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THE CYCLIC PROPERTIES OF ENGINEERING MATERIALS
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Abstract—The basic fatigue properties of materials (endurance limit, fatigue threshold and Paris law
constants) are surveyed, inter-related and compared with static properties such as yield strength and
modulus. The properties are presented in the form of Material Property Charts. The charts identify
fundamental relationships between properties and, when combined with performance indices (which
capture the performance-limiting grouping of material properties) provide a systematic basis for the
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optimal selection of materials in fatigue-limited design.

1. INTRODUCTION

1.1. Materials property charts and performance
indices

The enormous range of engineering materials is
conventionally subdivided into six classes: metals,
ceramics, glasses, polymers, elastomers and, finally,
composites made by combining two or more of the
others. There is logic in this: properties, often, are
similar within a class; between classes they differ.
Metals, for instance, are stiff, tough and conduct heat
well; polymers are compliant, relatively brittle and
poor conductors. An earlier paper [1] surveyed the
static mechanical and thermal properties of engin-
eering material, presenting them as material property
charts. Such charts have intrinsic value in revealing
correlations and in displaying the relationship be-
tween the properties of the six classes; and they have
practical application as a tool for rational material
selection in design. In this paper we extend the
method to the cyclic mechanical properties.

A material property chart is a diagram with one or
a combination of material properties as its axes, on
which the fields occupied by each material class and
of the individual members within each class are
plotted. Figure 1 illustrates the idea. In this schematic
the axes are the endurance or fatigue limit, o, (defined
in a moment), and the density, p. Data for members
of a class cluster together, allowing them to be
enclosed by class-envelopes (heavy boundaries). The
class envelopes may overlap, but they nontheless
occupy a characteristic position on the chart: on this
one, ceramics lie near the top right, foams near the
bottom left. Almost always, further information can
be displayed. On Fig. 1, the specific endurance limit,
o./p, is shown on a set of diagonal contours, parallel,
because of the logarithmic scales of the axes. In the
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design of light, fatigue-resistant structures the ratio
o./p often appears.

Of the many uses of such charts, two will be
emphasised here. First, they reveal correlations
between material properties that suggest fundamental
relationships, helpful both in understanding and in
estimating and checking property data; and second,
when combined with performance indices, they form
the basis of a rational procedure of material selection
in mechanical design [1, 2].

A performance index is a combination of material
properties which, if maximised, maximises some
aspect of the performance of a component. One has
appeared already: the best materials for making a
light, fatigue-resistant, tie (a tensile member) are
those with high values of the specific endurance limit,
o./p. There are others involving o, and p: the best
materials for a light, fatigue-resistant beam, loaded in
bending, are those with high values of ¢%*/p; for a
light fatigue-resistant panel in bending it is al?/p.
Many such indices are known; they are the key to
optimising material selection when weight or cost are
to be minimised, or some aspect of performance is to
be maximised. A compilation of indices for static
properties can be found in Ref. [2]; one for cyclic
properties is given here as Table 1.

1.2. Data sources and assumptions

The data plotted on the charts of this paper have
been assembled from a wide variety of sources. Much
use has been made of original publications, and the
data have been cross-checked where possible. The
charts show a range of properties for each material.
For structure-insensitive properties—density, for
example—the range is narrow. For structure -sensitive
properties—endurance limit, for instance—it is wider,
reflecting the range made available by heat treatment
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Table 1. Performance indices for fatigue
(a) Infinite life design at minimum weight (cost, energy)?®; uncracked samples

] Component shape and loading® Maximise
Tie (tensile strut). Cyclic load and length specified, section area free a./p
Torsion bar or tube. Cyclic torque and length specified, section area free a2Plp
Beam. Cyclic bending load or moment and length specified, section area free 02/3/;1
Panel. Cyclic bending load or moment, length and width specified, thickness free al?/p
Panel. Cyclic in-plane tensile load, length and width specified, thickness free a./p
Rotating disks, flywheels. Energy storage specified a.lp
Cylinder with internal pressure. Pressure cycle and radius specified; wall thickness free o./p
Spherical shell with internal pressure. Pressure cycle and radius specified; wall thickness free o./p

2To minimise cos?, use the above criteria for minimum weight, replacing density p by Cp, where C is the cost per kg.
To minimise energy content, use the above criteria for minimum weight replacing density p by gp where ¢ is the

energy content per kg.
YE = Young’s modulus; G = shear modulus; o, = endurance limit; p = density.

