Analytical model for elasto-plastic
indentation of a hemispherical surface inclusion

G.J.A M. Eumelen®, A.S.J. Suiker®, E. Bosco®, N.A. FleckP

“Department of the Built Environment, Eindhoven University of Technology, P.O. Boz 5183,
5600 MB FEindhoven, The Netherlands
® Department of Engineering, University of Cambridge, Trumpington Street, Cambridge CB2 1PZ, United
Kingdom

Abstract

An analytical model is developed to deduce the elastic and plastic properties of a hemispherical
inclusion embedded in the surface of a semi-infinite solid from its indentation response. The
model differs from the approaches presented in the literature by starting from the analytical
expressions for the elastic and elasto-plastic indentation responses of homogeneous solids,
| el ulin oL fra S |
and adapting them by replacing the/homogeneous medulus by an effective modulus for the
embedded inclusion. The accuracy of the indentation model is established by comparing the
analytical results with detailed finite element simulations for various bi-material configurations
of inclusion and substrate. The elastic indentation response is substantially influenced by the
elastic modulus of the substrate, whereas the plastic response is dictated by the yield strength
of the inclusion. The practical applicability of the indentation model is demonstrated by

making use of the measured indentation response of an embedded paint sample, as reported

in the literature, to deduce the elastic modulus of the paint.
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1. Introduction

The indentation test is a widely used experimental technique for measuring material prop-
erties, such as elastic modulus [1, 2], yield strength and hardness [3, 4] and fracture toughness
[5], over a wide range of length scales. The test entails the measurement of the force to press
a shaped indenter tip into the surface of a sample; in principle, it is a simple test to perform
but is notoriously difficult to interpret [6]. The application of this technique at the micro and
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nano scalesl\make;!: it possible to estamatethe-properties ,Qf\small—scale material systems, such
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as thin coatings on a substrate [7, 8], individual crystalline grains of a metallic microstructure
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[9, 10, 11], and small particles embedded in a supporting matrix [12, 13], thereby—measuring

°o } potential size effects [14, 15, 16, 17, 18]. Due to the local character of an indentation measure-

ment, indentation testing is suitable for determining the properties of a material for which a

limited number of (small) samples are available, e_gr,/géx;‘l};ints used in valuable and historical
paintings [19, 20, 21, 22, 23, 24]. Za N

Paint samples subjected to indentation are typically embedded in a relatively stiff, support-

ing resin. Several methods have been proposed for obtaining the elastic modulus of embedded

samples from experimental indentation data. One method aims at finding the maximum inden-

tation depth such that the measured unloading modulus can be accurately computed without

due influence by the embedding material [9, 25, 26, 27]. Nevertheless, it is not always possible

to limit the indentation depth to the small value required by this method, and consequently it

is necessary 40 take the contribution to macroscopic compliance from the embedding material
[28, 29, 12, 30, 21].

Accurate analytical and numerical solutions have been obtained for the elastic indentation
of diverse heterogeneous material systems, such as coatings supported by a semi-infinite sub-
strate [31, 32, 33] and bi-materials that contain a vertical material interface [34]. In [35] the
elastic indentation of a hemispherical particle embedded at the free surface of a half space was
studied, adopting the assumption that the indenter contact area remains relatively small with
respect to the particle size. A first-order asymptotic solution of the Boussinesqg-type prob-
lem was established, and the effect of the mismatch in elastic parameters on the indentation
response was shown. However, much less is known about the relationship between Young’s
modulus and the macroscopic compliance of an embedded surface inclusion under relatively
large indentations, as exhibited by indentation tests on embedded paint samples.

In the present study, an analytical model is derived to relate the elastic and plastic prop-
erties of an embedded hemispherical inclusion to its indentation response. The model differs
from the approaches outlined above by starting from the analytical expressions for the elas-
tic and elasto-plastic indentation responses of homogeneous materials, and adapting them by

of #a homegintons salrd
replacing the @megeneeus modulusAby an effective modulus for the embedded sample. The
effective modulus is derived from the analytical solution for the elastic response of a spherical
cavity in a spherical particle, embedded in an infinite medium of different elastic properties.
The cavity is subjected to a uniform, internal pressure. The accuracy of the analytical model

is established by comparing the analytical indentation results for various bi-material config-



urations with those from detailed finite element simulations. The practical applicability of
the indentation model is demonstrated by determining the elastic modulus of a paint from
indentation measurements on an embedded paint sample as reported in the literature [21].
This paper is organized as follows. In Section 2 a review is provided of analytical elas-
tic and elasto-plastic indentation models for homogeneous materials, and the accuracy of the
analytical elasto-plastic indentation model is assessed by comparing its response to that ob-
tained from finite element simulations. In Section 3 an analytical expression is derived for the
effective modulus of a bi-material. In Section 4 this analytical expression is combined with
the analytical indentation models for homogeneous materials reviewed in Section 2 to simulate
the indentation response of elastic and elastic, ideally plastic bi-materials. The accuracy of
the analytical models is assessed by comparison with detailed finite element simulations. In
Section 5 the practical applicability of the analytical indentation model is demonstrated by
determining the elastic modulus of an embedded paint sample from experimental indentation

data. Finally, the main conclusions of the study are presented in Section 6 .

2. Review of indentation models for homogeneous materials

Similarity solutions have been developed for the indentation of a half space made from a
power-law solid by a headshape of power-law form (such as a paraboloid or cone) [36, 37]. The
force F' applied to the indenter is related to the indentation depth A and alternatively to the

indentation contact radius a by [2, 38, 39, 40, 41]

F = Cph™ and F =Cya", (1)

where m, n, C}, and C, depend upon the properties of the non—linear&e%%%@%e@ry solid

and upon the geometry of the headshape.

In general, the values of m, n, C; and C, differ for loading and unloading, as unloading

is usually associated with an elastic material response. dFforexample—forcenicaldndentation
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afrd-the—ytetdstremgtirof-the-materiat {421 The specific case of indentation of a linear elastic

solid is treated in Section 2.1}' elastic unloading of an indented elasto-plastic solid is discussed

in Section 2.2, and indentation of an elastic, ideally plastic solid is considered in Section 2.3.

