure 5. The coating and substrate

are isotropic hygro-elastic materials, with Young’s moduli F; and F,, Poisson’s ratios v; and v, and



hygroscopic coefficients 3, and /3., respectively. The system is subjected to plane-strain conditions, and

experiences a steady-state hygroscopic loading represented by a uniform' moisture content variation
across the thickness, Am(y) = Am.

As illustrated in Figure 5, the moisture content variation may induce tensile stresses in the coating,
potentially leading to the growth of a crack-like flaw across the coating thickness that subsequently
bifurcates along the coating-substrate interface into two delaminations of length ¢. The development
of the crack and the bending deformation of the bilayer system are described by adopting a Cartesian
coordinate system (x, y), with the x—axis located at the interface between the coating and the substrate,
and the y—axis coincident with the end faces of the through-crack in the coating, see Figure 5.

The upstream remote, moisture-induced stresses o,, in the coating and substrate are represented

by o1(z — oo,y) = 07°(y) and oa(r — ©0,y)

05°(y), respectively. These stresses can be obtained
in closed form by assuming vanishing net force and vanishing net moment across the intact, upstream

cross-section, in combination with the compatibility conditions for a coherent coating-substrate interface

and the hygro-elastic constitutive laws for the coating and substrate, see Appendix A. Accordingly, the

upstream remote stresses in the coating and substrate can be written as
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Figure 5: Plane-strain cracking in a bilayer system. Doubly deflected crack at the interface between the
coating and substrate due to a uniform change Am in moisture content. The bilayer is simply-supported
and therefore can bend in-plane. The remote stress profile upstream from the delamination tip depends
on the system, the moisture content variation, and the mismatch in hygro-mechanical properties of the
individual layers.

oi*(y) = o <1y) ;
' hé 1)
o3(y) = 02 (1 - y) ;

'In [23], the fracture response was studied under uniform and linear moisture content profiles. In the present work, however,
the bilayer system is only exposed to a uniform moisture content profile. As demonstrated in [23], the fracture responses under
uniform and linear moisture profiles are significantly different only when the coating and substrate have a comparable thickness,

i.e., ha/h1 < 5; for bilayer systems with a substrate of moderate to large relative thickness, ha/h1 > 5, the fracture responses
under uniform and linear moisture profiles are almost the same.



where
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with E; = E; /(1 —v2) and j3; = 3;(1 + v;) the plane-strain elastic modulus and hygroscopic coefficient of
layer i, respectively, where : = 1 denotes the coating and ¢ = 2 designates the substrate, and the factor w

is given by
= Elh:f + 3E2h%h1 + 4E’2hg
 Eoh3 +3E1h3hy +4E1 B3
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Despite the fact that the applied moisture content variation is uniform, the bilayer bends (with a finite
curvature) and a linear stress distribution develops across the thickness of each layer, see Equation (1).

The remote stress o5° in the coating, normalized by E) 3, A, is plotted as a function of the relative
thickness ho/h, of the bilayer system in Figure 6, with the stress (1); evaluated at the interface between
the two layers, 0$°(0) = 1, and at the top surface of the coating, o°(h1) = 51(1 — h1/(h¢1)). The
remote stresses are shown for three selected values of stiffness mismatch, E»/E; = [0.1,1,10], and two
hygroscopic coefficient mismatches, 3,/3; = 0.1 see Figure 6(a), and (3,/3; = 10 see Figure 6(b). Figure
6(a) shows that both the interface stress 0$°(0) and the top surface stress 0$°(h;) asymptote to the same
compressive stress value with increasing hs/h1, and this asymptotic state is independent of the stiffness
mismatch E,/E;. The stress at the interface, 0$°(0), is unconditionally compressive. Conversely, for
stiffness mismatches in the range 0.1 < Ey/E; < 1, the stress at the top surface, o3°(h; ), is tensile, when
the relative thickness hy/h; is lower than a transition value that depends upon FEy/E;; this is discussed
in more detail below. The trends in Figure 6(b) for 35/3; = 10, are the same as for 5,/ = 0.1 in Figure
6(a), but with the stress values opposite in sign. Note that the above discussion relates to the case of
hygroscopic swelling, which corresponds to a positive moisture content change, A7 > 0. For hygroscopic
shrinkage, corresponding to a negative moisture content variation, Am < 0, the stress o§° changes sign,
whereby “tension” and “compression” in the discussion above are interchanged. In summary, the coating
may experience either a compressive or a tensile stress o,,, depending on the applied moisture profile,
stiffness mismatch, hygroscopic coefficient mismatch and relative substrate thickness.

It is instructive to evaluate the circumstances under which o{°(y) > 0 through the coating, as a tensile

stress state promotes crack channelling in the coating. In order for 0{°(y) > 0 for 0 < y < h;, equation
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Figure 6: Stress state in the coating, equation (1);. Stress value ¢{°(0) = &, at the interface between the
two layers, and stress value 0°(h1) = 31(1 — h1/(h(1)) at the top surface of the coating, as a function
of the relative substrate thickness hy/hy, for a hygroscopic coefficient mismatch (a) 32/3; = 0.1 and (b)
B2/B1 = 10. Provided that &, > 0, crack channelling can be activated for a relative substrate thickness
ha/hy > 5.8 for Ey/E; = 0.1 and hy/hy > 2.0 for Ey/E; = 1 (as indicated by the dot markers); for
FE,/E, = 10, crack channelling may occur for arbitrary values of the relative thickness hy/h;.