(b) Infinite life design at minimum weight (cost, energy)?; precracked samples

Crack length

Crack length

fixed = min. section
Component shape and loading® Maximise Maximise

Tie (tensile strut). Cyclic load and length specified, section area free AK,/p AK{Plp
Torsion bar or tube. Cyclic torque and length specified, section area free AKZ[p AKEp
Beam. Cyclic bending load or moment and length specified, section area free AK#p AK{Plp
Panel. Cyclic bending load or moment, length and width specified, thickness free AK/p AKZp
Panel. Cyclic in-plane tensile load, length and width specified, thickness free AKy/p AKZ [p
Rotating disks, flywheels. Energy storage specified AK,/p AKy /p
Cylinder with internal pressure. Pressure cycle and radius specified; wall thickness free AKy, [p AK% [p
Spherical shell with internal pressure. Pressure cycle and radius specified; wall thickness free AK, /(1 —v)p AKZ /(1 —v)p

“To minimise cost, use the above criteria for minimum weight, replacing density p by Cp, where C is the cost per kg. To minimise energy

content, use the above criteria for minimum weight replacing density p by gp where g is the energy content per kg.

YAK,, = threshold stress intensity range; p = density; v = Poisson’s ratio.

(c) Infinite life design: springs, hinges, diaphrams etc.

Component and design goal® Maximise
Springs. Cyclically loaded; specified energy storage, volume to be minimised cl|E
Springs. Cyclically loaded; specified energy storage, mass to be minimised 6%/Ep
Elastic hinges. Repeated bending; radius of bend to be minimised o, /E

Knife edges, pivots. Cyclically loaded; minimum contact area, maximum bearing load

Compression seals and gaskets. Cyclically loaded; maximum contact area with specified maximum contact pressure

Diaphragms. Cyclically loaded; maximum deflection under specified pressure or force
Rotating drives, centrifuges. Maximum angular velocity, radius specified, wall thickness free

ol/E?and E
o./E and 1/o,
o} E
a./p

%0, = endurance limit; E = Young’s modulus; p = density.

(d) Damage-tolerant design etc.

Component and design goal®

Maximise

Tensile member. Cyclic loading, load-controlled design
Tensile member. Cyclic loading, displacementcontrolled design

AK,, and o,
AK,/E and o /E
2

Tensile member. Cyclic loading, energy-controlled design AK} |E

Pressure vessel. Cyclic loading, yield-before-break
Pressure vessel. Cyclic loading, leak-before-break
Thermal fatigue resistance. Temperature cycling

AKWUc
AK(h/oe
o./Ea

0. =endurance limit; E = Young’s modulus; AK,, = threshold stress intensity range; a = thermal

expansion coefficient.

or mechanical working. These ranges appear as little
bubbles on the chart, one bubble enclosing data for
one material or sub-class of materials.

The following assumptions have been made in
presenting the data. The yield strength, for ductile
materials, is the 0.2% offset yield; it is approximately
the same in tension and compression. That for
ceramics and woods refers to the tensile fracture
strength. Data for woods are shown in two groups,
one describing properties along the grain, the other,
those across the grain. The yield strength of
elastomers is the nominal stress at a nominal strain
of unity. The data for composites are for polymeric
matrix composites with long fibre carbon, Kevlar and
glass fibre reinforcement. Properties are given for

both multi-directional “quasi-isotropic”’ laminates,
and for unidirectional material in a direction parallel
to the fibres.

2. DEFINITIONS AND BACKGROUND

2.1. The fatigue properties
First, some definitions. The cyclic stress range Ao
(Fig. 2) is defined as the difference between the peak
Omax and the trough o, of the stress cycle
Ac = Omax — Omin- (la)
The cyclic stress amplitude o, is half the stress range

g, = O mi
max min . 1b
— (1b)

0, =



FLECK et al.:

103
ENDURANCE LIMIT/
DENSITY
. COMPOSITES
a 107 P ENGINEERING
= o ALLOYS
° _ -~ ploooi _-7
o % _102 [ORAN ooymERS P
L 10FP e
= i
O -
w -7
2 1t ELASTOMERS
4 %e ,
2 ] -
S [PourMer e
W 1g'l FoAMS - -
G 2 i
% o1
]0'2 ) e 1 ]
0.1 0.3 1 3 10 30

DENSITY p (Mg/m?)

Fig. 1. A schematic of a materials selection chart. The
axes, in this example, are the endurance limit ¢, and the
density p.