2.1. Indentation of an elastic solid

Consider a homogeneous, elastic sghid index‘\ced by a frictionless, rigid conical punch. Hard-

ing [43] and Sneddon [1, 2] showed that the force-displacement relations given by Eq. (1) are

of the @pezific form

FZZtana E B2 nd _ T E a2,
T 1—v2 2tana 1l — 12

(2)

where « is the semi-apex angle of the indenter and F and v are the Young’s modulus and
Poisson’s ratio efztdie_kadf-spaee, respectively. The elastic compliance of the indenter can
be accounted for by replacing the plane-strain elastic modulus E/(1 — v?) in the above two

expressions by a reduced modulus E, defined as [3, 38|

2
— +—n (3)

where FE;, and v;, are the Young’s modulus and Poisson’s ratio of the indenter, reslf\co“cively.
Note from Eq.(2) that the exponents m and n in Eq.(1) have the value m = n = 2,lCh and

C, are given by

2tana FE T E
Ch = T 1—10v2 and Ca_2tana1—y2’ (4)
‘/{LL %Z.o,«vbf“%ﬁ Poromdﬂﬂ
and h and a are related by
Ta
h = .
2tan « (5)

As sketched in Figure 1, sink-in occurs at the edge of the indenter to a depth hg, as a result
of which the contact depth associated with no sink-in (or pile-up), h. = a/ tan «, is less than

the true indentation depth A, such that



via Eq.(4). The sink-in displacement hg follows immediately from the identity

h=hg+he, (7)

¥y

a 2 as;Clastic material over a depth h, using an indenter with semi-apex angle
ot. The contact radius, contact depth and sink-in displacement are given by a, h., and hs, respectively.

bl yalur of unlondng 2(h)

The wmcremental [contact stiffness é’;«é@ is the derivative of Eq.(2); with respect to the

indentation depth h:
OF 4tana FE

S:%_ T 1—v2

h. 8)

\ﬁUpon inserting Eq.(5) into Eq.(8) and defining the projected contact area as A, = ma?, the

Young’s modulus F is related to S via [38, 40, 44]

E_ﬁS(l—zﬂ)
=3 7\/% )

The right-hand side of the above expression needs to be multiplied by a correction factor 1/¢

w hen
in—ease the projected contact area A, is non-circular, with ¢ equal to 1.012 and 1.034 for,

(9)

respectively, square and triangular shape indents [45].

2.2. FElastic unloading of an elasto-plastic solid

Equation (9) can be used to determine the Young’s modulus from indentation tests on an
elasto-plastic solid by following the procedure of Oliver and Pharr [38, 40|, summarized as
follows. Assume that the indent is elasto-plastic in nature but unloading is elastic from an
indentation depth h = A4, to a residual depth hy at zero load, see Figure 2. °}uatlon
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Figure 2: Schematic representation of the loading and unloading stages in an indentation experiment. During
loading, the load F' is increased from zero to a value Fiqz, whereby the indentation h obtains a value hmqz.
Under subsequent unloading, the indentation depth decreases towards a residual, plastic indent Ay at zero load.
The reversible, elastic indentation experienced during unloading is @maz — hy). The elastic contact stiffness at
the onset of unloading is S. This figure is based upon a representation presented in [38].

(38, 40]
F=Cp(h—hy)™. (10)

From the calibrated curve Eq.(10), the unloading contact stiffness S at the indentation depth

h = hpae is computed as

oF

5= an

= mCh(hmaz — hy)™ *. (11)
h:hmax
Su-/L Ohe v 2

Oliver and Pharr [40, 42] further assumed that the sink-in displacement h is purely elasti
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and thus for a conical indenter, w - 18 related to the elastic indentation d-ept—h—
aﬂosoug b 18)xx sud (b

(hmax - h)@ in A Monnks on
h (7T — 2)

AAdditional y, by inserting the exponent Jn = 2 for elastlc indentation in Eqgs.(10) and (11), i
iy t"

)
follows frafd thée explessions that the[elastlc c&-&?d:smffness S at h = hypae reads

(hmaz — hy) - (12)
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with the unloading contact stiffness S of the elasto-plastic solid given by the general expression,
Eq.(11), and £ = 2(w — 2)/7 = 0.73 for a conical indenter. A slightly lager value of & =
0.75 needs to be selected when the effective indenter shape during unloading is (accurately)
approximated by a paraboloid of revolution [42]. The projected contact area A, is determined
from the value of h. as deduced from Eq.(14), using the fitting procedure described in [38].
Alternatively, the contact area can be measured directly by imaging of the residual indent
[38, 40]. Finally, the values of A, and S are inserted into Eq.(9) to obtain the Young’s

modulus £ of the indented solid, while the hardness follows from H = F,,,,/A,.

2.3. Indentation of an elastic, ideally plastic solid

Marsh [46] and Johnson [3, 47] assumed that conical indentation of an elastic, ideally
plastic solid by a rigid, conical indenter can be idealized by the expansion of an internally
pressurised, hemispherical cavity from a vanishing initial radius to a current radius equal to
the contact radius a, see Figure 3. The stress state o inside the void (or “core”) is a uniform
pressure, o = —pl, where I is the usual second-order identity tensor. The deformation state
external to the hemispherical core is taken to be the same as that for an elastic, ideally plastic
full space containing a spherical cavity of radius a and subjected to an internal pressure p [48].
The plastic zone extends from the core to an outer elastic-plastic boundary at/aradius r =c,
with ¢ > a. At the interface r = a between core and plastic zone, the radial stress in the
plastic zone equals the hydrostatic stress p in the core. In addition, the radial displacement at
the interface is compatible with the volume displaced by the conical indenter, assuming that
the material within the core is incompressible. It is fum{r assumed that no pile-up or sink-in
& naakefiak occurs during indentation, such that the indentation depth is h = h, = a/tanq,
see Figure 3.

Write oy, as the yield strength of the indented material and 3 :(90O — a)as the inclination

of the conical indenter. Then, the mean indentation pressure p,, under the indenter is given



Figure 3: Cavity expansion indentation of a homogeneous, elastic, ideally plastic material to a depth h, using
an indenter with semi-apex angle «. Indentation produces a hemispherical core of a radius equal to the contact
radius a. The stress generated inside the core induces a hemispherical plastic zone of radius c.

by [3, 47]:
2 E
ﬁ—l—f for 2< tanﬁgQ?,
Pm _ ) %y 3 Oy (15)
g Et
Vo8 for ZWRO o7
Ty
where

P 2 (1 + In <1Etanﬁ>> ,
oy 3 3 oy
E quelien
fwBichFr@.(15); and (15)2 define the elasto-plastic and fully plastic indentation

responses, &+,

)
Note from Eq.(15) that the mean indentation pressure py, is fully determined by the dimen-

Cepresentalive
sionless parameter (Etan 3)/o,, which can be interpreted as the ratio of t e‘strain imposed
by the indenter, tan 3, and the yield strain, o,/E [3]. The use of alternative headshapes of
indenters (spherical, Vickers, Berkovich) somewhat changes the point of first yield and full
yielding in Eq.(15), but preserves the overall form of Eq.(15) [3]. Although the solution given
by Eq.(15) is based upon the assumption that the indented solid is incompressible, the effect
of the value of Poisson’s ratio upon the elasto-plastic response is minor [3, 47]. The compliance
of the indenter is taken into account u.'.lg‘;n replacing the Young’s modulus F in Eq.(15) by the
reduced modulus E, as given by Eq.(3) [3, 47]. The force F' on the conical indenter follows

directly from the mean indentation pressure p,, and the projected contact area A, = ma?, such



that

F=pnA,, (16)

and consequently the constant C, in the general expression, Eq.(1)s, specializes to Cy = mpm,
with p,, given by Eq.(15), and the exponent n = 2. Further, from the relation h = a/ tan«,
the parameters C, and m in Eq.(1); follow as Cj, = mp,,(tan a)? and m = 2.

