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Abstract

The mechanical properties of an ultrathin film made from a thermoplastic differ from the

bulk due to the presence of the free surface. Here, molecular dynamics simulations are

used to explore the thickness dependence of uniaxial and equi-biaxial tensile responses of

polymethyl methacrylate (PMMA) films. The sensitivity of deformation response to tem-

perature, molecular weight and the degree of side-branching is determined. We find that

the tensile failure strain decreases with decreasing film thickness, temperature, and with

decreasing molecular weight. The degree of side-branching plays a secondary role in dictat-

ing the tensile response. Failure is by the initiation of voids at the free surface, followed

by the expansion of the voids in the thickness direction. Recent solid−state nanofoaming

experiments and models suggest that the attainable porosity of nanofoams is less than that

of macro−scale foams due to the reduced ductility of the cell walls of the nanofoam. Our

results provide a physical explanation for this observation.

Keywords: Polymer film, PMMA, Nanofoaming, Failure strain, Molecular dynamics

simulations

1. Introduction

In the bulk state, linear polymer melts are commonly modeled as ideal Gaussian chains.

Each polymer chain has the form of a random walk with a length scale that is dependent

on the molecular weight Mw of the polymer [1]. This characteristic length scale of a linear

polymer chain can be described by the root−mean−square, end−to−end distance dee, where
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dee ∼ Mw
1/2. Due to random thermal motion, a polymer chain explores and occupies a

pervaded volume Vp, where Vp ∼ d3
ee. Within Vp, the chain interacts with itself and with

neighbouring chains. Some of these interactions restrict the mobility of the polymer chain,

resulting in entanglements with other chains. These entanglements play a major role in

dictating the mechanical properties of the bulk polymer [1].

The pervaded volume available for the conformation of a polymer chain decreases when

the chain becomes confined to dimensions smaller than its characteristic size scale dee in the

bulk state[1, 2, 3, 4, 5]. Direct experimental observations suggest that the mobility of poly-

mer chains near a free surface can exceed that in the bulk by several orders of magnitude [6],

and this is ascribed to the reduced interchain entanglement density at the free surface [2, 4].

In the ultrathin film state, the reduction in interchain entanglement density and the increase

in chain mobility are accompanied by a depression in the glass transition temperature Tg

[7, 8] and a reduction in the tensile strength and ductility [9, 10, 11]. For example, the

value of Tg of supported polystyrene (PS) films [7] and of supported cross−linked polyflu-

orene films [12] decreases as the film thickness decreases. The same behaviour is noted for

free−standing PS films [8] and for free−standing polymethyl methacrylate (PMMA) films

[13]. The uniaxial tensile strength and failure strain of water−supported PS films [9, 10]

and of water−supported bisphenol-A polycarbonate films [11] drop sharply when the film

thickness is reduced below the characteristic size dee of the polymer chain in the bulk state.

In the present study, we use molecular dynamics (MD) simulations to explore the thickness-

dependent mechanical behaviour of linear and side-branched PMMA films over a wide range

of temperatures (relative to Tg). Although the mechanical properties of linear PMMA in

bulk form have been studied over a broad range of loading conditions by means of experi-

ments [14, 15, 16], phenomenological constitutive modelling [17, 18, 19, 20], and by computer

simulations [21, 22, 23, 24, 25, 26], the mechanical characterisation of molecularly confined

PMMA structures, such as an ultrathin film, is currently limited. The mechanical response

of this film is of direct relevance to industries ranging from electronics to the nanofoaming of

polymers; at the end of the present study, a case study is presented on PMMA nanofoams and

the close link between foamability and the tensile ductility of a thin film under equi-biaxial

straining is quantified.
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With the continuing improvements in computer hardware, software, and in simulation

methodologies, MD simulations have evolved to become a very powerful tool for exploring

the relationship between microstructure and properties [27, 28, 29, 30]. In essence, MD sim-

ulations solve Newton’s second law of motion for a system of interacting particles [31, 32].

An important application is the prediction of the atomistic/molecular−level response of

materials to complex thermo−mechanical loadings that are not easily measured experimen-

tally. In the present study, MD simulations make use of the classical MD simulation code

LAMMPS [33] from Sandia National Laboratories to probe the sensitivity of tensile response

of ultrathin PMMA films to thickness, temperature, molecular weight, and to the degree of

side-branching. In order to explore how molecular confinement and chain entanglement af-

fect the mechanical response, we build molecular systems of various molecular arrangement

and size. Specifically, we consider films composed of monodisperse bead−spring chains of

molecular structure comprising 100−1000 monomers per backbone, and 0−1500 monomers

per side-branch. The structural details of the linear and side-branched PMMA chains are

sketched in Fig. 1. The film is subjected to in-plane uniaxial and equi-biaxial straining at a

constant true strain rate of 108s−1.

1.1. Scope of study

First, the generation of molecular models is explained for linear and side-branched PMMA

films. The main MD simulations are then presented for determining the glass transition tem-

perature, and for in-plane tensile straining. The methods for evaluation of the macroscopic

stress and strain states from the MD calculations are introduced. The large deformation

response of the PMMA films to uniaxial and equi-biaxial tensile straining is reported for a

film thickness h in the range 2.4 nm to 51 nm (giving 0.08 ≤ h/dee ≤ 1.10), and a tem-

perature T in the range 300 K to 600 K (giving 0.76 ≤ T/Tg ≤ 1.79). The true stress

versus true strain responses are determined, and an emphasis is placed on the sensitivity

of ductility (defined by the strain at peak stress) to film thickness, temperature, molecular

weight, and to the degree of side-branching. The practical usefulness of the results is then

illustrated by a nanofoaming case study: we make use of the thickness−dependent tensile

ductility to provide molecular−level insight into the rupture of cell walls during solid−state
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Figure 1: (a) A sketch of the side-branched PMMA chain structure. The coarse−grained bead−spring
models of (b) a linear chain (N-s-b: 1000-0-0) and (c) a side-branched chain (N-s-b: 1000-100-100). The
colours black and red denote the backbone chains and the side-branches, respectively. Molecular structures
are visualised using VMD [34]. (d) A sketch of dee denoting the root−mean−square, end−to−end distance
of a linear polymer chain in the bulk state.

nanofoaming of PMMA. The results support the hypothesis that cell wall tearing accounts

for the observed limit in maximum attainable porosity [35].