The mean stress o, is
_ O max + O min
O = —

and the load ratio R is commonly used as a measure
of the mean stress of the cycle

(22)

R = O min
O,

(2b)
max

The endurance or fatigue limit o, is the stress
amplitude which a smooth, unnotched sample will
sustain without fracture for 107 cycles; for many
practical purposes 107 cycles can be thought of as
“infinite” life. Most data derive from tests (such as
the rotating-bend test) in which the mean stress is
zero and R = —1; for this reason the endurance limit
is usually quoted for R= —1. We follow this
convention in presenting values for the endurance
limit later in the paper.

A second set of definitions relates to a specimen or
structure containing a crack long enough that linear-
elastic fracture mechanics applies, that is, the crack is
long compared to structural features such as grains.
The cyclic mode I stress-intensity, AK (Fig. 3), is the
difference between the maximum and minimum
values of the mode I stress intensity

AK = Y (0 — Omin)\/ 70 3)

where a is the current crack length and Y is a
non-dimensional geometric factor of order unity, the
precise value of which depends upon the geometry of
the sample. The threshold stress intensity range AKy,
is defined as the value of AK below which the crack
grows at a rate of less than 10~7 mm/cycle. Com-
monly, AK,, is quoted for R =0 such that

AK,, = Yo,.A/Ta. @)
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Fig. 2. The o,~N; and the ¢—N; curves, showing the
definitions of cyclic stress amplitude, the endurance limit
and the exponents b and c.

Cycling at R =0 generally results in crack closure:
the meeting of the faces of the crack so that, for part
of the cycle, the stress state at the crack tip is
unchanging. When data permit, an adjusted
threshold intensity, (AK.q), is reported: it is that
portion of AK for which the crack is open

(AKep)y = Y (Oax — 0)3/7a ©)

GROWTH RATE

ONE LATTICE

SPACING/CYCLE -4
R

CRACK GROWTH RATE dagn (mm/cycle)
3,

LOG (AK)

Fig. 3. The da/dN-AK curve, showing the definition of
cyclic stress intensity, threshold stress intensity, n-value and
fracture toughness.
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where o, is the stress at which the crack closes. The
quantity (AK.)s, is deduced from crack closure
measurements, or is assumed to be equal to AK,,
measured at R >0.8.

Design for “infinite” fatigue life (N;> 107 cycles)
requires data for o, and AK,,. But design does not
always aim for infinite life. Then further properties,
illustrated by Figs 2 and 3, become important.

A phenomenological description of the total
fatigue life is given by plotting stress or strain
amplitude o, or ¢, against the number of cycles to
failure, N; (Fig. 2), giving what is known as the S-N
curve. It is difficult to model the S-N curve mechanis-
tically because it is the failure envelope resulting from
a sequence of interdependent processes: cyclic
hardening or softening, crack nucleation and crack
growth to final failure. Empirical descriptions date
back to the early years of the century (see Ref. [3] for
a review). In the “high cycle” regime, a good
description is given by

0, =0 (2N;)’ ©®

where o is the fatigue strength coefficient (roughly
equal to the fracture strength in tension) and b is the
Basquin exponent; it has a value near 0.1 for most
metals. Since the sample is almost elastic in this
regime the strain amplitude ¢, is almost equal to the
elastic strain amplitude ¢E-

0,/
€, el =L (2N,
a a E( f)

where E is Young’s modulus.

Under larger loads, the sample deforms plastically
on each cycle. In this, the “low-cycle” regime, a
correlation is found between N; and the plastic strain
amplitude, €', described by the Coffin-Manson law
3)

€ =i @Ny) ()

where ¢ is the fatigue ductility coefficient and c is the
Coffin exponent (approximately 0.5 for metals). The
total strain amplitude is the sum of the elastic and
plastic parts, giving

o, ’
=5 N +€i 2Ny ®)

This is illustrated in Fig. 2, which shows the
transition from low to high cycle behaviour at

7 F\e-b)
(2
Ot

or typically about 1000 cycles. 7

When a crack of sufficient length pre-exists, cyclic
loading causes it to grow, leading ultimately to
failure. The typical crack growth response is
illustrated in Fig. 3. The relation between the crack
growth rate, da/dN, and AK is sigmoidal in shape, the
growth rate falling to zero (or, more precisely, to less
than 10~7 mmy/cycle) at the threshold AK,,. The mid-
range, on log scales, is often linear and well described
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by the empirical equation (3)

da

— = C(AK)" 9

o = C(AK) )
where C (the crack growth coefficient) and » (the
Paris exponent) are constants. In its simplest dimen-
sionally consistent—though not very accurate—form

this becomes
da AK\?
<L _ql=
dN ( E >

where C is found empirically (4) to have a value of
approximately 3. This linear region spans the growth
rates from 10~° to 10~3mm/cycle—an important
range in design. At higher values of AK the crack
growth accelerates, becoming catastrophic as K,
approaches the fracture toughness K.