Three-dimensional indentation simulations reveal that Johnson’s cavity expansion model
gives a rather good representation of the nominal hardness of polymers (e.g., paints); an ap-
proximately spherical plastic zone develops and no material pile-up occurs next to the indenter
[49, 50]. In order to verify the accuracy of Eq.(15), the results of this model are fr€t-compared
to large deformation Finite Element (FE) simulations of the indentation of an elastic, ideally
plastic half space, using the commercial FE package ABAQUS Standard?. The indentation
problem is modelled as axisymmetric, with the vertical line of symmetry passing through the
centre of the indenter.

The inden:ced solid is discretized using axisymmetric,él—node} iso-parametric elements with
&2 x2 Gauss’.;(?uadrature. The conical indenter is modelled as rigid and frictionless, and is
characterized by a semi-apex angle of a = 70.3°, corresponding to an inclination g = 19.7°
of the indenter. The numerical stability of the solution is enhanced by slightly rounding

el ion

o we
Off/\gfle indenter tip threugh-theapplicationeof a small, finite tip radius. The a.ﬁ:p.l.i-ca,t;gn

of a tip radius also makes the indenter more representative of a practical conical indenter.
The indenter is displaced vertically into the solid using an incremental time-marching scheme
with an automatic time-step adaptation. The maximum indentation depth is set to 8 pm,
which is a factor of 6.25 smaller than the radial and vertical dimensions of 50 pm defining
the axisymmetric finite element configuration. A so-called node-to-surface contact criterion is
adopted in order to rigorously check for new contacts between the indenter and the elements
that define the top surface of the solid.

The FE mesh is refined near the indenter tip, and the semi-infinite character of the solid is
simulated by placing 4-node infinite elements with an elastic material behaviour along the lat-
eral and lower boundaries of the finite element geometry [51]. The converged FE discretization

deduced from the above mesh refinement study corresponds to a spatial discretization of 4499

ZDassault Systems Simulia Sorp., Providence, RI, USA.



finite elements and 100 infinite elements. The choice of element discretization is determined

from a preliminary mesh refinement study on the initial, elastic indentation response, ahsa

oting t lasti ormation icini i i i e-
styicted-domain—In the mesh refinement study the elastic response was simulated by selecting

an almost incompressible solid with v = 0.499; the converged numerical results agree with the
analytical solution given by Eq.(2) to within an acceptable inaccuracy of 1%.

In the FE simulations of the indentation of the elastic, ideally plastic solid the mesh density
of the converged elastic solution is preserved and the size of the mesh is increased by a factor of
10 in the radial and vertical directions to ensure that the plastic zone generated by the conical
indenter does not reach the elastic infinite elements located at the perimeter of éhe FE model.
Consequently, the number of finite elements in this FE model equals 1 57‘.{CT he number of
infinite elements is kept the same as in the mesh convergence study, E;lOO. The Poisson’s
ratio of the solid v = 0.35 is representative of various solids, including historical paints [52].
Jo-flow theory is used for the plastic response, and the Young’s modulus E and yield strength
oy are selected such that the dimensionless parameter (E tan/3)/o, appearing in Eq.(15) is
varied stepwisely from 1 to 100, in—cggp?sgmh 100 separate FE simulations.

Figure 4 shows a comparison between the results obtained from the FE simulations (grey
circles and black solid line) and Johnson’s cavity expansion model, Eq.(15), (dashed line).
Each vertical column of data points/ designated by the grey circles correspondf to an increase
in indentation depth h for an integer number of contact nodes. The bottom point of each
column of data points gives the instant at which a new node comes into contact with the
indenter. Thus, the contact radius a remains constant and the mean indentation pressure
pm (plotted along the vertical axis) grows until the next node makes contact. This feature of
mesh discretization repeats itself and a new column of vertical data points is generated, see also
[53, 54, 55]. The black solid line depicted in Figure 4 captures the mean values of the vertical
columns of data points. The cavity expansion model, Eq.(15), is in reasonable agreement with
the response of the FE simulations, with an underprediction in the intermediate elasto-plastic
regime and an overprediction in the final, plastic regime. Although not illustrated here, the FE
results also show that the ratio of contact depth h. to indentation depth h in the elasto-plastic

regime monotonically increases : fhe initial, elastic value is in
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contact depth develops With indicating that material piles up next to the indenter,

as previously discussed [3, 47].
Additional comparisons between the results of the cavity expansion model and those of FE
simulations can be found in [47], including a comparison of the subsurface and surface stress

fields in Figures 6.15 and 6.16, which shows good agreement.

Elastic Elasto-Plastic . Plastic
3.0 ' ‘ e
20r
=
S
~
g
s;
1.0¢
FE
—Mean FE
- - Analyt. Eq.(15)
0.0 ‘
1 10 100

(Etan3)/o,

Figure 4: Indentation response of an elastic, ideally plastic solid. Mean indentation pressure p,, normalized
by the yield strength o, as a function of the dimensionless parameter (Etan3)/c,. The figure shows the FE
response (grey circles), the mean FE response (solid black line) and the prediction by the cavity expansion

model, Eq.(15) (dashed line).

3. Closed-form expression for the effective elastic modulus of a bi-material

The indentation model for a homogeneous solid reviewed in Section 2 will be adapted to
the case of a bi-material composed of a hemispherical inclusion at the surface of a dissimilar
half space, with the indent placed at the centre of the inclusion. As will be demonstrated in
Section 4, this adaptation will be achieved meffective elastic modulus of the bi-material,
followed by taking this effective modulus as the /Yofglzg’s modulus in an indentation model for
a homogeneous solid. In the present section an analytical expression for the effective elastic
modulus is derived from the response of a hollow, spherical particle embedded in an infinite
medium of dissimilar elastic properties, and subjected to a uniform, internal pressure, see
Figure 5. The elastic displacement field in the bi-material is derived in Section 3.1, and an

analytical expression for the effective elastic modulus is obtained in Section 3.2.
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Figure 5: A spherical shell of outer radius b (material 1) embedded in an infinite medium (material 2). The
spherical cavity of radius a is pressurized by a uniform pressure p. The inset shows the spherical coordinate
system (r, 6, ), with » > a the radial coordinate of a material point, 6 the polar angle coordinate, and ¢ the

azimuth angle coordinate.