(1); demands that

a1 >0,

y @
j f <y <hi.

hC1>O or 0<y<m

In the case of hygroscopic swelling, Am > 0, condition (4); is met for a hygroscopic coefficient mismatch
B2/B1 > 1, independent of the values of the stiffness mismatch and the relative substrate thickness upon
examination of relation (2);. In contrast, in the case of hygroscopic shrinkage, Am < 0, the stress in
the coating is tensile if 5,/3; < 1. Furthermore, condition (4), is met through the coating when it is
satisfied at the most critical location, i.e., at the top surface of the coating y = h;. Note from equation
(2)2 that condition (4), only depends on the elastic and geometrical properties of the bilayer system, and
is independent of the hygroscopic coefficient mismatch and the applied moisture content.

The geometrical and material characteristics of the bilayer systems analysed in Section 3 are selected
such that the conditions demanded by equation (4) are satisfied. Specifically, the stiffness mismatches
between the coating and substrate are taken as Fy/E; = [0.1,0.3,1,3,10], and the Poisson’s ratios of
the coating and substrate are assumed to be equal, with 1; = vy = 0.3. In addition, the values for the
relative layer thickness ho/h; are selected such that condition (4), is satisfied at y = h;. As indicated in
Figure 6 by the dots, the transition value for hy/h; above which equation (4), is met may depend on the
specific value of the stiffness ratio E,/E;: for Ey/E; = 0.1 and E,/E; = 1, the minimal relative layer

thicknesses required for satisfying condition (4); are ho/h; = 5.8 and hy/hy = 2, respectively. For the



highest value of the stiffness mismatch, E,/E; = 10, condition (4), holds for any value of the relative
thickness ratio hq/hi. In summary, for the selection of stiffness mismatches indicated above, condition

(4)1 is unconditionally satisfied when the relative thickness ratio ho/hy > 5.8.

2.2 Steady-state crack channelling with a finite delamination length

The moisture-induced crack channelling mechanisms presented in Figure 2 can be described from the
governing equations for the problems of steady-state crack channelling and plane-strain delamination,
which can be derived following the framework presented in [23]. This framework is similar to that
established for the analysis of microbuckle tunnelling in fibre composites [25] and for studying crack
tunnelling in layered solids [26-28]. The channelling crack in Figure 5 is assumed to have nucleated
from an initial crack-like flaw in the coating, and grows as a result of the moisture-induced remote
tensile stress o°(y) given by equation (1),. During steady-state channelling in the out-of-plane direction
of the crack, the channelling front has a constant shape, and the energy release rate does not change
with the length of the channelling crack. The energy released per unit advance of channelling crack is
obtained from the drop in elastic strain energy AW upstream and downstream of the crack channelling
front [23,25,27-30]; this drop equals the difference between the strain energy stored in an uncracked
plane-strain solid and in a cracked plane-strain solid. For the channelling crack with a finite delamination

length as illustrated in Figure 5, this energy difference is equal to

1

h1
AW =3 [ oy )

where §(y) is the relative displacement of the mode I crack faces. Inserting the stress distribution (1),

into equation (5) leads to
1 -
AW = 50’15}11 5 (6)

where ; is the remote coating stress given by equation (2); and ¢ is the average opening displacement

across the mode I crack faces, weighted by the factor 1 — y/(h(¢1 ), such that

- 1 hy y

Based on dimensional considerations, the average displacement ¢ defined in expression (7) can be written

as

10
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where f is a dimensionless function that depends on the aspect ratio of the crack ¢/h, the stiffness
mismatch E/FE; and the hygroscopic coefficient mismatch 35/3;. Upon substituting equation (8) into
equation (6), the energy drop per unit crack length AW reads
a2 ¢ FEy 3
AW = —Lp2r| = 22 22
v 2E, 1f<h17E1’61 ©
Since the elastic energy drop AW represents the energy released to form a mode I crack of length h; in

the coating and two delaminating cracks of length /¢ at the interface, the average energy release rate G,

per unit advance of a channelling crack is obtained from AW as [23,25,27-30]

AW
Ge = hi+20°

(10)

Now, write I'; as the mode I toughness of the coating and I'; as the interfacial delamination toughness.
Then, the doubly deflected crack can channel if the energy drop AW is equal to the work of fracture,

which, with equation (10), is expressed by
AW = G.(hy +20) =T 1hy + 240 . an

The remote coating stress for steady-state channelling, 54 = ., follows by inserting equation (11)

into equation (9), to give
2F (Trhy + 2T40)

Oc = (h%f(f/hl,EQ/El,Bz/gl)) (12)

2.3 Plane-strain crack with a finite delamination length

In the analysis of crack channelling with a finite delamination length, it is necessary to also consider the
case of a plane-strain crack across the thickness of the coating with delamination from the crack tip, see
Figure 5. For the cracked geometry in Figure 5, the energy release rate for interfacial delamination can

be expressed in terms of the energy drop AW as given by relation (5), such that

1 0AW

Ga=5—77 13

Here, the factor of 2 relates to the number of delamination tips. In accordance with Griffith’s crite-

rion, delamination occurs when the energy release rate GG; equals the delamination toughness I'; at the

11



appropriate mode-mix ¥(l), i.e.,

Ga=Ta(¥(0)), (14)

with [ as a reference length that corresponds to the distance ahead of the crack tip at which the mode-
mix is evaluated. In order to further specify the function ¥({), consider an interfacial crack between
two dissimilar materials, for which the singular stress field at the tip of an interfacial crack is described
by a complex stress intensity factor K = K; + iK,, where i = /—1 and K, K, are the real and the
imaginary parts, respectively, of the stress intensity factor. Following the definition provided in [31,32],
in the asymptotic limit the singular normal o, and shear o, stress components at a distance r directly
ahead of the tip are given by
K