A useful construction is added to Fig. 3. If a
tangent is drawn at the mid-point of the central linear
region of the curve (at about da/dN =
10~*mm/cycle) and extrapolated, it is found empiri-
cally that it intersects the line AK =AK, near
10~%mm/cycle, and (for R = 0) it intersects the line
AK = K, at about 102 mm/cycle. Thus

log K. — log AK},

(10)

~x 11
log(10-3) —log(10-% " ab
or
AK, 4
1 )y —— 12
03( ch) . 12)

—a result used later on.

Equations (3) and (9) suggest that the stress
amplitude 6, = (0,5 — Tmin)/2 Needed to make a pre-
existing crack grow increases without bound as the
crack length a, decreases to zero. In reality the
endurance limit sets an upper limit to g,. In single
crystals this is because cyclic plasticity is capable of
producing surface damage with crack-like profiles
which are sharper and deeper than the surface
undulations produced by high-quality engineering
finishes. In polycrystals cracks may nucleate in this
way, or may preexist (cracked carbides in steels, for
instance); the endurance limit is commonly the stress
amplitude required to overcome all barriers to
growth (see Section 3.1, below). The regime of
incipient crack growth from a pre-existing flaw is
distinguished from that of self-organised crack
nucleation and growth in Fig. 4; together, they define
the o,—a, domain in which life, for practical
purposes, is infinite.

3. MICROSCOPIC INTERPRETATIONS OF
ENDURANCE LIMIT AND FATIGUE THRESHOLD

At the microscopic level, a partial understanding of
fatigue damage now exists.

3.1. The endurance limit and the S—N curve

In metals, cyclic straining above a critical plastic-
strain amplitude is accompanied by localised bands
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Fig. 4. The endurance limit ¢, and the stress amplitude for
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of intense slip producing surface roughness which
deepens into cracks. Optical microscopy [5]
establishes their persistence, even when the surface is
repolished; electron microscopy [6—11] shows that the
bands are internally stressed and have a unique,
planar, dislocation structure; and scanning tunnelling
microscopy [12, 13] reveals that the surface damage
grows because a small fraction of the slip within a
band is irreversible (that is, slip on the tensile half-
cycle is not exactly reversed on the compressive half
cycle); cracks appear and grow only after a
“nucleation” period during which the unique disloca-
tion structure and pattern of internal stress develops.

It has been suggested [7, 11] that a true endurance-
limit and a corresponding strain-limit (connected
through the cyclic stress-strain curve) exist for
crystalline materials. For single crystals they are the
limits for the stress and strain below which persistent
slips bands do not form. For polycrystals and
polyphase metals, the endurance limit is, frequently,
the stress amplitude below which cracks do not
propagate, rather than a crack nucleation limit
[14, 15]. For these, persistent slip bands can develop
in individual surface grains at stress amplitudes below
the endurance limit, but the cracks nucleated in this
way do not always propagate. Below the endurance
limit, the cracks arrest when they approach an
obstaclesuchasagrainboundary orasecond phase par-
ticle. Above the endurance limit, the stress intensity
at the cracks is sufficiently high for at least one of them
to overcome all local barriers and become a dominant
macroscopic mode I crack. This macro-crack then
grows across the sample and causes failure.

For ceramics, the endurance limit is the stress
amplitude at which an existing crack propagates
across the sample. This stress is almost the same as
the static failure stress, and for this reason the fatigue
ratio for most ceramics is about unity. The
mechanism of fatigue in non-crystalline solids such as
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polymers is not clearly understood. Most polymers
appear to undergo cyclic softening by progressive
molecular disentanglement. The endurance limit is
associated with the critical stress amplitude required
to nucleate a craze or a crack; once a crack has
nucleated there is no further barrier to crack
propagation and failure ensues [16].