2. Materials and methods

2.1. Molecular models and MD simulation setup

A coarse−grained, Kremer−Grest bead−spring model is adopted, in which a polymer

chain is treated as a string of beads, with one bead representing one monomer, connected by

elastic springs. A sketch of the side-branched chain structure, and the associated notation
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N − s− b, are given in Fig. 1a, where the number of monomers per backbone is N , the side-

branching interval is s monomers, and the number of monomers per side-branch is b. The

bead−spring models of a linear chain (N-s-b: 1000-0-0) and a side-branched chain (N-s-b:

1000-100-100) are illustrated in Fig. 1b and Fig. 1c, respectively.

In MD simulations, particles in the simulation box (see Fig. 2a) are subjected to forces

as defined via a set of interaction potentials (see Fig. 2b). The motion of the particles

is tracked, and the interaction forces are updated based on the current positions of the

particles. As a result, the output of an MD simulation is the history of particle positions.

For all simulations in the present study, the equations of motion are integrated using the

velocity Verlet algorithm with a time step of 7.6 fs [36]. The temperature and pressure are

controlled by employing a Nose−Hoover thermostat and a Nose−Hoover barostat with a

thermostatting damping parameter of 760 fs and a barostatting damping parameter of 7600

fs [33].

The non−bonded beads interact via a shifted Lennard−Jones (LJ) potential UNB [36, 37]

of the form

UNB(r) = 4ε

[(
D

r

)12

−
(
D

r

)6
]

+ ε, r ≤ Dc (1)

= 0, r > Dc

where r denotes the distance between two beads, D = 0.5 nm [38, 39] is the diameter of the

bead, ε = 1.65 kcal/mole [38, 39] is the depth of the potential well, and Dc = 1.25 nm [38]

is the cut-off distance for UNB. The bonded beads along a chain are connected via a finite,

extensible, nonlinear elastic (FENE) potential UB [36, 37, 40] of the form

UB(r) = −0.5αR2
o ln

[
1−

(
r

Ro

)2
]

+

{
4ε

[(
D

r

)12

−
(
D

r

)6
]

+ ε

}
, (2)

where α = 198.55 kcal/(mole× nm2) [36, 38] denotes the spring constant. On the right

hand side of equation (2), the value of r in the first attractive term extends to Ro = 0.75

nm [36, 38], the maximum extent of the bond; the term inside the large curly brackets is a

LJ repulsive term of cut-off distance 21/6D = 0.56 nm [36, 37]. The choice of parameters
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ensures that two chains cannot cross each other in dynamic simulations.
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Figure 2: (a) A sketch of an MD simulation box containing a patch of PMMA film. The film is visually
sliced into seven layers (1 to 7), of equal layer thickness, for tracking their layer−resolved microstructural
evolution during the simulation. Layer 1 and Layer 7 correspond to the free surface layers of the film. (b) A
configuration of an MD simulation system consisting of interacting particles. (c) Cross−section view of an
equilibrated PMMA film, of thickness h = 24 nm, composed of monodisperse side-branched chains (N-s-b:
1000-500-1500). The colours black and red denote the backbone chains and the side-branches, respectively.

2.1.1. Preparation of the PMMA film

To imitate a film, the boundary conditions throughout this study are set to be periodic

in directions 1 and 2 (in-plane) and non-periodic in direction 3 (along thickness) of the

simulation box, see Fig. 2a. A box of monodisperse bead−spring chains of structure N−s−b

are constructed by using the Polymer Modeler tool [41]. This initial configuration, in which

chain segments may be in close contact or overlapping, typically corresponds to a high energy
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state, and consequently this initial configuration is first optimised by energy minimisation.

The resulting structure is then subjected to two steps of equilibration by following the

procedures in Ref. [42], in order to obtain an equilibrated free−standing polymer film.

For the first step of equilibration, two walls are introduced on the bottom and top faces

of the simulation box, respectively, parallel to the 1− 2 plane, with a wall−to−wall distance

hw. The wall interacts with the particles by generating a force on the particle in a direction

perpendicular to the wall. The particle−wall interaction energy is modelled by a 9−3 LJ

potential [42], as given by

Uw(z) = εw

[(
D

z

)9

−
(
D

z

)3
]
, (3)

where z denotes the distance from the particle to the wall in the 3−direction, D = 0.5

nm [38, 39] is the diameter of the bead, and εw = 4.95 kcal/mole [42] is the potential

strength. The confined film is equilibrated under isothermal and isobaric conditions (an

NPT computation) at a constant temperature T = 600 K (which is far above the value of

Tg) and at a constant pressure Po = 0 Pa. It is found that the box dimensions, value of

hw, and the conformational characteristics and stress state of individual chains (as defined

in Refs. [28, 30]) all become stable at the desired temperature and pressure during the final

50 ns of this equilibration run. This ensures the equilibrium status of a confined film.

For the second step of equilibration, the equilibrated configuration of the confined film

is used to prepare a film with two free surfaces. The particle−wall interaction potential at

both walls is removed, and the resulting film system is equilibrated with the temperature and

pressure maintained constant at T = 600 K and Po = 0 Pa, respectively. The dimensions of

the simulation box are adjusted independently in directions 1, 2, and 3 during barostatting.

Again, the equilibration process is monitored by inspecting the box’s dimensions and volume,

and the chain’s stress state and conformational characteristics (as defined in Refs. [28, 30]).

These measures remain constant during the final 50 ns of this equilibration step, indicating

that the equilibrium state of a free−standing film system has been reached at the desired

temperature and pressure. The in-plane dimensions (l1 and l2) of the equilibrated simulation

box are sufficiently large (greater than 170 nm) to minimise any artifacts associated with
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periodic boundary conditions.