Oyy + Zomy = %7’“ s (15)

where 7 = e’"" = cos(elnr) + i sin(elnr), and ¢ is the oscillatory index defined as

1 1-B

Here, B is the second Dundur’s elasticity parameter [33]

(1 — 21/2)/G2 — (1 — 21/1)/01

1
B = TG (L= /G

(17)

with G; = E;/(2(1 + v;)) the shear modulus of material j € {1,2}. The classical definition of the phase
angle ¥ characterizing the mode-mix equals the ratio between the shear stress and the normal stress on
the crack plane immediately ahead of the crack tip. As a consequence of the oscillatory behaviour of
the stress field at a bi-material interface this ratio is dependent on the distance r ahead of the crack tip,
and thus should be evaluated at an arbitrary, but specified, reference length [, ahead of the crack tip.

Accordingly, the classical definition of the mode-mix needs to be extended to the form [32]

tan(¥) = 2 ) _ - (18)

The choice of [ has only a minor influence on the value of the phase angle ¥ for common values of the
oscillatory index |e| < I [32].
Now consider the energy drop AW, as defined by expression (9). Upon inserting (9) into (13), the

energy release rate G, per unit advance of delamination follows as

Ga

- Lo 19
hi" Ev" B (19

_lﬁAW(; ih ¢ Ey B
T2 ot 4E, " ’
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where f’ is the partial derivative f* = 0f/9¢. The remote coating stress for plane-strain delamination,

o1 = dg, is calculated by combining equations (19) and (14), giving

_ 4E4Ty :
= — < . 20
7d <h1f’(£/h1,E2/E1752/51)> (20)
3 Results

Crack channelling and plane-strain delamination are studied for a simply-supported bilayer system in
which the coating and the substrate are characterized by a thickness ratio hy/h; = 10. In accordance
with the discussion presented in Section 2.1, this thickness ratio guarantees that a tensile remote stress
throughout the coating, and consequently one of the crack channelling mechanisms as sketched in Figure
2, may be activated. Furthermore, the choice of hy/h; = 10 ensures that the numerical results of the
bilayer system can be compared directly with those presented in [23] for a system that is fully constrained

against bending, i.e., a bilayer with a rigidly supported substrate, recall Figures 3(a) and 3(b).

3.1 Finite element model

The Finite Element Method (FEM) is used to analyse the cracked configuration of Figure 5; for conve-
nience, the commercial finite element program ABAQUS Standard® has been used. The degree of symme-
try of the configuration is such that only half of the bilayer system needs to be modelled. Horizontal roller
supports are applied over the height of the substrate and at its mid-length to impose the symmetry. In
addition, a vertical roller support, applied at the lower right corner of the substrate, prevents rigid body
motion and yet allows for in-plane extension/contraction and bending of the system under the applied
moisture content variation. The bilayer is taken to be sufficiently long, i.e., 200k, for end effects to be
negligible. The fracture response is computed for delamination lengths in the range ¢/h; € [0.05, 20].
For each delamination length, a different finite element mesh was employed. The finite element config-
urations contain 4816 to 14075 plane-strain 8-node quadratic iso-parametric elements, equipped with a
3 x 3 Gauss quadrature. A preliminary mesh refinement study confirmed that the chosen meshes lead
to converged numerical results. At the delamination tip, the square root singularity of the stress field is
simulated by moving the mid-side nodes on the crack faces to the 1/4 point nearest to the crack tip. In
addition, for each tip element, three neighbouring nodes are collapsed to the crack tip.

As already discussed in Section 2.1, the elastic mismatch between the coating and the substrate is

selected as Ey/E; = [0.1,0.3, 1,3, 10], and the Poisson’s ratios of the two layers are taken to be v; = vy =

Dassault Systems Simulia Corp, Providence, RI, U.S.A.
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0.3. The hygroscopic coefficient mismatch is chosen such that 3, > 3;, for which the fracture condition
(4) is met if the uniform moisture content applied is positive, Am > 0, and of sufficient magnitude. The
moisture-induced remote stresses for steady-state crack channelling and plane-strain delamination, as
given by equations (12) and (20), are determined from the FEM results in accordance with the following
procedure.
i) Critical remote stress for steady-state crack channelling: The opening displacement é(y) of the crack faces
in the coating is extracted from the FEM simulations, and is used to compute the average crack opening
displacement § via relation (7), along with its non-dimensional value f via equation (8). The function f
is subsequently used to compute the remote stress 7. for crack channelling by means of equation (12).
ii) Critical remote stress for plane-strain delamination: The numerical simulations provide the value of the
path-independent J-integral. For a brittle elastic material, the J-integral equals the energy release rate
per unit advance of delamination G4 at the delamination tip, i.e., G4 = J [34]. The energy release rate
is used to compute the derivative f’ through relation (19), which serves as input for the computation of
the remote stress 4 for plane-strain delamination via equation (20).

The analysis results will be presented by using appropriate dimensionless parameters. Accordingly,
the results for the stresses for steady-state crack channelling and plane-strain delamination are applicable

for arbitrary values of the hygroscopic coefficient mismatch (5 / ;.