3.1. FElastic displacement field

The geometry depicted in Figure 5 is characterized by an elastic spherical shell of outer
radius b (material 1) that is embedded in an infinite solid of dissimilar elastic properties
(material 2). The spherical cavity of radius a is subjected to an internal uniform pressure p.
A spherical coordinate system (r, 6, ¢) is adopted, where r > a is the radial coordinate, 6 the
polar angle coordinate, and ¢ is the azimuth angle coordinate. Upon exploiting the spherical

symmetry of the problem, the following equilibrium and kinematic conditions hold:

0'1”9:0'7"4;3:0'0(,0:07

000 = Ty

ug = uy, =0, (17)
5r9:5r<p:59<p:07

€00 = Epp -

Here, o,mn, €mn and u,, are the stress, strain and displacement components in the spherical

coordinate system. The constitutive relations and the remaining equilibrium and kinematic

12



relations of the solid are

Orr — 205009 = Ejpr s

oo9(1 — v3) — viop = Ejegg,

ooy 2
g T (o —009) =0, (18)
ouy
ET’/‘ 87" Y
Uy
€09 = —
r

where E; and v; are the Young’s modulus and Poisson’s ratio of material ¢ € {1,2}. Addition-

ally, the boundary conditions (at 7 = a and r — o0) and interfacial conditions (at r = b) are

given by:
Urr(r = a) = P,
up(r -o00) = 0,
(19)
Urr,l(r - b) = UTT,2(T = b) 3
ur1(r=>0) = up2(r==),

in which the comma and subindices 1 and 2 used in the definition of the interfacial conditions
Eq.(19)3 4 refer to materials 1 and 2, respectively. Combining Eqs.(18) and (19) leads to the

following expression for the radial displacement:

;

adp (2 (b3 — r3) FEs (21/12 + v — 1) - E (b3 + 273 + (b3 - 4r3) 1/1) (1+ 1/2))
2r2Fy (—Ey (a® + 203 + (a3 — 463) 11) + (a® — b3) By (1 + 1))

up(r) = fora <r <b, (20)

3a3b3p (—1 + 1/1) (1 + 1/2)

for r > b.
(22 (CEs (@ 260 + (@@ — ) o)+ (@ -V Er (L) O~

For the specific case of a vanishing material 2 (i.e., Es = 0, v2 = 0), Eq.(20) reduces to:

adp(b® + 2r3 + (b3 — 4r3)v)
2(b3 — a3)r?E

up(r) = with a <r <b, (21)

in which the subscripts of the elastic parameters F; and v have been dropped for the sake of
clarity. Equation (21) gives the elastic displacement field for a homogeneous spherical shell of
finite thickness (b — a), with a free outer boundary at r = b, and loaded by a uniform pressure
p at its inner boundary r = a; this expression is in agreement with that given in [48]. For the

special case of an internally pressurized spherical cavity in an infinite, homogeneous medium,

13



i.e.,, By = Ey = E and v; = 15 = v, Eq.(20) reduces to the classical solution [56]:

a’p(1 +v)

u(r) = —5 55

with r > a. (22)

3.2. Effective elastic modulus of an embedded spherical shell

It follows from Eqs.(18)4 and (22) that, for the case of a homogeneous infinite medium,
the radial strain at the boundary r = a of the cavity can be written as

—p(1+v)

-, (23)

Err(r=a) =

which, upon rearrangement, expresses the Young’s modulus as a function of the radial strain

at r = a:
—p(1+v)
erp(r=a)

(24)
The assumption is made that the embedded spherical shell can be idealized by an equivalent
cavity of radius a in a homogeneous full space by introducing an effective modulus E for the
cavity in a homogeneous full space. The calibration is based on the assumption that the radial
strain at the boundary r = a of the cavity is the same for the two cases. Thus, the effective

modulus E for the cavity in a homogeneous full space is defined by rearrangement of the above

equation to read:
—p(1+11)

E :
err(r = a)

(25)

Here, the value of the radial strain at the boundary r = a is for the embedded spherical shell,

and is determined from Eqs.(18)4 and (20); as

—p ((2b3 + a3) B, (QV% i 1) — E (b3 —a 4 (b3 + 2a3) 1/1) (1+ 1/2))

pum— pum— . 26
err(r=a) E1 (— B (a3 + 203 + (a3 — 463) v1) + (a3 — b3) By (1 + 1)) 26)

Now insert Eq.(26) into Eq.(25) to obtain the effective elastic modulus:
5o Ey(—Ex(a® 4 203 + (a3 — 4b%)vy) + (a® — b3) By (1 + 19)) (1 + 11) (27)

(a® + 263 Eq(2v2 + 11 — 1) — B (—a3 + b3 + (283 + b3)v1) (1 +v2)

As requiredy Fhis expression reduces to the Young’s modulus of a homogeneous material,

E = E, when Ey = Ey = FE and v; = v» = v. In Section 4 the above expression for the

~

]
effective elastic modulus of the bi-material wil=be combined with the indentation models for
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homogeneous materials reviewed in Section 2 to s-i-m%a‘t’e the indentation response of elastic
and elasto-plastic bi-materials.

Note that an alternative expression for the effective modulus of the bi-material can be
obtained by suitable matching of the hoop strain of the bi-material problem and the cavity in
an effective, homogeneous full space at 7 = a. Combine Eqs.(18)5 and (22) for the cavity in a

homogeneous full space, and substitute £ by E and v by vy:

p(1+v1)

E=—
2ep9(r = a)

(28)

Then, assume that the value of ggg(r = a) for the embedded spherical shell equals that for the
. , . e Aaxz:o\ formmad Lok~ oo
equivalent effective full space. A Jrelifnimaty comparison study /ﬁ)@t—&gem.gd#@alad
e ?/ hoo? od radiel St rofn compo panky o obbaxn & ,Hut s mt atlod her€.. ZE s
Pmolthat the effective modulus F based 'on Eq.(25) provides a more’accurate estimate of the elastic

indentation response of an embedded hemispherical inclusion than that based on Eq.(28).

4. Indentation of embedded hemispherical particles

The closed-form expression for the effective elastic modulus of the bi-material, Eq.(27), is
now combined with the analytical indentation models for homogeneous materials, as reviewed
in Section 2. First, the indentation of an elastic hemispherical particle embedded in an elastic
half space is reported in Section 4.1. Second, the indentation of an elastic, ideally plastic
hemispherical particle embedded in an elastic half space is given in Section 4.2. In each section,
the accuracy of the analytical models is established by comparing analytical predictions with

detailed finite element simulations.