The film thickness h, as given by equation (S.5), is determined by following the definition

in Ref. [42, 43] via the method of Gibbs dividing surface (GDS) [44], see SI for more

details. It is instructive to non-dimensionalise the film thickness h by the root−mean−square

end−to−end distance dee, a measure of the characteristic length scale of a polymer backbone

chain in the bulk state, see Fig. 1d. In the present study, a freely rotating chain model is used,

giving dee = l
√
C∞N , where N is the number of monomers along the backbone, l denotes

the monomer length, and the characteristic ratio C∞ equals 9.1 [45] for bulk PMMA. The

MD-predicted distribution of dee for the individual chains in the film state is almost the same

as that in the bulk state, indicating that the presence of a free surface has a negligible effect

upon the magnitude of dee; this is consistent with the directly measured values of dee for the

individual PMMA chains in an ultrathin film by scanning near-field optical microscopy [46]

and by super-resolution fluorescence microscopy [47].

A cross-sectional view of an equilibrated free−standing PMMA film, of thickness h = 24

nm, is shown in Fig. 2c, for the case of monodisperse side-branched chains of type N-s-b:

1000-500-1500. These PMMA films (equilibrated at T = 600 K) are quenched in a series of

isobaric runs, each at a cooling rate of 3.95 K/ns, in which the temperature is continuously

decreased from T = 600 K to an intermediate temperature of T = 520 K, 410 K, 375 K, 345

K, and then to T = 300 K; the Nose−Hoover thermostat and barostat are used to adjust the

temperature and maintain the pressure constant at Po = 0 Pa. The configurations obtained

upon cooling are further equilibrated by thermostatting at their respective temperatures

and barostatting at Po = 0 Pa. Equilibrium is attained after the box sizes, density, stress

state, and the chain deformations become stable. These equilibrated configurations produced

at each temperature then serve as the starting points for subsequent simulations of tensile

straining.

2.2. Dependence of glass transition temperature Tg upon film thickness

The polymer film dilates with increasing temperature, due to thermal expansion. The

transition between the glassy state and the liquid can thus be identified by the change in

the temperature dependence of the volume. To determine the glass transition temperature
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Tg of the film, the mass density ρ of the film is continuously monitored throughout cooling

the polymer from T = 600 K in a viscous melt state to T = 300 K in a glassy state with a

constant cooling rate 3.95 K/ns, and plotted as a function of temperature T . By following

the procedure commonly employed in calorimetry experiments [48], two straight lines are

fitted to the glassy and the viscous melt regimes, respectively, of the ρ versus T curve. The

value of Tg is identified by the extrapolated intersection of these two linear lines, that is,

when the slope of ρ changes [42, 49]. The slopes reflect the difference in thermal expansion

coefficient between the melt and glassy regimes. For both experimental and simulation data,

the choice of defining which portions of the curve are glassy and melt for the linear fitting can

lead to significantly different estimates of Tg for the same sample [42, 49]. Here, we maintain

a consistent T interval within which data are fitted for all films and bulk systems, resulting

in an error of Tg within ±17 K. This error does not affect the qualitative dependence of Tg

upon film thickness h.

For a given chain structure N-s-b, the value of Tg decreases in an almost linear fashion

with decreasing film thickness, see Fig. 3a. This thickness dependence of Tg is qualitatively

similar to that observed for free−standing linear (N-s-b: 1590-0-0) PMMA films [13] by

transmission ellipsometry at a cooling rate of 0.5 to 2.0 K/min; the comparison is shown

in Fig. 3a. The qualitative dependence of Tg upon film thickness is also consistent with

the MD-predicted trends reported in Ref. [38, 42] based upon a similar coarse−grained

bead−spring model for PMMA. Due to the rapid cooling, the MD-predicted value of Tg

exceeds the experimentally measured values for systems of comparable molecular weight.

For bulk polymers, a 5 K to 10 K rise in Tg is expected per decade of increase in the cooling

rate, which has been observed in other polymeric MD systems such as polycarbonate [30].

Since the cooling rate applied in the current study (3.95 K/ns) is about 9 orders of magnitude

higher than that in experiments, this largely explains the difference between the predicted

and the measured Tg values in Fig. 3a.

The through−thickness, layer−resolved, distribution of mass density ρ, from the indi-

vidual layers of equal layer thickness (1 to 7, recall Fig. 2a), is shown in Fig. 3b for a

linear (N-s-b: 1000-0-0) PMMA film of thickness h = 25 nm during cooling from T = 600

K (T/Tg = 1.58) to T = 300 K (T/Tg = 0.79). The layer thickness is h/7 = 3.57 nm. The
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Figure 3: (a) The sensitivity of glass transition temperature Tg to film thickness h/dee. The measured
Tg data for the free−standing (N-s-b: 1590-0-0) PMMA films are extracted from Roth et al. [13]. (b)
Layer−resolved mass density ρ profile, of individual layers (1 to 7) with equal thickness, within a linear
(N-s-b: 1000-0-0) PMMA film of thickness h = 25 nm, during cooling from T = 600 K to T = 300 K. The
individual layer thickness is h/7 = 3.57 nm. The MD-predicted Tg value is 379 K for the overall film.
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MD-predicted Tg value of the overall film is 379 K. For reference, the MD-predicted and

the measured Tg values of PMMA in bulk form are 417 K (for N-s-b: 1000-0-0) and 388 K

(for N-s-b: 924-0-0 by differential scanning calorimetry at a heating rate of 10 K/min [35]),

respectively. At each value of T/Tg, the mass density of the free surface layers (1 and 7) is

markedly less than that of the inner layers (2 to 6), implying that the molecular free volume

and the molecular mobility of the free surface layers are greater than the interior to the

film. This increase in molecular free volume and molecular mobility near a free surface is

the primary reason for the depression in Tg [42, 43] and for the thickness dependence in the

mechanical response of ultrathin polymeric films. At each value of T/Tg, the mass density of

the mid-depth layer (layer 4) of the film is very close to the corresponding bulk density under

the same simulation conditions, consistent with the MD-predicted density profiles reported

in Ref. [42] based upon a similar coarse−grained, bead−spring, polymer model.