Given the need for slip, it is not surprising that the
endurance limit, for a given class of materials, is
proportional to the yield strength (Section 4.1,
below). The full microscopic model for the shape of
the S-N curve is more difficult, for the reason given
earlier. It is the failure envelope associated with a
sequence of interdependent phenomena: cyclic
hardening, crack nucleation and cyclic growth, and
final fast fracture.

3.2. The fatigue threshold and the da[dN-AK curve

The fatigue threshold, like the endurance limit,
characterises a loading state below which no damage
accumulates in the material, but now attention
focuses on the crack-tip region rather than the bulk.
There have been a number of attempts to give a
microscopic interpretation for AK,. In a purely
elastic system, the elastic energy released at the peak
of a cycle must at least be sufficient to create two new
surfaces, each with an energy per unit area of y. It
follows that a necessary, though not always sufficient,
condition for fatigue-crack growth is that K; at the
peak of the cycle gives an energy release rate of at
least 2y, leading to the “Griffith’s” condition

AKy = (2yE)'~2. (13)

The surface energies of solids scale as their moduli; as
a rule of thumb
_Er
)

where r, is the atom size, giving

Ty 12
AK.,,)E(E) )

Taking r, as 1 to 3 x 10~!°m, we find

(14)

3 x 10‘6m‘/2<% <5x107°m'2,  (15)
An alternative argument giving much the same result
is to associate the threshold with the attainment of a
critical cyclic crack-tip opening Av at one atomic
spacing (r,) behind the crack tip. The elastic solution
for a loaded crack tip gives

AK,
Av =—;‘—E——‘/r_°. (16)

We assume that the crack ceases to grow if
Av < 0.1 r,, since this, roughly speaking, is the failure
extension of an atomic bond, giving (for the same
limits for ry)

an

2x107°m'? g % <4 x1075m'2
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Yet another estimate is found by postulating that, at
AK,, the crack growth rate has fallen to less than one
atom spacing per cycle [4, 11]. This implies via the
approximate equation (10)

7x107°m"? % <1075m'”2

But despite the consistency of these estimates, the
models, while perhaps realistic for fatigue under
vacuum with no anelastic heating, are incomplete;
they do not, for instance, explain the established
dependence of AK,;, on the environment in which the
test is carried out.

Elastomers and many polymers have thresholds
which lie at a larger fraction of E because of the low
moduli associated with their weak van der Waals
bonding and because the crack tip in these materials
is blunted, stretching open to a distance of the order
of the adjacent cross-links of the polymer chain
structure [17]. If the crack is to propagate, molecular
segments with lengths up to the cross-link spacing
span the crack tip. These must be stretched to failure
as the crack propagates. It is not one bond (length r;)
that is being stretched to failure (failure displacement
0.1 ry) but rather a chain of length, perhaps, 100 r,,
giving a displacement of 10 r, and [via equation (16)]
a threshold which is an order of magnitude greater
than that of equation (17).

Microscopic - models for the shape of the
da/dN-AK curve (3) seek to explain the slope of the
linear, central region. The underlying postulate is that
the crack advance per cycle is proportional to the size
of the process or plastic zone at the crack tip, leading
to the growth law

2
-2
dN g,

cy

(18)

where C is a constant. The cyclic yield strength, o,
is proportional to the yield strength, g,, suggesting a
quadratic dependence of da/dN on AK/s,. In
practice this appears to be a lower limit for the
slope—it is usually steeper (typically 4 rather than 2).
Current models do not fully explain this.

4. FATIGUE PROPERTY CHARTS: DESIGN FOR
INFINITE LIFE

The following sections describe charts which relate
fatigue properties to static properties and to each
other. They reveal correlations for which, in some
cases, microscopic models exist; and they provide a
method of selecting materials for mechanical design.

4.1. The endurance limit—yield strength chart (Fig. 5)

Figure 5 shows the well-known fact that the
endurance limit o, scales in a roughly linear way with
the yield strength, o,. The fatigue ratio, defined as
o./o, at R= —1, appears as a set of diagonal
contours. Its value, for engineering materials, usually
lies between 0.3 and 1. Generally speaking, it is near
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1 for monolithic ceramics, about 0.5 for metals and
elastomers, and about 0.3 for polymers, foams and
wood; the values for composites vary more widely—
from 0.1 to 0.5. There are some exceptions: the
fatigue ratio of annealed copper can be as high as 2.5
because of work hardening; that for certain peak aged
aluminium alloys can be as low as 0.2 because of
cyclic softening.