4.1. Indentation of an elastic hemispherical particle embedded in an elastic half space

The elastic indentation of a hemispherical particle embedded in a half space of differing
elastic properties is sketched in Figure 6. The analytical indentation model makes use of
Eq.(27) in the F-a relation, Eq.(2)2. Accordingly, the indentation force F' on the rigid conical

indenter is expressed in terms of the contact radius a of the bi-material as

T E
F= 2 29
72tanoz(1—l/12)a ’ (29)

in which the Poisson’s ratio corresponds to that of the indented material 1. Equation (29) has

been extended by a factor v, which corrects for a small, artificial overlap between the geometry
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Figure 6: Indentation of an elastic hemispherical particle of radius b (material 1) embedded in an elastic half
space (material 2), using an indenter with semi-apex angle a. The contact radius a, contact depth h. and
sink-in depth hs each depend upon the indentation depth h.

of the rigid indenter and the deformed material surface, as characteristic of Sneddon’s solution,
see also [57]. An analytical expression for the factor «y is obtained by calibrating Eq.(29) on the
FE indentation response of a homogeneous material - here designated as “material 1”7 - with the
Poisson’s ratio taking values in the range of 0 to 0.5. The FE mesh used for the axisymmetric
indentation models corresponds to that @%g from the mesh convergence study described
in Section 2.3. The calibration of the factor ~ is performed when the indentation response
has converged towards a steady state, as characterized by ;-‘as%r’c-n'arﬁyﬁ constant value of the
dimensionless indentation force F/(A,E1), with A, = ma? the projected contact area. The

value of v is taken as the average of the values calibrated for a range of contact radii a. Figure

7 illustrates that the numerical values for v are accurately captured by the linear relation
v=12-04v;. (30)

Note that v = 1 in the limit of an incompressible material, ¥ = 0.5, which is the case that has

been selected for the mesh refinement study discussed Section 2.3.

4.1.1. Elastic indentation response

The elastic indentation response of the bi-material configuration sketched in Figure 6 is
illustrated in Figure 8. Specifically, the dimensionless indentation force F'/(Ap,E1) is plotted as
a function of the dimensionless indentation radius a/b for three values of modulus mismatch,
Ey/E; = 10.2,1.0,5.0], and 6 choices of Poisson ratios, v; = 5 in the range of 0 to 0.5. The

black solid line represents the FE response, which develops in a sawtooth fashion due to the
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Figure 7: Analytical expression for the factor v (black line) as given by Eq.(30), which is obtained from
calibrating Eq.(29) for a homogeneous material to the results of FE simulations (red circles) for selected values
of Poisson’s ratio v;.

fact that the contact condition of the indenter is prescribed in a spatially discrete manner via
the individual finite element nodes, see also Figure 4 and the explanation provided in Section
2.3. The mean of the FE sawtooth curve is given by the red dotted line. The analytical model,
Eq.(29), with v and E respectively given by Eqgs.(30) and (27), is represented by the black
dashed line. Additionally, for the specific case of Es/E; = 0.2, the analytical model with
an effective modulus for an incompressible bi-material is depicted in Figures 8(a)-(f) by the
black dotted line; the corresponding expression for the effective modulus follows from inserting

v1 = ve = 0.5 into Eq.(27):

_ E; (0? — a®) + Eya®
FE = Einc = ( b3) ) (31)

with the subscript “inc” referring to “incompressible”. This expression correctly reduces
to Ei,e = Fp for a homogeneous material, Fs /E1 = 1. The analytical indentation model,
Eq.(29), that uses the effective modulus of the incompressible material, Eq.(31), henceforth
will be denoted “analytical model for the incompressible bi-material”; the indentation model
also describes indented materials with a Poisson’s ratio vq different from 0.5, via the terms
v =1.2—0.4r; and (1 — v2) in Eq.(29).

For the case Eo/E; = 0.2 of a stiff particle embedded in a soft matrix, the mean FE results
plotted in Figure 8 show that the dimensionless indentation force F/(A,E1) monotonically

decreases with increasing indentation radius a/b after a relatively short initiation phase3. In

;,\:fu;ﬂ

3The FE results shown in Figure 8 are characterized by a short imitiesten—phase, during which the round
indenter tip establishes contact with the material surface and the dimensionless indentation force F/(A,E1)
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Figure 8: Indentation response of an elastic hemispherical particle embedded in an elastic half space. Dimension-
less indentation force F/(Ap,E1) versus dimensionless indentation radius a/b, as calculated by FE simulations
(black solid line), the analytical model Eq.(29) with the general stiffness expression Eq.(27) (black dashed line),
and the analytical model Eq.(29) with the stiffness expression for an incompressible material Eq.(31) (black
dotted line). The mean FE response is represented by the red dotted line. The results are shown for three
values of modulus mismatch, F;/E; = 0.2, 1.0, and 5.0, and for (a) v1 = v = 0.0, (b) v1 = v2 = 0.1, (¢)
v =v2=02,(d) r1 =12 =03, (¢) v1 =2 =04, (f) 1 =12 =0.5.

contrast, for a homogeneous material, Ey/E; = 1.0, F'//(ApE1) is independent of a/b, and for

the case Ey/FE = 5.0 of a compliant particle embedded in a stiff matrix F/(A,E1) increases

increases.
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monotonically with a/b. Remarkably, the indentation load for the stiff particle configuration,
Es>/FE; = 0.2, is almost insensitive to the choice of Poisson’s ratic; v1 and 19, and is adequately
captured by the analytical model for an incompressible bi-material, Eq.(31). The analytical
model with the general stiffness expression, Eq.(27), overpredicts the FE results for this case,
although the discrepancy decreases for a larger value of Poisson’s ratios, and eventually van-
ishes in the limit of an incompressible bi-material, 11 = 15 = 0.5. For a homogeneous material,
Es/E; = 1, the analytical models with the stiffness expressions given by Eqgs.(27) and (31)
lead to an identical result, and accurately describe the mean FE response. For the compliant
particle configuration, Es/E; = 5.0, the analytical model with the general stiffness expression
Eq.(27) gives close agreement with the mean FE results over the full range of dimensionless
indentation radii a/b in case of moderate values of the Poisson’s ratios, 0.2 < v; < 0.3 and
i € {1,2}. Since this range includes the Poisson ratios of many engineering materials, it is
concluded that this analytical indentation model is of practical value. For values of Poisson ra-
tios falling outside this range, Figure 8 shows that the analytical model only provides accurate
results up to a normalized indentation radius of a/b =~ 0.3 to 0.4, and for larger indentation
values may significantly underpredict (for v1,v9 < 0.2) or overpredict (for vq,v5 > 0.3) the
mean FE response of the compliant particle configuration. Finally, note from Figure 8(f) that,
for E9/E7 = 5.0, the analytical model for the incompressible bi-material deviates from the FE
results obtained for a Poisson’s ratio of 0.5, which is the reason that analytical predictions for

an incompressible bi-material with Fy/F; = 5.0 have been omitted from Figures 8(a)-(e).