2.3. MD simulations of in-plane tensile straining

Based upon the equilibrated configuration of the free−standing PMMA film system, the

simulation box is stretched in direction 1 in uniaxial tension, or in directions 1 and 2 in equi-

biaxial tension, at a constant true strain rate of 108s−1, with the temperature maintained

constant by employing a Nose−Hoover thermostat. In-plane, periodic boundary conditions

are enforced. The faces of the film are treated as free surfaces with non-periodic boundary

conditions applied along the thickness direction.

We focus on the response of virial stress σt as given by

σt =
1

Vt

∑
i∈Ω

[
1

2

∑
j∈Ω,j 6=i

(rj − ri)⊗ fij −miṽi ⊗ ṽi

]
, (4)

where Vt is the volume of the total system, ṽi is the thermal excitation velocity of particle

i, and “⊗” denotes the tensor product, see SI for more details. We take this stress as a

measure of the continuum-level Cauchy stress, see Refs [28, 50, 51] for the definitions and

interpretation of other local mechanical stresses. In the present study, we shall make use of

the non-dimensionalised virial stress σt/σo, where σo = ε/D3 (and D = 0.5 nm, ε = 1.65

kcal/mol) for the modelled PMMA systems. The macroscopic measure of strain is based on
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the deformation of the simulation box. The true (logarithmic) tensile strain in the loading

direction 1 is εt1 = ln(l1/L1), where, L1 and l1 denote the length of the simulation box in the

reference and current configurations, respectively. For equi-biaxial tension, one has εt2 = εt1.

The von Mises effective strain εe is defined in the usual manner as ε2e = (2/3)εijεij. Note that

the effective strain simplifies to εe = εt for uniaxial tensile straining εt1 = εt, and to εe = 2εt

for equi-biaxial tensile straining εt1 = εt2 = εt upon assuming incompressibility.

The deformation gradient F is calculated by using the “MinD” method (see Refs. [28, 52]

for pertinent details), which is based on the idea of minimising the difference between the

MD measure for deformation and its continuum counterpart for an arbitrary subset of an

MD system. The dilatation of a stack of layers within a film is given in terms of the volume

ratio V/Vo = det(F), where V and Vo denote the volume in the current and the initial

configurations, respectively.

3. Results and discussion

The MD-predicted true stress versus true strain responses are now presented for the

PMMA films subjected to uniaxial and equi-biaxial tensile straining. The sensitivity of the

tensile strength and ductility to temperature, thickness, molecular weight, and to the degree

of side-branching is reported. Representative snapshots of the microstructures reveal the

conformational evolution of individual chains with increasing macroscopic strain. Chain

scission (breakage of covalent bonds) is not modelled in the current study, and macroscopic

failure is by the breakdown of entangled polymer networks via disentanglement. As a specific

application of the study, we shall make use of the MD-predicted, thickness-dependent tensile

ductility to predict the maximum achievable porosity of PMMA nanofoams as produced by

solid-state nanofoaming.

3.1. Dependence of the uniaxial and equi-biaxial tensile responses upon temperature

The sensitivity of the uniaxial and equi-biaxial tensile responses to temperature (relative

to Tg) is investigated for the linear and side-branched PMMA films; the temperature is in

the range T = 300 K to T = 600 K, such that T/Tg ranges from 0.76 to 1.79.
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For illustration, the non-dimensional nominal stress σn/σo and the non-dimensional true

stress σt/σo are plotted as a function of the true tensile strain εt in Fig. 4a for a linear

(N-s-b: 1000-0-0) PMMA film of thickness h = 24.5 nm, at T/Tg = 0.80. The end-to-end

separation of this polymer chain in the bulk state is dee = 45.8 nm, giving h/dee = 0.53. At

T = 300 K (T/Tg = 0.80), the film is in the glassy regime; the true stress σt/σo exhibits a

characteristic elastic-plastic response, with an initial elastic response followed by a distinct

yield, immediate softening and subsequent strain hardening up to failure. The peak value

of true stress, σpk/σo, is identified in Fig. 4a, and the corresponding true strain defines the

true failure strain εf . Recall that the von Mises effective strain εe equals the uniaxial strain

for an incompressible solid. Also note that the uniaxial nominal stress, σn/σo, has a peak

value at a true tensile strain that is almost identical in value to εf . The equi-biaxial tensile

failure strain is εf = 0.81, and this implies that the von Mises effective strain εe at failure

equals 1.62 upon assuming incompressibility. The higher value of εe in uniaxial tension than

in equi-biaxial tension is associated with much greater orientation-hardening. We shall focus

on the true tensile stress versus true tensile strain response in the remainder of this study

for both uniaxial and equi-biaxial loading.

The layer−resolved dilatation, of a stack of layers (1 to 7, recall Fig. 2a) with equal

layer thickness, within a film of thickness h = 24.5 nm, is expressed in terms of the volume

ratio V/Vo, see Fig. 4b. The layer thickness is h/7 = 3.5 nm. The volumetric response

of the outermost layers (1, 7) differs markedly from that of the interior layers (2 to 6) due

to the increased molecular free volume and molecular mobility at the free surfaces (recall

Fig. 3b). As the macroscopic strain increases, the volume of the free surface layers reduces

substantially, in contrast to the slight volume increase in the inner layers as shown in Fig.

4b. For example, for uniaxial tensile straining at εt = 1.5 (less than the failure strain of

2.31), the average value of V/Vo equals 0.89 for the free surface layers (1, 7), and equals 1.01

for the interior layers (2 to 6). In similar fashion, for equi-biaxial tensile straining at εt = 0.6

(less than the failure strain of 0.81), the average value of V/Vo equals 0.87 for the free surface

layers (1, 7), and equals 1.03 for the interior layers (2 to 6). Beyond peak stress, all layers

increase their volume as a result of molecular disentanglement.