Cracks either do not initiate or are unable to
propagate at stress amplitudes below the endurance
limit. Below this limit, deformation within the bulk of
the material is elastic (that is, completely reversible)
or anelastic (with some anelastic energy dissipation
but not accumulation of damage). When this is so,
one expects a correlation of g, with g, or with the
ultimate strength o,,, provided, of course, that no
stress concentrations or cracks are present in the
sample, and that it is internally homogeneous. Stress
concentrations, or modulus differences between
phases, elastic anisotropy between grains, or brittle
grain boundary layers will upset the correlation by
introducing sites of local plasticity or cracking, and
thus damage. The figure shows that relatively pure,
soft metals have a fatigue ratio near 1; fully hardened
steels (in which there is the potential for the
nucleation of a brittle crack) and fully hardened
aluminium alloys (with the capacity for work
softening and thus localisation of slip) have lower
fatigue ratios, as do some metal-matrix composites.
That for polymers is complicated by adiabatic heat-
ing; rapid cycling, even in the nominally elastic range,
induces a temperature rise and a consequent loss of
strength. The wide range of fatigue ratios shown by
composites relates, in part, to the wide spectrum of
materials used to make them, and to the necessarily
broad definition of failure: in particulate composites,
failure means fracture; in fibrous composites it means
major loss of stiffness. The exceptionally low
endurance limits of many polymeric foams relates to
the early propagation of the incipient cracks they
contain.

As a general rule, initially soft metals and alloys
show cyclic hardening and a large fatigue ratio
(6. > 0,); metals and alloys which are initially heavily
work-hardened or hardened by precipitates tend to
cyclically soften and have low fatigue ratios (o, < 0,).
This is illustrated by Fig. 6. It shows the fatigue ratio
for metallic alloys plotted against the yield strength
o, on logarithmic scales. The figure suggests that

g, m
oy o gy

with 0.3 < m < 0.5 and accounts for the slopes of the

bubbles in Fig. 5.

The relationship between endurance limit o, yield
strength ¢, and cyclic yield strength o, is shown in
Fig. 7(a) for steels and in Fig. 7(b) for aluminium
alloys, this time on linear scales. Conventionally, the
cyclic yield strength g, is defined as the 0.2% proof
stress of the cyclic stress—strain curve (at half life of
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Fig. 5. The endurance limit o, (at a load ratio R = —1) vs yield strength o,.

the unnotched specimen). It is seen that at low values
of yield strength (below about 1000 MPa for steels
and about 200 MPa for aluminium alloys) o, is
approximately equal to o,,. At higher values of o, the
endurance limit o, lies in the range 500-700 MPa for

10 A —
O Steels + Mg alloys
O Alalloys A Nialloys
< Cualioys ® Zn alloys
& X Tialloys ® Moalloys
O,

A
SLOPE=-0.5
‘1 ey gl Lol L
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Fig. 6. The fatigue ratio g./a, plotted against the yield
strength o, of metallic alloys.

steels and 150-250 MPa for aluminium alloys. The
cyclic strain amplitudes at the endurance limit are in
the range 0.2% and 0.35% for both materials. These
deductions support the notion that the cyclic yield
stress is a bulk measure of the stress for plastic flow
throughout the solid; it scales with the monotonic
yield stress in a roughly linear manner. The
endurance limit, on the other hand, is the strength of
the “weakest link” within the solid, and increases
only slowly with increasing bulk strength.

The endurance limit depends on the mean stress o,
[equation (2a)] of the fatigue cycle. For ductile metals
the dependence is less strong than that for brittle
solids such as ceramics. Data for the influence of the
mean stress upon the endurance limit of metals are
shown in Fig. 8. The data are adequately represented
by the expression

e 4 %m_ 1,

Oy 4

Here o, is the endurance limit at o, = 0 and (o), is
that at a non-zero mean stress ¢,,. Assuming a typical
value of 0.5 for the fatigue ratio of metals, this implies

(19)

y
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that the endurance limit at R =0 is approximately
10% less than the endurance limit at R = —1. For
ceramics fatigue failure occurs when the maximum
stress in the fatigue cycle equals the static failure
strength, implying that, for these materials

(©e)oy | I
g, g,

=1 (20)

y y

Elastic design requires that the component or
structure remains in the elastic regime throughout
service. In selecting materials to withstand static
loads, it is adequate to base the design on the yield
strength, reduced by a suitable safety factor. Since the
fatigue ratio varies by a factor of 5 or more, materials
selection for cyclic loads should be based, instead, on
the endurance limit. Then the performance indices for

various aspects of fatigue limited design, listed in
Table 1, should be used.