4.1.2. Effective elastic modulus
The mean FE results indicated by the red dotted line in Figure 8 can be used to compute

the normalized effective elastic modulus E /E1 of the bi-material from the inverse relation of

Eq.(29), ie.,

E 2tana F(1 - iz
E1 v ApEl '

(32)

Accordingly, in Figures 9(a)-(f) the effective modulus following from the FE simulations is
compared to the effective modulus, Eq.(27), and the effective modulus for the incompressible
bi-material, Eq.(31), by plotting the dimensionless value E/E; against the dimensionless in-
dentation radius a/b for three values of stiffness mismatches Ey/E; = [0.2,1.0,5.0] and six
values of Poisson ratio over the range 0 to 0.5. After a minor initiation phase, all curves attain

an effective modulus of E = Fj, which confirms that at small indentation the effective mod-
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Figure 9: Indentation response of an elastic hemispherical particle embedded in an elastic half space. Di-
mensionless effective elastic modulus £/E; versus dimensionless indentation radius a/b, as calculated by FE
simulations and using Eq.(32) (black solid line), the analytical model Eq.(27) (black dashed line), and the
analytical model for the incompressible material Eq.(31) (black dotted line). The results are shown for three
values of modulus mismatch, F2/E; = 0.2, 1.0, and 5.0, and for (a) v1 = v2 = 0.0, (b) 11 = 2 = 0.1, (c)
v =12 =02, (d) v1 =v2=0.3, () 11 =12 =04, (f) 11 =12 =0.5.

ulus equals the Young’s modulus of the hemispherical particle. Under continued indentation,

the effective modulus of the stiff particle configuration, E2/E; = 0.2, monotonically decreases,

for the homogeneous material, F2/FE; = 1.0, it remains constant and equals E = E;, and for

the compliant particle configuration, Fy/E; = 5.0, it monotonically increases. In agreement

20



with the observation made from Figure 8, for the stiff particle configuration, Fy/FE; = 0.2,
the analytical model for the incompressible bi-material closely matches the effective modulus
determined from the FE simulations. For the homogeneous material the general analytical
expression, Eq.(27), and the expression for the incompressible bi—mater‘i‘i}} Eq.(31), lead to
the same result £ = FE;, which match the FE results. For theccm particle configuration,
Ey/E; = 5.0, the agreement between the effective modulus expression, Eq.(27), and the FE
results is adequate for Poisson ratios in the range 0.2 < v; < 0.3 where ¢ € {1,2}, and is
adequate up to an indentation of a/b = 0.3 to 0.4 for Poisson ratios falling outside this range.

From the above comparison with the FE results (and from similar comparisons with FE
results for alternative stiffness mismatches Fo/E; = 0.5 and 2.0, but omitted here for the sake
of brevity), it is concluded that the analytical expressions for the effective elastic modulus E of
the indented bi-material given by Eqs.(27) and (31) are adequate for a broad range of stiffness

mismatches, 0.2 < Fy/F; < 5.0, and Poisson ratios, 0 < v; < 0.5 with i € {1,2}, within the

following regimes of the normalized indentation radius a/b:

[ Ey(—Ea(a® + 203 + (a® — 4b®)v1) + (a® — b%)B1(1 + 1)) (1 + 1)
(a® +203) B2 (203 +v1 — 1) — E1(—a® + b3 + (23 + 03)v1) (1 + v2)

for 0<a/b<1 if 1.0<Es/E <50 and 0.2<u1; <0.3,
for 0<a/b<0.3 if 1.0<Ey/E; <50 and 0<p;<0.2 or 0.3<vy; <0.5,

for 0<a/b<1 if 05<Ey/F1<1.0 and 03<y;<04,

ey
Il

for 0<a/b<0.5 if 05<Fy/F1 <10 and 0<1;<0.3 or 04<v; <0.5,

Eq (b3 — a3) + Eya®
b3 ’

for 0<a/b<0.6 if 02<FE3/FE; <05 and 0<y; <0.5,

with i€ {1,2}.

(33)

AotethatTn the above expressions the various regimes follow each other through the specific

ranges selected for the elastic parameters. The homogeneous limit Fo/FE; = 1 is omitted
. Corr.o-‘ut ﬁmft re .

from Eq.(33), but, as has already been mentioned, the result-is—correetly obtained from this

equation as E = E; for the complete range of Poisson ratios 0 < v; < 0.5. Further, the

maximum indentation radius a/b = 1 for simplicity has been included in the applicability
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Figure 10: Indentation of an elastic, ideally plastic hemispherical particle of radius b (material 1) embedded in
an elastic half space (material 2), by an indenter of semi-apex angle . The indentation produces a hemispherical
core of radius equal to the contact radius a, and a hemispherical plastic zone of radius c.

ranges of Eq.(33), although for certain combinations of elastic parameters the maximum value
of a/b may be somewhat smaller than unity, due to the fact that the indenter prematurely

touches the supporting material 2 under a relatively large vertical deformation of material 1,

see also Figures 8 and 9.

4.2. Indentation of an elastic, ideally plastic hemispherical particle embedded in an elastic half

space

The elastic configuration studied in Section 4.1 is now extended to the case of an elastic,
ideally plastic hemispherical particle (material 1) embedded in an elastic half space (material
2), see Figure 10. The size of the plastic zone generated within the hemispherical particle is
denoted by the radius c¢. The plastic zone can expand until it reaches the material interface
between the hemispherical particle and the supporting elastic half space, ¢ = b, or until the
indenter reaches the material interface, a = b. The indentation response of the bi-material con-
figuration is analysed analytically by an adapted version of Johnson’s cavity expansion model
for a homogeneous material Eq.(15), and numerically by means of finite element analyses. The

adaptation of Johnson’s model involves the replacement of the Young’s modulus F in Eq.(15)
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by the analytical expression for the effective elastic modulus E of the bi-material, leading to

2 Et

£—|—§ for 2< anﬁ§27,

a. g
Pm _ y . Y (34)
o Et

Voo |os for ZWRO o7
Oy
where

P2 (1 (1Em))

oy 3 3 oy

with E given by Eq.(27). Instead of Eq.(27), the refined, more complicated stiffness expression,
Eq.(33), could have been used, but it-isexpected thatrdue-to-thecontributiomrof plrasticity~
effects, this leads to only minor differences in the elasto-plastic indentation response.