The failure mechanism associated with voiding, as detailed below, is revealed by layer-
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Figure 4: (a) The true stress versus true strain response of a linear (N-s-b: 1000-0-0) PMMA film, of film
thickness h = 24.5 nm, subjected to uniaxial tensile straining εt1 = εt and equi-biaxial tensile straining
εt1 = εt2 = εt at T = 300 K in the glassy regime for a constant true strain rate of 108s−1. The corresponding
non-dimensionalised nominal stress σn/σo is included for reference. (b) The layer−resolved volume ratio
V/Vo, of the individual layers (1 to 7) with equal thickness h/7 = 3.5 nm, is plotted as a function of tensile
strain. 14



resolved evolution of the microstructure through the thickness of the film during straining.

The local density is evaluated for each layer throughout the straining process, and the loca-

tion of voiding, where the local density drops substantially toward zero, is identified for each

layer. As the macroscopic strain increases, small voids initiate randomly at the free surface

layers (1, 7), with no discernible voids present at mid-depth (layer 4), see Fig. 5a for uniaxial

tension and Fig. 5b for equi-biaxial tension. The voids propagate in the through-thickness

direction by growing in size and number, with subsequent void coalescence and ultimate

failure. At large strains, a network of polymer molecules align along the straining direction,

with disentanglemt of chains present in the vicinity of the voids.

The true stress versus true strain responses are explored at elevated temperatures for a

linear (N-s-b: 1000-0-0) PMMA film of thickness h = 24.5 nm subjected to uniaxial tension

(see Fig. 6a) and to equi-biaxial tension (see Fig. 6c) up to failure. Additional insight is

obtained by interrupting the tensile straining prior to failure, and then unloading to zero

strain. The true stress versus true strain curves for such a loading-unloading probing cycle

are shown in Fig. 6b for uniaxial tension and in Fig. 6d for equi-biaxial tension.

The glassy regime exists for T/Tg < 1, and in this regime the PMMA film exhibits an

initial, linear elastic response prior to yielding. The yield point is immediately followed by

softening and by subsequent strain hardening, such that large plastic strains precede failure.

For linear (N-s-b: 1000-0-0) PMMA films of thickness h = 7.9 nm, 24.5 nm, and 48.3 nm,

the MD-predicted values of yield strain are almost constant at εt = 0.05 in uniaxial tension,

and εt = 0.03 in equi-biaxial tension, for temperatures in the range T = 300 K to T = 375

K, (corresponding to 0.75 ≤ T/Tg < 1). In comparison, the linear (N-s-b: 924-0-0) PMMA

in bulk form yields at εt = 0.07 for T = 363 K (T/Tg = 0.94) and T = 378 K (T/Tg = 0.98)

for the case of uniaxial tension at a nominal strain rate of 5.9× 10−2s−1 [35]. Both the MD-

predicted and the measured [35] values of yield stress decrease with increasing temperature.

Within this glassy regime, unloading occurs in an elastic manner, which is characteristic of

an elasto-viscoplastic solid, as shown in Figs. 6b and d, with a finite remnant strain at zero

load. A substantial remnant compressive stress is observed upon unloading to zero strain.

Now consider the response near the glass transition temperature T/Tg = 1. The distinct

yield point disappears in this glass transition regime. Unloading is accompanied by a sub-
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stantial remnant strain at zero load and a finite remnant compressive stress at zero strain.

At T/Tg > 1, the viscous regime is entered. Upon unloading at T/Tg = 1.60, the remnant

strain at zero load reduces to almost zero, and consequently the remnant stress at zero strain

is almost zero, see Figs. 6b and d.

The elastic rubbery regime, within which the unloading curve aligns with the elastic

loading curve, may or may not exist depending upon the molecular weight of the polymer

[53]. If it does exist then it does so above the glass transition and before entering the viscous

regime. The rubbery regime is absent for PMMA grades of relatively low molecular weight,

i.e., Mw < 150 kg/mol [53], but is present for PMMA grades of moderate to high molecular

weight, for example, Mw = 3, 580 kg/mol [16]. Note that the elastic rubbery regime above

the glass transition is absent for the current linear (N-s-b: 1000-0-0) PMMA films. This is

consistent with the experimentally observed response of the linear (N-s-b: 924-0-0) PMMA

in bulk form [35].

The sensitivity of the tensile peak stress σpk/σo and the corresponding failure strain εf

to T/Tg is assembled in Fig. 7a and Fig. 7b, respectively, for the linear (N-s-b: 1000-0-

0) PMMA films of thicknesses h = 7.9 nm, 24.5 nm, and 48.3 nm. For a given value of

T/Tg, both σpk/σo and εf decrease with decreasing thickness for both uniaxial and equi-

biaxial tensile straining. For a given value of h, the value of σpk/σo is almost independent of

T/Tg for uniaxial tension and decreases almost linearly with increasing T/Tg for equi-biaxial

tension. In contrast, εf increases almost linearly with increasing T/Tg for both uniaxial and

equi-biaxial tension: with increasing T/Tg, the enhanced segmental mobility facilitates the

polymer molecules to rearrange and undertake large strains before ultimate failure intervenes.

At a given temperature, the higher ductility in uniaxial tension than in equi-biaxial tension

is associated with a higher uniaxial tensile strength.

In the glassy and glass transition regimes, the MD-predicted failure strain εf for the film

exceeds that measured experimentally for the bulk; this is attributed to the fact that pre-

existing defects are present in macro-scale specimens [16] but are absent in the current MD

systems. For example, for the linear (N-s-b: 924-0-0) PMMA in bulk form, the measured true

tensile failure strain εf decreases almost linearly from εf = 2.82 at T/Tg = 1.04 to εf = 0.6 at

T/Tg = 0.97 in uniaxial tension at a nominal strain rate of 5.9× 10−2s−1 [35]. In contrast, for
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a linear (N-s-b: 1000-0-0) PMMA film, of thickness h = 48.3 nm (h/dee = 1.05), subjected

to uniaxial tension, the MD-predicted true failure strain εf decreases almost linearly from

εf = 2.58 at T/Tg = 1.49 to εf = 2.45 at T/Tg = 0.75.