3.2 Crack channelling in a simply-supported bilayer

The three crack channelling scenarios depicted in Figure 2 will be first analysed for the flexural, simply-
supported bilayer depicted in Figure 5, followed by a comparison of the results with those presented
in [23] for a bilayer that is fully constrained against bending, recall Figures 3(a) and 3(b). For all
stiffness mismatches considered, the mode-mix computed for the flexural bilayer attains a steady-state
value when the delamination length [ approaches the coating thickness h;, with the mode II contribution
being slightly more dominant than the mode I contribution. Since the trend is comparable to that of
the bilayer constrained against bending, see [23], it will not be displayed here. It follows that, for the
calculation of the remote crack channelling stress via equation (12), and of the delamination stress via

equation (20), it is reasonable to assume that the delamination toughness I'; is constant.

3.2.1 Failure mechanisms

The steady-state crack channelling stress 7. and plane-strain delamination stress 4 are illustrated in
Figures 7(a), (b) and (c) as a function of delamination length ¢/h, for stiffness mismatches F,/E; = 0.1,

Ey/E; = 1 and F,/E; = 10, respectively. The crack channelling stress .. is calculated as a function
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of delamination length ¢/h; from equation (12), and is illustrated by the blue lines for a selection of
toughness mismatches I';/T'; = [0.05,0.1,0.2,0.5,1, 10]. The delamination stress 5, follows from equa-
tion (20) and is designated by the orange line. The crack channelling and delamination stresses are
plotted in dimensionless form by applying a normalization by the factor \/(E1Ty)/h1; hence, a crack
channelling stress 7. related to a larger toughness ratio I'; /T’ corresponds to a smaller mode I toughness
of the coating material. The steady-state stress 5, to which the 5.(¢/h1) and 54(¢/h1) curves converge
under increasing delamination is obtained analytically, by computing the steady-state energy release rate
Gss = G4(¢/hy — o0) from the difference in elastic strain energy upstream and downstream of the
delamination tip, and equating the result to the delamination toughness I';, see Appendix B for more

details. This leads to the expression

Nl

- _ 1 hi h? s B by ha h3
o= (2E,T)2 [y |1 = 22 e , 21
Gss = (2E1Tq) 1 <1h+3<12h2+“ 5 +C2h+3422h2 21

with the parameters (;, (> and w given by equations (2)2, (2)4 and (3), respectively.

In correspondence with the procedure described in [23,25-28], the results in Figure 7 allow for an
identification of the three crack channelling scenarios sketched in Figure 2 as a function of the toughness
ratio I'y/T'; and the stiffness mismatch E,/FE;. Consider first Figure 7(a), which presents the 5.(¢/h;)
and 74(¢/hy) curves for a stiffness mismatch E,/E; = 0.1. The delamination stress &, follows a mono-
tonically rising branch (R-curve behaviour) that approaches the value of the steady-state stress 7 at
large delamination lengths. Since stable plane-strain delamination is defined by an increasing stress 74
versus delamination length ¢/h,, channelling of a doubly deflected crack with finite delamination corre-
sponds to a crack channelling curve intersecting with the rising branch of the delamination curve, which
occurs for toughness ratios in the range 0.25 < I';/T'; < 1.0. Note that the value of the crack channelling
stress at the intersection between the 6.(¢/h,) curve and the 5,(¢/h,) curves represents a minimum of
the 6.(¢/h1) curve. This can be verified by applying the condition d5./9¢ = 0 to expression (12) for the
crack channelling stress, which leads to . i, = 04, with G4 given by equation (20). At the intersection
point between the two curves the corresponding delamination length ¢/h; can be read off from the hori-
zontal axis of Figure 7(a). In Figure 2 the fracture scenario described above is denoted as mechanism 2.
Conversely, for relatively small toughness ratios I';/I'; < 0.25, the crack channelling stress 6. decreases
monotonically under increasing delamination ¢/h,. In this case the critical, minimum crack channelling
stress coincides with the steady-state value at infinite delamination length, &, ,in = G.(¢/h — 00) = Gs.
Accordingly, crack channelling is characterized by unlimited delamination growth in all directions, in

correspondence with mechanism 3 illustrated in Figure 2. Finally, for I';/T'; > 1.0 the crack channelling
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curve &.(¢/hy) in Figure 7(a) falls completely below the delamination curve 4(¢/h1), as a result of which
there are no intersection points between the two curves. Consequently, for I';/I'; > 1.0 delamination re-
mains absent during crack channelling, which is consistent with the observation that the minimum value
of the crack channelling curve here occurs at zero delamination, ¢/h; = 0, see Figure 7(a). In Figure 2
this fracture scenario is referred to as mechanism 1.

In summary, from the numerical results presented in Figure 7(a) it can be concluded that crack chan-
nelling with delamination absent (mechanism 1) operates for toughness ratios in the range I'y/T'; >
1.0, crack channelling with finite delamination (mechanism 2) is active for 0.25 < I';/T'; < 1.0, and
crack channelling with unlimited delamination growth in all directions (mechanism 3) is operational for
I'y/Tr < 0.25. From the value of the minimum crack channelling stress in the coating, 51 = G min,
the critical value of the corresponding moisture content variation can be straightforwardly computed via
equation (2);.

Consider now Figure 7(b), which reflects a bilayer system with a stiffness mismatch E, /El = 1.
Note that the crack channelling and delamination curves are qualitatively similar to those presented in
Figure 7(a) for Fy/E; = 0.1. Mechanism 1, 2 and 3 are active for the respective regimes I'y/T'; > 0.44 ,
0.32 < I'y/T'; < 0.44 and T'y/T'; < 0.32.