Figure 11 illustrates the indentation response from both the FE simulations and the ana-
lytical cavity expansion model of the bi-material, Eq.(34). The Poisson ratios of the materials
1 and 2 are taken to be vy = v = 0.35. Note that the incorporation of the effective elas-
tic modulus E of the bi-material in the dimensionless parameter (E tan 3)/ oy plotted along
the horizontal axis is consistent with the analytical expression in Eq.(34). Consequently,
the response plotted for the cavity expansion model includes the role of stiffness mismatch
Es/FE;. As already discussed in Section 2.3, the mean FE response for a homogeneous ma-
terial, E = E; = F», is adequately approximated by the cavity expansion model. The mean
FE responses for the bi-material refer to a high stiffness ratio Ea/E; = 10 (red solid line)
and to a low stiffness ratio E2/E; = 0.1 (blue solid line). These FE responses are calculated
by performing separate ana:z:es for 9 different values of yield strength o,, which start along
the horizontal axis at 9 different values of (E tan 3)/oy. In correspondence with the range of
validity of the cavity expansion model, the FE analyses are continued until the plastic zone
reaches the material interface, ¢ = b, or the indenter reaches the material interface, a ~ b.

For small indentations the contribution of the supporting material 2 to the overall response
is negligible, as a result of which the effective modulus equals that of the hemispherical particle,
E = E;. Under increasing indentation of the particle embedded in a relatively compliant half
space, F2/E1 = 0.1, the values of (E tan 8)/o, and py, /0, decrease in the initial elastic regime
and also in the subsequent elasto-plastic regime. Specifically, the contribution of the compliant

half space to the response grows with increasing indentation, so that the values of the mean
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hydrostatic stress p,, = F/A, and the effective modulus E diminish, as already observed
for the elastic responses shown in Figures 8 and 9, respectively. For the same reason, the
elastic and elasto-plastic indentation responses of the particle embedded in a relatively stiff
half space, E»/E; = 10, reveal an increase of (E'tan 3)/o, and p,,/o,. Note further that, in
the final, plastic regime, the mean indentation pressure p,, is almost insensitive to the elastic
properties of the bi-material, and is essentially set by the yield strength o,.

In summary, the elastic, ideally plastic indentation response of a bi-material can be quan-
tified in terms of the effective elastic modulus, Eq.(27), in the representation in Figure 11,
with the FE results supporting the analytical cavity expansion model, Eq.(34). Thus, the cav-
ity expansion model can be used as a practical, analytical tool to estimate the elasto-plastic

material properties of embedded samples from indentation tests.

Elastic Elasto-Plastic . Plastic
3.0 : :
207
b@:
~
g%
10" - - Analyt. Eq.(34)
—E,/E; =0.1
—E,/E; =10
—FE,/E; =10.0
0.0 — ‘ ‘
1 10 100

(Etang)/ay,

Figure 11: Indentation of an elastic, ideally plastic hemispherical particle embedded in an elastic half space.
Mean indentation pressure p,, normalized by the yield strength o, as a function of the dimensionless parameter
(Etan B8) /oy, with E given by Eq.(27). The FE results are depicted for a homogeneous solid, F>/E; = 1 (black
solid line), and for bi-materials with modulus mismatches F>/F; = 0.1 (blue solid line) and E2/E1 = 10 (red
solid line), with 9 initial values of (E tan 8)/a,. The Poisson’s ratios are v1 = v» = 0.35. The analytical result
for the cavity expansion model of the bi-material Eq.(34) (black dashed line) holds for arbitrary value of the

stiffness mismatch Es/FE; via the parameter E.

Case g(ﬁ"“\’\_") L wae L apreh
5. Applicability of analytical model tolindentation test on embedded paint sample

The practical applicability of the analytical expression for the effective modulus, Eq.(27),
is demonstrated through a case study on indentation tests taken from the literature [21]. He

“Indentation tests were performed on an acrylic, titanium white paint layer of Golden Artist
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Figure 12: Indentation of a semi-infinite elastic bi-material with a straight, vertical material interface. The
indentation of material 1 (paint) is performed at a distance b from the interface with material 2 (resin). The
indentation depth h relates to a contact radius a, a contact depth h., and a sink-in depth hs. The configuration
is representative of the embedded paint sample tested in [21].

Colors® (material 1) that was fully embedded in a resin specified as a Technovit® 2000 LC
fixing paste (material 2). The width of the paint sample was 210 pm and the thickness in
the depth direction was considerably larger, above 1 mm. The reduced modulus measured

by indenting the resin with a diamond Berkovich indenter was E, ~ 15 GPa [21]. Assuming

a representative value of vo = 0.35 for e Poisson’s ratio of the resin, Eq.(3) implies that
l‘s deduce. ,dz,
By~ Ey(1—12) = 13.2 GPa. ’fw T to N/°W‘3Y %

~m2eC MJ Uv\ = j e
dl"‘t “*bﬁn Vest o~ Ao g ~d-y
A sketch of the geometry at the material interface and the ch racterl&acs of the indenter

is presented in Figure 12. The embedded paint sample was subjected to two indentations,
performed at distances b = 12 pm and b = 72 pm from the vertical interface between the paint
and the resin. The indentation tests were carried out using a continuous stiffness measure-
ment (CSM) technique, entailing harmonic loading of amplitude Fy at a frequency of 20 Hz,
superimposed on the quasi-static loading. This allows for the determination of the contact
stiffness as a function of indent depth without interrupting the indentation [6, 40]. The am-
plitude hg of the induced dynamic \S\Sf‘lyuitfn was on the orde ,&Of nanometers, much less than
that of the quasi-static signal. The /\Cogtac‘?stiffness S % (Fy/hg) cosd, where ¢ is the phase
shift between the harmonic load and displacement induced in the embedded viscoelastic paint
sample [6, 58, 59, 60].

The contact stiffness S measured at a specific quasi-static loading step Fi,q. and corre-
sponding indentation depth h,,q, provides the actual contact depth h. through Eq.(14) (using

¢ = 0.75), which, under the assumption of a perfect Berkovich indenter, subsequently renders

the contact area as A, = ma? = 7(h.tana)? [38], where o = 68.6° for the Berkovich indenter
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employed in the experiment [21]. From the value of A, and the corresponding value of S, the

effective modulus E of the bi-material is calculated as

E_ﬁs(l_yf)
2 /A

Equation (35) is an approximation based on Eq.(9) for a homogeneous solid, whereby the

(35)

Young’s modulus F is replaced by the effective modulus E. Further, the factor v given by
Eq.(30) has been added to correct for the artificial overlap between the indenter geometry
and the deformed material surface, which typifies Sneddon’s solution, Eq.(9). The accuracy
of Eq.(35) for determining the effective modulus of the experimental bi-material configuration
sketched in Figure 12 has been confirmed in Appendix A via a comparison with the indentation
result obtained from a detailed, three-dimensional FE simulation. Since the Berkovich indenter
used in the experiment generates a triangular shape indent, the effective modulus comput
with Eq.(35) needs to be multiplied by a correction factor 1/¢, with { = 1.034, seer%.lso the
discussion below Eq.(9).