3.2. Sensitivity of tensile failure strain to film thickness

The sensitivity of the uniaxial and equi-biaxial tensile responses to film thickness is now

explored for the linear and side-branched PMMA films at T = 300 K in the glassy regime

and at T = 600 K in the viscous regime. The film thickness h ranges from 2.4 nm to 51 nm,

and consequently h/dee ranges from 0.08 to 1.10.

The true tensile stress versus true tensile strain curves are shown in Fig. 8 for the linear

(N-s-b: 1000-0-0) films over a wide range of thickness. The glassy regime exists at T = 300

K, and all films exhibit a typical elastic-plastic response both in uniaxial tension (see Fig.

8a) and in equi-biaxial tension (see Fig. 8b). In broad terms, the uniaxial response is almost

independent of thickness h at both T = 300 K (Fig. 8a) and at T = 600 K (Fig. 8c). For

equi-biaxial loading at T = 300 K, the yield strength is almost insensitive to increasing h

whereas the degree of strain hardening prior to peak stress increases with increasing h (Fig.

8b). In contrast, for equi-biaxial loading at T = 600 K (Fig. 8d), the strain hardening rate

is almost invariant but the yield strength decreases with increasing h.

In anticipation of the case study later in this study on the porosity limitation placed on

nanofoaming by the drop in ductility with diminishing film thickness, we proceed to explore

εf as a function of h/dee for three selected microstructures, as characterised by N-s-b. The

dependence of tensile failure strain εf upon h/dee is summarised in Fig. 9a for T = 300

K and in Fig. 9b for T = 600 K for three choices of microstructure N-s-b. For a given

chain structure N-s-b, εf decreases with decreasing h/dee. Now consider a fixed value of

h/dee; then, εf decreases with decreasing backbone length of N monomers, but is almost

insensitive to the degree of side-branching.

3.3. Sensitivity of tensile strength and ductility to temperature and to the degree of side-

branching

For N = 1000 monomers per backbone, the sensitivity of the tensile response to the

degree of side-branching is probed by varying the side-branching interval of s monomers and
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the side-branching length of b monomers. For h = 24 nm, the true stress versus true strain

curves are shown in Fig. 10 for a uniaxial loading-unloading probing cycle in the glassy

regime at T = 300 K (T/Tg = 0.80), at the glass transition T = 375 K (T/Tg = 1), and in

the viscous regime at T = 420 K (T/Tg = 1.12) and at T = 510 K (T/Tg = 1.36). In all

cases, the degree of side-branching plays a secondary role: the tensile stress-strain responses

of the side-branched films do not deviate significantly from their linear counterparts. Within

each regime, unloading is accompanied by a finite remnant strain at zero load, and by a

finite remnant compressive stress at zero strain. The elastic rubbery regime above the glass

transition is absent for these side-branched PMMA films. Consequently, the tensile strength

and ductility, as shown in Figs. 11a and b, respectively, exhibit no substantial sensitivity to

the degree of side-branching over the temperature range 0.76 ≤ T/Tg ≤ 1.60.

4. Case study: sensitivity of achievable porosity of PMMA nanofoams to cell

wall rupture

Polymeric nanofoams, of average cell size below 1 µm [54], have the potential to offer

unique combinations of thermal, mechanical and optical properties [55]. Extrapolation of

existing data suggests that the thermal conductivity of polymeric nanofoams may be lower

than the value for air, 0.025 Wm−1K−1, when the average cell size is below 200 nm and the

porosity f exceeds 0.85 [56]. However, this ideal combination of high porosity and small cell

size has not yet been achieved in practice [35, 54].

Solid-state nanofoaming experiments have been conducted by Van Loock et al. [35] on a

linear PMMA grade, of chain structure (N-s-b: 924-0-0), using CO2 as the blowing agent and

a wide range of foaming conditions. The measured average cell size of the PMMA nanofoams

is close to 250 nm and the attainable porosity is fmax = 0.75 [35]. The microstructure of

the nanofoams transitions from closed-celled to open-celled at a porosity close to fmax. This

observed limit in maximum achievable porosity has been interpreted in terms of cell wall

failure; the existence of a minimum cell wall thickness, of magnitude close to that of the

end-to-end distance dee of the individual polymer chains, has been suggested [35, 54]. Cell

walls rupture as the cell wall thickness approaches this minimum value during nanofoaming;

this leads to an open-celled microstructure, and consequently to a practical limit on foam
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expansion [35].

A cell growth model has been developed by Van Loock et al. [35] to predict the expansion

of equi-sized, spherical, gas-filled cells, as shown in Fig. S1, during solid-state nanofoaming

of PMMA by CO2. The thickness of the cell wall Hcw, as given by equation (S.12), is defined

as the smallest distance of the solid ligament between two neighbouring cells. It is assumed

that rupture of the cell wall occurs when the true hoop strain εs, as given by equation (S.11),

at the inner surface of the cell equals the temperature-dependent, true tensile failure strain

εf of the cell wall: εs = εf . The ductility-governed porosity limit ff , as given by equation

(S.17), then reads

ff =

{
1 + exp (−3εf )

[(
ao

0.5Hcw + ao

)−3

− 1

]}−1

, (5)

where Hcw, as defined in equation (S.12), is the initial cell wall thickness, and ao is the

initial inner radius of the spherical cell, see Fig. S1a. Based on this ductility-governed

porosity model, the microstructural transition from closed-celled to open-celled occurs when

the porosity equals ff .