fFor the toughened ceramics, we use the symbol K, to
denote the steady state toughness rather than the
initiation toughness.
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4.2. The fatigue threshold—fracture toughness chart
(Fig. 9)

The fatigue threshold AK,, is plotted against the
fracture toughness Kj. in Fig. 9. Diagonal contours
show the ratio AK,; /K. . It ranges from 0.03 for tough
steels and titanium alloys to 0.8 for certain polymers
and ceramics, although that for most materials lies in
the narrower range from 0.05 to 0.5. One might
expect a correlation between AK,;, and K|, and on the
broadest scale, this is found (see Fig. 9). But within
a given material class, the correlation is much less
good than that of o, with o,. In general, the ratio
AK,, /K, is lower than the ratio ¢, /o,; in this sense,
cracked . materials are more sensitive to fatigue
loading than those which are initially uncracked.
Polymers and woods are the exception; for these
materials it seems that the two ratios are about equal.
Fibrous composites do not appear in Fig. 9 because
they do not fail in fatigue by single-crack
propagation.

From a design standpoint, little is gained in
designing against fatigue when AK, /K| is greater
than, say, 0.7 unless the load range (and thus AK) is
very accurately known. Design based on K] alone is
adequate; it is for this reason that monotonic design
considerations suffice for many polymers and
ceramics. However, it is found that material develop-
ments to improve Kj, generally result in a reduced
ratio of AK,/K;—that is, they make the material
more sensitive to fatigue, suggesting behaviour which
parallels that for the fatigue ratio shown in Fig. 6.
Dauskardt et al. [18], for example, observe that
mechanisms which toughen ceramics under
monotonic loading are much less effective in fatigue:
transformation toughening becomes less potent, and
crack bridging mechanisms are of less benefit because
the bridging ligaments suffer low cycle fatigue failure
behind the main crack tip. Thus the ratio AK,;, /Kj, for
toughened ceramics can be small, and design against
fatigue becomes important?.
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4.3. The fatigue threshold—endurance limit chart
(Fig. 10)

The fatigue threshold-endurance limit chart of
Fig. 10 is the analogue for fatigue of the fracture
toughness-yield stress chart shown as Fig. 10 of Ref.
[1]. The process zone at a crack tip under cyclic
loading of threshold magnitude has diameter

1 [AK,\?
d,~—=—=
i 7t<20'e>

where it is assumed that o, = g,,. This, for metals, is
the familiar expression for the cyclic plastic zone size.
The contours on Fig. 10 show that 4, lies between
10~* and 1 mm for most engineering materials, values
which are significantly smaller than the plastic zone
size at failure under monotonic loading

1 /K. \?
dy~— (—[3> .
n \ o,

We define a transition crack size for fatigue loading
in similar manner to that for monotonic loading.
Suppose a structure contains a surface crack of length

@n

a, and is subjected to fatigue loading with R = 0. The
crack will grow by fatigue provided the local stress
amplitude o, exceeds the threshold value o, where

22

For sufficiently small crack lengths o, exceeds o, and
life is determined by the endurance limit, not the
fatigue threshold (Fig. 4). On equating the expression
for g, with o, the transition crack size a,, for infinite
fatigue life is found

d = (AK,)
Y 1o, )

ey =

23

We may interpret a,, as the crack length at which
linear-elastic concepts fail and “short crack effects”
become important, as first noted by Smith [14] and
confirmed experimentally, for metals, by Kitakawa
and Takahashi [19].

The bottom right portion of Fig. 10 contains the
regime in which fatigue crack growth governs the
design of engineering structures (small values of
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AK,/o.), while the top left portion of the chart
contains the regime in which considerations of crack
initiation become important (large values of AK, /o).
Materials with large values of the performance index
AK, /o, (Table 1) are crack tolerant, that is, they can
contain relatively long cracks safely at a given
fraction of the endurance limit. Materials with small
values of AK, /g, are crack sensitive, meaning that
their fatigue life is reduced by the presence of a
relatively short crack. A guide-line of AK /o, is
included in Fig. 10. Steels, copper alloys and nickel
alloys have the highest values, recommending them

for safety-critical applications (pressure vessels,
landing gear).