For the choice of stiffness mismatch E,/E; = 10, see Figure 7(c), the delamination curve does not
contain an obvious rising part and is approximately horizontal, indicating that mechanism 2 does not
occur. Instead, for toughness ratios I';/T'; < 0.43 mechanism 3 is operational, while mechanism 1 is

active when I'y/T'; > 0.43.

3.2.2 Failure mechanism map

From the identification of the three crack channelling mechanisms as described in Section 3.2.1 above,
a failure mechanism map can be constructed in which the minimum crack channelling stress & mn iS
plotted as a function of the toughness ratio I'y/T'; for a selection of stiffness mismatches E,/E;, see
Figure 8. This failure map provides the critical crack channelling stress given the values of the toughness
ratio I'y/T'; and the elastic stiffness mismatch E,/E;. The three failure mechanisms are characterized by
the regions defined by the dotted orange lines. It can be observed that mechanism 3 is active, independent
of the value of stiffness mismatch, when the toughness ratio is relatively low, i.e., I';/I'; < 0.25. Under
increasing toughness ratio mechanism 3 is replaced by mechanism 2; the transition between these two
failure mechanisms occurs at a slightly larger toughness ratio I';/T'; if the stiffness ratio E,/E; is higher.
Note that, for a very high stiffness ratio Ey/E; > 10, mechanism 2 is never active, and under increasing

I'q/T'; mechanism 3 switches directly to mechanism 1. For Ey/E; < 10, mechanism 2 is active for an
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Figure 7: Crack channelling and plane-strain delamination in a simply-supported bilayer with hy/h; =
10. Remote stress ; versus delamination length ¢/h; for a stiffness mismatch (a) E./E; = 0.1, (b)
Ey/E, = 1 and (c) Ey/E, = 10. The blue lines refer to the crack channelling stress &, = &., equation
(12), for selected toughness ratios I';/T';. The orange line represents the plane-strain delamination stress
01 = 04, equation (20). The depicted steady-state value &, is calculated with equation (21). The results
are independent of the mismatch in the coefficient of hygral expansion, 3;//;.

intermediate range of toughness ratios.

The failure map illustrated in Figure 8 provides a practical tool for determining the fracture suscep-
tibility of historical paintings under indoor climate conditions typically maintained in museums. As an
example, consider the panel painting configuration studied in [35], which is composed of a lime wood
(Tilia species) support and a pictorial layer based on a preparatory ground layer of gesso. Gesso is
made of chalk and behaves relatively brittle, by which the pictorial layer is vulnerable to cracking. Since
the hygral expansion coefficient of gesso is two orders of magnitude smaller than that of lime wood,

B2/B1 >> 1 [13,35], cracking may occur if the moisture content variation is positive, A > 0. In his-
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Figure 8: Failure mechanism map for a simply-supported bilayer with hy/hy = 10. Minimum channelling
Stress G..min versus fracture toughness ratio I'y/T'; for a broad selection of stiffness mismatches Ey/F);.
The dotted orange lines define the regions corresponding to the three failure mechanisms presented in
Figure 2. The results are independent of the mismatch in coefficient of hygral expansion, 85 /0;.

torical oil paintings the thickness ratio hy/h; between the support and the pictorial layer typically ranges
between 5 and 40 [35, 36], so that the value of hy/h; = 10 selected for constructing the failure map
in Figure 8 may be considered as representative. Using the experimental values of material parameters
as reported in [35], crack channelling is first considered with respect to the tangential material direc-
tion of lime wood, with the stiffness equal to Fr = 480 MPa, and the value of the Poisson’s ratio as
vrr = 0.346. With these values, the “equivalent isotropic” plane-strain stiffness of lime wood becomes
Ey = 480/(1 — 0.4362) = 545 MPa * Additionally, for the gesso the Young’s modulus measured at 50% rel-
ative humidity (which is representative of the indoor climate conditions applied in museums [7]) equals
7000 MPa, and the Poisson’s ratio is v = 0.2, leading to £y = 7000/(1 — 0.22) = 7292 MPa, and thereby
to a stiffness mismatch E,/FE; =~ 0.1. The mode I fracture toughness of the gesso reported in [35] was
measured from a mode I splitting test on a double cantilever beam specimen composed of a gesso layer
sandwiched between two lime wood layers, and equals I'; = 100 N/m. The delamination toughness
measured from the same test turned out to have a similar value, I'y = 100 N/m. Although the delamina-
tion toughness under the mixed-mode loading conditions representative of crack channelling in a panel
painting (see Section 3.2) may be expected to be somewhat larger than the above mode I delamina-
tion toughness, as a working assumption the conservative mode I value for the delamination toughness is
adopted here, resulting in a toughness ratio I';/T'; = 1. The failure mechanism map in Figure 8 illustrates
that for the present stiffness and toughness ratios the occurrence of crack channelling in a panel painting

is characterized by a transition state from mechanism 1 to mechanism 2. Hence, it can be concluded

3The plain-strain stiffness moduli 1 and FE selected for computing the results in Figure 8 are based on Poisson’s ratios
v1 = vg = 0.3. Since the specific value of the Poisson’s ratio of a layer may be expected to have a minor influence on the
computational results, the failure map in Figure 8 is applicable for bilayers with arbitrary Poisson’s ratios.
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that the channelling crack propagates without delamination, but that a slight decrease in the toughness
ratio will immediately lead to the activation of delamination with a constant length. The corresponding
minimum channelling stress can be read off from Figure 8 as d. in = 0.45\/m which, with the
above-mentioned stiffness and toughness values and the thickness of the gesso layer as 4; = 1 mm, results
in 6¢min = 12.2 MPa. With the thickness of the lime wood support as hy = 10h; = 10 mm, insertion of
the value for the minimum tunnelling stress into equation (2); gives (32 — 31)Am = 8.3 x 1073, Although
this result refers to hygroscopic expansion in terms of a moisture content variation Am, it may be alter-
natively expressed in terms of a relative humidity variation ARH as (85 — 37)ARH = 8.3 x 1073, with
Bt and j35 the hygroscopic coefficients of the painting and substrate per % of relative humidity change.
Inserting the values reported for gesso, 37 = 3.2 x 10~¢ [13], and lime wood (in the tangential material
direction), 55 = 4.7 x 10—% [35], into this expression leads to a critical relative humidity variation for
progressive crack channelling of ARH = 17.8%.