We proceed to explore the sensitivity of nanofoam porosity to the cell wall failure strain

εf by making use of equation (5) and the ductility data from the MD-predicted, equi-biaxial

tensile response of PMMA films. Take the initial cell wall thickness Hcw to equal the film

thickness h in the reference configuration: Hcw = h. This allows us to make use of the

thickness-dependent, equi-biaxial tensile ductility εf of the linear (N-s-b: 1000-0-0) PMMA

films, recall Fig. 7b, as an approximation for the tensile failure strain of the cell walls. The

values of the cell wall thickness are Hcw = 7.9 nm, 24.5 nm, and 48.3 nm, thereby giving

Hcw/dee = 0.17, 0.54, and 1.06, respectively. The ductility-governed porosity limit ff , as

stated by equation (5), is plotted in Fig. 12 as a function of foaming temperature Tf relative

to Tg. Note that the initial inner radius ao of the spherical cell is estimated to equal 10.5 nm

for all cell wall thicknesses, as reported for the PMMA nanofoams of chain structure (N-s-b:

924-0-0) [35]. For reference, the measured values of final porosity are plotted in Fig. 12 for

the PMMA nanofoams, of chain structure (N-s-b: 924-0-0), for a solid-state foaming period

of 300 s [35]; the measured value of Tg for this PMMA grade equals 388 K [35].
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Although approximations have been made in the model to simplify the cell wall geometry

and the foaming conditions, the MD-predicted responses of porosity versus foaming tempera-

ture are in good agreement with the solid-state nanofoaming measurements, see Fig. 12. The

measured final porosity f increases from f = 0.51 at Tf/Tg = 0.77 to f = 0.75, for the choice

Tf/Tg = 0.91 in the glassy regime. At an increased foaming temperature of Tf/Tg = 0.96

close to the glass transition, f decreases to f = 0.62; this is due to collapse of the foamed

microstructure, preceded by cell wall rupture [35]. Similar trends of ff versus Tf/Tg are

predicted for the explored range of cell wall of thickness. For example, for Hcw = 48.3 nm

( Hcw/dee = 1.06), the predicted value of ff increases from ff = 0.47 at Tf/Tg = 0.74

to ff = 0.75 at Tf/Tg = 1.04 just above the glass transition, then decreases to ff = 0.7

at Tf/Tg = 1.27 followed by an almost plateau beyond this temperature. For thinner cell

walls, the maximum values of ff occur in the viscous regime: ff = 0.78 at Tf/Tg = 1.26

for Hcw = 7.9 nm (Hcw/dee = 0.17), and ff = 0.76 at Tf/Tg = 1.36 for Hcw = 24.5 nm

(Hcw/dee = 0.54). Within the temperature regime typically used for solid-state nanofoam-

ing of PMMA, i.e. 0.77 ≤ Tf/Tg < 1, the predicted porosity limit ff exhibits a negligible

sensitivity to cell wall thickness Hcw.

5. Concluding remarks

In the present study we have demonstrated the usefulness of MD simulations in quanti-

tatively characterising the thickness-dependent tensile response of linear and side-branched

PMMA films over a wide range of film thickness and temperature. The mass density profile

through the thickness of a film is an indication of the enhanced molecular mobility near a

free surface. The MD-predicted value of Tg for the film is depressed from the correspond-

ing bulk value, and decreases with decreasing thickness, in qualitative agreement with the

experimental observations for the free−standing PMMA films [13]. As the temperature in-

creases from 300 K to 600 K (giving 0.76 ≤ T/Tg ≤ 1.79), the characteristic transition

from an elastic-plastic behaviour in the glassy regime through the glass transition regime to

the viscous regime is captured, consistent with the observed behaviour for bulk PMMA of

comparable molecular weight [35].

In order to gain insight into the molecular mechanisms by which ultrathin films fail in
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tension, the tensile peak stress σpk/σo and the corresponding failure strain εf are identified,

and plotted as functions of T/Tg and h/dee for selected molecular structures. The tensile

failure strain εf decreases with decreasing temperature, with decreasing molecular weight,

and with decreasing thickness for the uniaxial and equi-biaxial tensile straining, reflecting

the combined effect of segmental mobility, chain confinement, and interchain entanglements.

Within each temperature regime, the sensitivity of εf to the degree of side-branching is

found to be minor. Furthermore, we have revealed that tensile failure is by the initiation

and growth of voids at the free surfaces, followed by void expansion and propagation in the

through-thickness direction. These results provide a molecular basis for understanding why

the cell walls of PMMA nanofoams become susceptible to undesirable, early failure when

their thickness is on the order of the end-to-end distance of the polymer molecules [35, 57].

In the present study, we have adopted a simple coarse-graining approach: each PMMA

monomer is treated as one bead, and the polymer chains are considered as fully flexible bead-

spring chains with zero intrinsic bending stiffness. It would be straightforward to increase the

degree of complexity from different perspectives. For example, the current framework would

allow us to (1) design molecular-level chemical and architectural features associated with

the backbone, side-branches, and polymer networks; (2) model the significance of molecular

architectural or structural defects in mechanical response; and (3) probe more sophisticated

intrachain/interchain interactions and deformation characteristics.
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Calculation of the film thickness

The film thickness h is determined by following the definition in Ref. [1] via the method of Gibbs

dividing surface (GDS) [2]. First, the particle number density profile φ(r3) in the 3−direction, see

Fig. 2a, can be expressed as

φ(r3) =
1

A

[
n∑
i=1

δ(r3 − ri−3)

]
, (S.1)

where, A = l1l2 denotes the area of the simulation box parallel to the 1− 2 plane, ri−3 denotes the

3−component of ri (the position vector of particle i), and n denotes the total number of particles

in the box. The mean number density of the film, φ̄, is then calculated by averaging φ(r3) over an

interval of ∆ = 1.5 nm in the center rc−3 of the film

φ̄ =
1

∆

∫ rc−3+∆/2

rc−3−∆/2
φ(r3)dr3. (S.2)

The positions of the bottom GDS, rG−, and the top GDS, rG+, can be found, respectively, by

rG+ = rc−3 +
1

φ̄

∫ +∞

rc−3

φ(r3)dr3, (S.3)

and

rG− = rc−3 −
1

φ̄

∫ rc−3

−∞
φ(r3)dr3. (S.4)

1Current affiliation: Aarhus University, Department of Mechanical and Production Engineering, Inge Lehmanns
Gade 10, 8000 Aarhus C, Denmark
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The film thickness h can be obtained via

h = rG+ − rG−. (S.5)

The value of h only weakly depends upon the value of ∆, consistent with the findings in Ref. [1],

for the film systems in the present study.