Figures 13(a) and (b) show the normalized effective modulus, E/E1, as a function of the
normalized contact radius a/b of the indenter, as measured at distances b = 12 pm and b = 72 ex PZ‘:":'\

pm from the material interface, respectively. The grey circles represent the(experimental data (ﬂa,:,Aﬁj ;batlE

in the format provided by the stiffness expression, Eq.(35), and the black solid line reflects the S—‘ldt Oe

aQ
result from the analytical model, Eq.(27). In both figures the experimental data is accurately 14.; e
r

h)

matched by the analytical model, whereby it is observed that the indentation response close 5 e .
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Figure 13: Indentation response of a paint sample embedded in a resin. Dimensionless effective elastic modulus
E/E; versus the dimensionless indentation radius a/b, as determined from the experimental data in [21] via
Eq.(35) (grey circles), and from the analytical model, Eq.(27) (black solid line). The indentations were performed
at distances (a) b = 12 pm and (b) b = 72 pm from the material interface between the paint sample and the
supporting resin, see Figure 12 for the geometrical characteristics at the material interface.
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to the material interface, b = 12 pm, reveals a stiffening effect caused by the supporting resin.
This stiffening effect increases monotonically with indentation depth, and remains absent if
the indenter is sufficiently far away from the material interface, as can be clearly seen in Figure
13(b) for b = 72 pm. o-ra:ssuming the Poisson’s ratio of the paint to be v = 0.35 [52],
together with the elastic parameters of the resin, £y = 13.2 GPa and v = 0.35, the Young’s
modulus E; of the paint material is obtained from Figures 13(a) and (b) by evaluating the
calibrated curves for the effective modulus E at a/b = 0, resulting in By = 1.8 GPa for the
indentation at b = 12 ym, and E; = 1.4 GPa, for the indentation at b = 72 pm. Interestingly,
%ese modulus values are in close correspondence with the values following from the calibration
procedure applied in [21], whereby the indentation response was corrected by compensating
for the overall structural compliance of the embedded paint sample. The relative difference of

22% in the above two modulus values is likely caused by spatial material heterogeneities in the

test sample. With this result, the average stiffness mismatch of the embedded paint sample

becomes Fy/F, = 13.2/1.6 = 8.3. rAlthough this stiffness mismatch is somewhat higher than
the initially estimated stiffness mismatch of Fs/E; = 5.0 adopted for generating the results
of the comparison study depicted in Figure 14 in Appendix A, it may be reasonably expected

that this does not significantly affect the accuracy of the calibration procedure. /1

(+(roUL Cue in
tIL A ppred i

An analytical model has been successfully developed to deduce the elastic and plastic

6. Conclusions

properties of embedded samples from indentation measurements. The model makes use of the
analytical expressions for the elastic and elasto-plastic indentation responses of homogeneous
materials, but adapts them by the introduction of an effective modulus for the embedded sam-
ple. The range of validity of the predictions has been established by comparing the analytical
results for various bi-material configurations with those from detailed finite element method
simulations. The analyses show that, in the elastic and elasto-plastic regimes, the indentation
response may be substantially influenced by the modulus of the embedding material. In the
fully plastic regime the response is essentially set by the yield strength of the embedded parti-
cle. The practical applicability of the indentation model has been demonstrated by deducing
the elastic modulus of a paint from indentation measurements on an embedded paint sample

as reported in the literature.
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Appendix A: Three-dimensional finite element model versus analytical model for

a paint indentation problem

The bi-material configuration sketched in Figure 12 represents a paint (material 1) em-
bedded in a resin (material 2), which has been subjected to indentation testing as reported in
[21], see also Section 5. The suitability of the analytical model, Eq.(27), for determining the
effective stiffness E of this configuration is assessed by means of a comparison with the results
obtained from a detailed 3D FE indentation model. The 3D FE simulation is carried out in a
similar fashion as described in Section 2.3 for the axisymmetric indentation models. For the
tests performed in [21] the sample depth and width are considerably larger than the inden-
tation contact radius a and the distance b between the indenter and the material interface;
consequently, the geometry of the embedded sample is treated as semi-infinite. The origin of
the (z,y,z) coordinate system shown in Figure 12 corresponds to the horizontal centre point
of the half space configuration, and is located along the free upper boundary, at a distance b
from the vertical interface between the paint (material 1) and the supporting resin (material

2). The dimensions of the FE geometry are 100 x 100 x 50 pm?

. This tetragonal volume
is discretized using 8-node iso-parametric brick elements with a 2 x 2 x 2 Gauss quadrature.
The model symmetry in the y-direction is exploited by applying appropriate fixed and roller

supports along the z — z plane that crosses the origin of the (z,y, z) coordinate system. The

semi-infinite character of the half space is simulated by placing 8-node infinite elements along
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- - Analytical, Eq.(27) i
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Figure 14: Indentation response of the semi-infinite elastic bi-material with a straight, vertical material interface
as shown in Figure 12 (which represents an embedded paint sample). The modulus mismatch equals E JE1 =
5.0 and the Poisson’s ratios are v1 = v = 0.35. Dimensionless effective elastic modulus E/FE; versus the
dimensionless indentation radius a/b, as determined from applying the stiffness expression Eq.(35) (solid line)
to the FE results, and from the analytical model Eq.(27) (dashed line).

the lateral boundaries and the lower boundary of the FE model. The FE mesh is constructed
by employing 606786 finite elements and 22594 infinite elements, whereby the mesh density is
increased towards the indenter tip for obtaining highly accurate numerical results, as confirmed
from a mesh refinement study.

Figure 14 shows the effective modulus calculated with the FE model and the analytical
model, by plotting the dimensionless modulus E/FE; versus the dimensionless indentation ra-
dius a/b for a stiffness mismatch of E2/FE; = 5.0 and Poisson’s ratios of 11 = v = 0.35. The
value of the stiffness mismatch is considered as an initial estimate for the embedded paint

sample tested in [21]. The effective modulus is deduced from the FE results by applying the

stiffness expression Eq.(35), whereas for the analytical result it directly follows from Eq.(27).

wlosey | | | L Eg ()
Thel_g:ontact stiffness S in Eq.(35) is determined from the FE results via ‘z-he—eﬂ-fsefe-bea-ppreh

imrattorof Ttsdefinition given it e S~ Wi and Ah the mume

—The results of the FE

simulation are plotted up to the stage at which the indenter reaches the supporting material
2; as indicated in Figure 12, the contact radius a is measured in the direction opposite to the
material interface, so that the indenter reaches the material interface at a value a/b somewhat
smaller than unity, i.e., a/b = 0.76. It can be observed in Figure 14 that the analytical effec-
tive modulus matches the numerical effective modulus closely over its full range of indentation
radius a/b. Hence, the analytical model, Eq.(27), can be used for an accurate calibration of

the experimental indentation response presented in [21] if the interpretation of the test data
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is done with the stiffness expression, Eq.(35).
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