As a next step, crack channelling is considered with respect to the radial material direction of lime
wood. Adopting the stiffness parameters EFr = 875 MPa, vrr = 0.631, and a hygroscopic coefficient
B3 = 3.0 x 10~* reported in [35], an analysis similar to the one presented above can be performed.
Accordingly, in the radial material direction the stiffness mismatch obtains a two times higher value
than in tangential material direction, E,/FE; = 0.2, which, in accordance with Figure 8, corresponds to
a somewhat higher critical stress of ¢ in = 0.5 (EiT'7)/hy = 13.6 MPa for crack channelling under
mechanism 1. However, due to the relatively low value of the hygroscopic coefficient in the radial material
direction, from equation (2); the critical relative humidity variation required for generating a progressive
channelling crack appears to be lower, i.e., ARH = 12.5%, and therefore is more critical than the value
computed above for the tangential material direction.

The practical example above shows that for an orthotropic substrate material it is necessary to de-
termine the critical relative humidity change for crack channelling from analyses in the two separate
in-plane material directions. Note further that the value of ARH = 12.5% lies well above the maximal
allowable relative humidity variation of ARH™** = 5% applied in the larger international museums for

the preservation of their art collection [7], and thus is on the safe side.

3.3 Effect of bending of the bilayer on crack channelling

The effect of bending of the bilayer on crack channelling is studied by comparing the fracture characteris-
tics of the present, simply-supported bilayer, which undergoes bending, with that of the rigidly supported

bilayer analysed in [23], which is constrained against bending, recall Figures 3(a) and 3(b), respectively.
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3.3.1 Steady-state delamination (mechanism 3)

The influence of bending of the bilayer on crack channelling is first demonstrated by considering the stress
7ss for unlimited, steady-state delamination. As explained in Section 3.2.1, the steady-state delamination
stress acts as the minimum crack channelling stress for mechanism 3 depicted in Figure 2. The steady-
state delamination stress for a flexural bilayer is given by expression (21), while for a bilayer without

bending it reads [23]

Nl

14 Biln
Eohy

Nl=

Goo = (2E:T)* | by (22)

Note that the critical remote coating stresses (22) and (21) are independent of the hygroscopic coefficient
mismatch 5, / B1. The steady-state stresses (21) and (22) are plotted in Figure 9 as a function the relative
layer thickness ho/h; for a selection of stiffness mismatches E,/E; = [0.1,1,10]. For the system without
bending, the imposed uniform moisture content variation generates a constant remote stress in the coat-
ing [23]. Accordingly, the only requirement that needs to be satisfied for activating crack channelling is
that this remote stress is tensile, i.e., condition (4); must be met. Hence, as indicated by the blue lines,
the steady-state delamination stress (22) is plotted along the complete range of relative layer thicknesses
ha/hy considered in Figure 9. For the flexural bilayer, however, the imposed uniform moisture content
variation generates a linear remote stress profile across the coating thickness, see equation (1);. Con-
sequently, to guarantee that crack channelling can occur, both the conditions (4); and (4), need to be
satisfied. Since the latter condition is dependent on the stiffness mismatch F,/FE; and the relative layer
thickness ho/h, the steady-state delamination stress (21) is only valid for a limited range of relative
layer thicknesses ho/h; that depends on the value of the stiffness mismatch F,/FE;, see the orange lines
in Figure 9.

It can be further noted from Figure 9 that a higher stiffness ratio E,/E; leads to a higher steady-state
delamination stress 7,5, both for the bilayer without bending and the flexural bilayer. Further, under an
increasing relative layer thickness hy/h; the steady-state delamination stresses of the two bilayer systems
asymptotically converge to the same stress value G45(ha/h1 — 00) = \/m , which is independent
of the stiffness mismatch E,/FE;. This behaviour is consistent with the feature that the bending contri-
bution to the fracture response decreases to zero when the substrate thickness tends to infinity. Note,
however, that the shapes of the 745(ha/h;1) curves of the two bilayer systems are different: for the sys-
tem without bending the curve is characterised by a monotonic increase towards the asymptotic stress
value as mentioned above, while, for the flexural bilayer, the curve first decreases to a minimum, and

subsequently increases towards the asymptotic stress value. As a consequence, for a bilayer characterized
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by a relatively thin (thick) substrate the steady-state delamination stress in the case of bending is larger

(smaller) than in the case of no bending.
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Figure 9: Steady-state stress 7.5 for plane-strain delamination as a function of the relative substrate
thickness ho/h, for bilayer systems with bending (orange lines), equation (21) and without bending (blue
lines), equation (22). The results are plotted for a broad selection of stiffness mismatches Ey/E;, and
are independent of the mismatch in coefficient of hygral expansion, (32/f;.