Virial stress

Let a subscript index i, for example, identify the particle, so that mi and ri are the mass and

position of particle i, respectively. Ω denotes the set of all indices for the selected particles. In this

study, the set Ω comprises all PMMA chains in the system. As shown in Fig. 2b, both internal

interaction forces, in the form of forces between the particles within Ω, and external interaction

forces, as applied by particles outside Ω on particles inside Ω, are considered. Let Pi denote the

resultant external force on particle i, where Pi includes any existing body forces and all forces

between particles that reside inside and outside Ω. Let fij denote the internal force by particle j

on particle i (where i, j ∈ Ω). Then, by Newton’s third law we have

fij = −fji. (S.6)

The motion of particle i (i ∈ Ω) is governed by Newton’s second law such that

mir̈i =
∑

j∈Ω,j 6=i
fij + Pi. (S.7)

A number of methods have been developed to interpret the discrete particle quantities obtained

from the MD simulations in terms of the continuum measures of stress and strain. The most

significant of these are (i) the virial stress for systems in thermodynamic equilibrium, and (ii) the

Irving-Kirkwood-Noll procedure [3, 4], and its generalization by Hardy [5] for inhomogeneous and

out-of-equilibrium systems, along with various extensions and adaptations [6, 7, 8, 9, 10, 11, 12, 13,

14, 15, 16, 17]. A multiscale framework has recently been proposed through which the continuum-

like deformation gradient [18], Cauchy stress [18], and “interaction stress” [19] can be extracted for

any arbitrary parts of an inhomogeneous MD system, in a manner that is consistent with classical

continuum mechanics concepts.
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The virial stress σt is based on the virial theorem of Clausius [20], and can be written as [6]

σt =
1

Vt

∑
i∈Ω

1

2

∑
j∈Ω,j 6=i

(rj − ri)⊗ fij −miṽi ⊗ ṽi

 , (S.8)

where Vt is the volume of the total system, ṽi is the thermal excitation velocity of particle i, and

“⊗” denotes the tensor product. This definition of virial stress comprises two terms: the potential

part and the kinetic part involving the instantaneous velocities only due to thermal fluctuation.

Cell growth model and ductility-governed porosity limit

A cell growth model has recently been developed to predict the evolution of porosity as a function of

foaming time and foaming temperature during solid-state nanofoaming of PMMA [21]. We briefly

review the kinematics of this model as follows, see Ref. [21] for additional details.

Consider a polymer-gas solid with equi-sized spherical cells. A cross section of the undeformed

(reference) configuration for the spherical cell, of initial inner radius ao and initial outer radius zo,

is shown in Fig. S1a. Assume that the cell remains spherical during expansion and that the solid

surrounding the cell is incompressible. The deformed (current) configuration for the spherical cell,

of inner radius a and outer radius z is shown in Fig. S1b. A material point within the cell wall,

initially at radius R, is displaced to a radius r, such that

r3 − a3 = R3 − a3
o, (S.9)

by incompressibility. In spherical coordinates (r, θ, φ), the true (that is, logarithmic) value of hoop

strain, εθθ, reads

εθθ = ln(
r

R
), (S.10)

where εφφ = εθθ by symmetry. Let εs denote the true hoop strain at the inner surface of the cell as

given by

εs = εθθ(r = a) = ln(
a

ao
). (S.11)

Define the initial cell wall thickness Hcw as the solid ligament between two neighbouring cells

in the undeformed configuration, such that

Hcw = 2(zo − ao). (S.12)
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The initial (as-nucleated) porosity fo is defined as

fo =

(
ao
zo

)3

, (S.13)

and the current porosity f is defined in a similar manner as

f =
(a
z

)3
. (S.14)

Incompressibility dictates that

z3 − a3 = z3
o − a3

o. (S.15)

Now make use of equations (S.12)-(S.15) to express the current porosity f as a function of the

initial cell wall thickness Hcw, the initial inner radius ao of the cell, and the true hoop strain εs at

the inner surface of the cell in the form

f =

{
1 + exp (−3εs)

[(
ao

0.5Hcw + ao

)−3

− 1

]}−1

. (S.16)

Assume that the cell wall fails when εs equals the temperature-dependent true tensile failure

strain εf of the cell wall, εs = εf . Then, the porosity limit ff corresponding to this failure criterion

reads

ff =

{
1 + exp (−3εf )

[(
ao

0.5Hcw + ao

)−3

− 1

]}−1

, (S.17)

where the initial inner radius ao of the cell is estimated to be close to 10.5 nm for PMMA nanofoams

of chain structure (N-s-b: 924-0-0) [21].
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(a) undeformed (b) deformed

oa
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2
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Figure S1: Spherical cell in (a) undeformed configuration with initial inner radius ao and initial
outer radius zo and (b) deformed configuration with inner radius a and outer radius z.
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Table 1. Equations of the best fitting straight lines in Figure 7

h (nm)

7.9

24.5

48.3

Uni:

Bi:

Uni:

Bi:

Uni:

Bi:

y = 4.64x + 0.12

y = 0.76x + 8.28

y = -0.60x + 12.45

y = -0.60x + 1.31

y = -1.13x + 2.01

y = -1.81x + 3.03

y = 0.52x + 1.52

y = 0.25x + 0.11

y = 0.28x + 2.04

y = 0.28x + 0.64

y = 0.10x + 2.35

y = 0.37x + 1.00
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