3.3.2 Failure maps for bilayers with and without bending

Figure 10 summarizes the regimes of crack channelling mechanisms of the bilayer as a function of the
elastic stiffness mismatch F,/E; and toughness ratio I';/T;. The orange dotted lines delineate the
regimes for the flexural bilayer system, which have been constructed based on the results presented
in Figure 8. The blue dashed lines characterize the fracture regions for the bilayer system without bend-
ing; these results have been taken from [23]. In broad terms, the active regime of mechanism 2 exists
at lower toughness mismatch values I';/T'; for the bilayer that is constrained against bending. Note
also that at large stiffness ratios Ey/FE; > 3 the toughness mismatch range for which mechanism 2 is
operational becomes relatively small. Independent of the type of substrate support, for a wide range of
stiffness mismatches Ey/E; > 0.5 crack channelling with delamination is prevented when the delami-
nation toughness exceeds half of the mode I toughness of the coating. This result serves as a general,
practical guideline for the prevention of paint delamination in historical paintings.

It is also instructive to display the minimum stresses for mechanisms 1 and 3 as a function of the
stiffness mismatch E,/FE; for bilayer systems with and without bending, see Figure 11. The minimum
crack channelling stress &, ., is normalized by the factor \/m, with I'. = I'; in the case of
mechanism 1 (indicated by the solid lines) and I'. = T'; in the case of mechanism 3 (indicated by the

dashed lines). Figure 11 may serve as a design graph provided the failure mechanism is known. For the
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Figure 10: Possible failure mechanisms (depicted in Figure 2) as a function of the elastic mismatch
Ey/E; and toughness ratio I'y/T'; for bilayer systems with bending (orange dotted lines) and without
bending (blue dashed lines). The results are computed for a relative layer thickness hy/h; = 10, and are
independent of the mismatch in coefficient of hygral expansion, 32/ /.

flexural bilayer system the minimum crack channelling stress for mechanism 1 is calculated by taking the
limit G nin = d.(¢/h1 — 0) from the FEM results presented in Section 3.2.2. For the system without
bending the results have been taken from [23]. Further, the critical crack channelling stress for mechanism
3 is obtained from equations (21) and (22) for the systems with and without bending, respectively.
Observe that the minimum crack channelling stress generally increases with increasing stiffness ratio
E,/Ey; for mechanism 1 the curves for the two bilayer systems appear to be close, especially at larger
stiffness ratio Fy/E; > 1. Conversely, for mechanism 3 the minimum crack channelling stress turns out
to be larger for the system without bending, although the difference in critical stress decreases with
increasing stiffness mismatch and vanishes when the substrate becomes infinitely stiff. Finally, note that
in Figure 11 mechanism 2 can intervene, depending on the value of the toughness mismatch I';/T';, as

demonstrated by the failure mechanism map depicted in Figure 8.

4 Conclusions

Crack channelling is investigated in a brittle, simply-supported coating-substrate system subjected to a
uniform moisture (or temperature) variation. The linear remote stress profile generated under bending
of the bilayer may lead to three different fracture mechanisms: i) channelling of a mode I crack in the
coating without delamination, i) channelling of a doubly deflected crack with constant delamination,
and iii) channelling of a mode I crack with unstable, unlimited delamination growth in all directions.
Failure mechanism maps have been constructed, which illustrate the dependency of the operating crack

channelling mechanism and the corresponding critical crack channelling stress on the stiffness mismatch
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Figure 11: Critical channelling stress . i in the coating for mechanism 1 (solid line) and mechanism
3 (dashed line) as a function of the stiffness mismatch E,/FE;. The orange thin lines and blue thick
lines refer to bilayer systems with bending and without bending, respectively. In the normalization of the
minimum channelling stress along the vertical axis, for mechanisms 1 and 3 the toughness parameter
is taken as I'. = I'; and T'. = Ty, respectively. The results are computed for a relative layer thickness
hy/h1 = 10, and are independent of the mismatch in coefficient of hygral expansion, 32/

between the layers and on the ratio between the interfacial toughness and coating toughness. Although
the results are applicable to bilayers in a wide range of applications, the study focuses on the prediction
of crack channelling in historical paintings. The effect of bending of the bilayer on crack channelling has
been explored by comparing the fracture characteristics of the simply-supported, flexural bilayer with
those of a rigidly supported bilayer studied in a previous work [23]. These two bilayer systems are rep-
resentative of the different framing techniques used for historical paintings, with the simply-supported,
flexural bilayer reflecting a regular wooden panel that can bend freely, and the rigidly supported bilayer
characterizing a wooden panel that is fully constrained against a bending curvature by cradle additions
composed of several horizontal members and corresponding orthogonal cross-pieces. A closed-form ex-
pression has been derived for the steady-state delamination stress of the flexural bilayer, which can be
used to determine the critical moisture conditions that lead to crack channelling with unlimited delami-
nation growth. Further, the failure mechanism maps constructed indicate that, independent of the type of
framing technique applied, crack channelling with delamination can be prevented in historical paintings
when the delamination toughness is larger than about half of the mode I toughness of the paint layer.
Under these conditions paint flaking is avoided and the visual appearance of the painting is preserved.
The failure maps constructed in this work may provide a useful tool for museum conservators to identify
acceptable indoor humidity and temperature variations for which crack channelling with delamination

remains absent in historical paintings.
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A Remote stress distributions in coating and substrate

Figure 12 shows a doubly deflected crack in a brittle elastic coating of thickness h; that is connected to
an elastic substrate of thickness hy. Assume plane strain conditions, and that the bilayer is subjected to a
uniform moisture content variation Am. The in-plane axial stresses that are induced in the coating (layer
“1”) and substrate (layer “2”) by the moisture content variation follow from the hygro-elastic constitutive

expressions as

o1(z,y) = By (e1(z,y) — B1Am) ,

02(,y) = B2 (e2(,y) — foAin)

(23)

where E; = E;/(1-v2) and §; = 3;(1+1;) are the plane-strain elastic modulus and hygroscopic coefficient
of layeri € {1, 2}, respectively, and ¢;(z,y) and 3; Am(y) represent the total strain and hygroscopic strain,
respectively. As illustrated in Figure 12, in the x — y coordinate system adopted for describing the crack,
the z—axis is located along the layer interface and the y—axis coincides with the crack symmetry axis
located at the centre of the bilayer. The remote, moisture-induced layer stresses that govern the cracking
process can be derived from force and moment equilibrium on an upstream cross-section remote from
the crack, see also [37]. The upstream remote stresses in the coating and substrate may be formulated as
o°(y) = o1(z = 00,y) and 05°(y) = oa(z — o0, y), respectively. With these stresses, the net axial force

and net moment on the upstream cross-section both vanish such that

h1 0
/ o3° (y)dy + / o5 (y)dy = 0,

h1
/ Uf"(y)yder/ o3 (y)ydy = 0.
0 7h2
Compatibility implies that the total axial strain is linear across the upstream cross-section of the bilayer
such that

oo oo

e (y) =r(y —yn)  where  &F(y) =ei(x —o0,y) with e {l,2}, (25)

in which « is the curvature and y,, is the location of the neutral axis at the upstream cross-section. By

inserting (25) into (23), and substituting the result into (24), s and y,, can be solved as

6E1 Exhihoh(B2 — B1) _
274 - 13 = 1272 o 7 571 Am,
E2hY + 4B, Eshhy + 6B, Esh2h3 + 41 Exhyh3 + E3h
BBy + ESh;Bs + By Es[4hih3 By 4 4hiho By + 3hih3 (B + f2)]

Yn = 6Er Exhyhah(Bs — 1) ’

(26)
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with h = hy + ho the total thickness of the bilayer. Note from (26), that for 3/3; < 1 the neutral axis
is located within the coating, y,, > 0, while for 35/3; > 1 it is located in the substrate, y,, < 0. Inserting
expressions (26) back into relations (25), followed by substituting the result into (23), provides the linear

remote stresses in the coating and substrate as

R
ww = o (-5g) @)
o) = o (1-72).

where o _ o _ _
B E1Esho(Be — B1)(Exh3 + 3E1h3hy + 4E1h3) B
g1 = Am s

Esh3 + 3E1h2hy + 4E k3

Cl - = 5
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_ hi (28)
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Figure 12: A doubly deflected crack in a coating-substrate system subjected to a uniform moisture content
variation Am. In the figure it is assumed that 35/3; < 1, as a result of which the neutral axis at the
upstream cross-section remote from the crack is located within the coating, y = y,,. At the downstream
cross-section the neutral axis is located halfway the substrate thickness, y = —ho /2.
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B Remote coating stress for steady-state delamination

For the doubly deflected crack sketched in Figure 12, delamination along the layer interface reaches a
steady state when the delamination length tends to infinity, //h; — oo [23,27-29,37,38]. Accord-
ingly, the energy release rate G, for interfacial delamination approaches an asymptotic value, Gg s =
G4(f/h1 — o0), which can be derived in closed form from the difference in elastic strain energy upstream
and downstream of the delamination tip. From force equilibrium at the fractured, downstream cross-
section at z = 0, the in-plane stress in the substrate appears to be zero, 09(y) = o2(z = 0,y) = 0. Hence,

the steady-state energy release rate follows as

1 hl €,00 1 0 o0 €,00
Gan=3 [ oFE W+ [ oF Wy, (30)
0 —ha2

where ¢;"°°(y) is the remote elastic strain in each layer i € {1,2}, upstream from the delamination tip.
Inserting expressions (27) in Appendix A for the remote stresses 0{°(y) and 05°(y), and invoking the

constitutive relation o; = E;e¢ for each layer i € {1,2}, equation (30) becomes

ss 1= > 1+ =+ o5 31
G + L Earovs (31

- 15’%}“ hl h% 2&@ h2 hg
2 B Gih  3¢Ph? Gah  3¢3h?

with the remote stress 5, given by equation (28); in Appendix A. Note that the subscript “d” has been
omitted in equation (31), since the steady-state value is representative of both plane-strain delamination
and crack channelling, i.e., Gss = G4(¢/h; — ) = G.(¢/h1 — o), with G, the energy release rate for
crack channelling. Specifically, equality between the energy release rates for crack channelling and plane-
strain delamination occurs at any point of the G.. versus £/h; curve at which 0G./9¢ = 0, whereby it turns
out that this condition is met when ¢/h; — oo [23,25,27,30]. Progressive steady-state delamination
occurs when the corresponding energy release rate G equals the delamination toughness Iy, evaluated
at the appropriate mode-mix ¥(l), i.e.,

Inserting (31) into (32), the expression for the remote steady-state stress in the coating, 6; = 7,

becomes

[N

=

Oss = (2E1Fd)

hy h? o By hy ho h3
hy |1 - — — =1+ —= 33
1 Clh+3<fh2+w 7y T +C2h+3g“22h2 , (33)

with the parameters (7, (» and w given by equations (28),, (28)4 and (29) in Appendix A, respectively.
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