4.4. The fatigue limit—modulus chart (Fig. 11)

The chart of o, plotted against E (Fig. 11) suggests
that the two are correlated, but the correlation is less
good than that of ¢, with o, (Fig. 5), and just reflects

the fact that E and o, themselves are correlated. The
chart is, nonetheless, useful. The contours show the
fatigue-limit elastic strain-amplitude e,

©=%

which is the analog, for fatigue loading, of the yield
strain, ¢, = 0,/E. The values of ¢, are less than the
yield strain by a factor equal to the fatigue ratio,
o./o,. Typically, €, 2 0.1-1 for elastomers, ¢, ~ 1072
for polymers, composites, woods and polymer
foams, and ¢, ~ 3 x 10~ for engineering alloys and
ceramics.

Three guide lines are marked on the chart; they
correspond to the performance indices ¢2/E, 03?/E;
and o./E. Their uses, summarised in Table 1, are in
selecting materials for various sorts of elastic design.
Their derivations and applications can be found in
Ref. [2].
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4.5. The fatigue threshold—modulus chart (Fig. 12)

The microscopic interpretation for AK,, summar-
ised in Section 3 suggested a correlation between AK),
and modulus, E. The two are plotted in Fig. 12, to
which the lower limit for AK}; given by equation (15)
has been added. Metals and ceramics have thresholds
AK,, which are 3 to 10 times the theoretical limit.
Elastomers and many polymers have thresholds
which lie at a larger multiple of the limit because of
crack blunting (Section 3).

A number of guide lines for material selection are
plotted on the figure. Consider a cyclically loaded
component which contains a crack of length a. The
maximum stress range Ag which the cross-section can
support without failure is approximately AK,, /\/E.
For a given load range, the section is minimised by
selecting the material with the largest value of AK;
steels excell here. Similarly, the maximum strain
amplitude which a component can sustain without

failure is related to the index AK|; /E; here polymers,
elastomers and foams are good. Finally, in the design
of springs and energy-absorbing components of
minimum volume performance is maximised by
maximising the index AK?% /E; for these, elastomers
are good (Table 1).

The value of AKy, is influenced by crack closure. At
high values of the load ratio R (greater than about
0.8) fatigue cracks remain open during the whole of
the load cycle and a true fatigue threshold is reached:
it is called the “effective threshold”, (AK.)y. Data
for (AK )y, are limited. We have plotted them in the
same way as those for AK,;, shown in Fig. 12, but do
not show the figure here since it adds little. The data
for (AK.g)y lie a little lower than those for AK}, but
the ranking of materials remains the same. The
Griffith energetic condition for fatigue crack growth,
equation (15), should be properly considered in terms
of (AKy4), rather than in terms of AK,. The
correlation between (AK 4),, and E./r, is examined in



376 FLECK et al.. OVERVIEW NO. 112
102 ] T Illllll T TTrTTTTg T T T 1T T UL ELREE T T T UTT0T 1 1 lll/l T T 1177
FATIGUE THRESHOLD/ e 7
YOUNG’S MODULUS ENGINEERING ~ * e
‘ ALLOYS
F.K.A:92 ~ \
R4
10 E
£ - wooos 117 ALt / 3
S " TO GRAIN . ﬁ V) /' ]
ch : /// A ﬁ el 1 = = i
o ALLOYS ,;':'o'
\2, B /// AE?'S XENGINEERING h
< P ) ho | / CERAMICS
X enciveerie ./ VYV ./ E
< - ~  POLYMERS ~ \.':.'.‘ / =
o) [ AKZ 7 pad L7 g /i ENGINEERING ]
61 - _Em=1o (ki/m?) 7 - ALbOYS ,
- 1 . AKE 7
V2 yd Ve / m___
(.3/:') AL -7 10" / U E
w10 > =
T ELASTOMERS 4 JRg ~ ]
x o -7 27 \wooos 3 // e n
'_:E - - -0 ~ TO GRAIN/ / . ]
% )/ 7 / /'\
- _3 M / A -
o /7| [euIDE i
O ‘,\mtme_rz vt LINES
= /
'z 107 - —/——AKm= --
L e ]
/ -
LOWER i
LIMIT i
FOR AKyp
10‘3 [ U L1t I':;"IIHII L1 L1t (NN Ll 111l 11 111}]
107 107 10" 1 10 10° 10° 10

YOUNG’S MODULUS E (GPa)

Fig. 12. The threshold stress intensity range AK,, (at a load ratio R = 0) vs Young’s modulus E. The chart
is useful for deflection-limited design of flawed components. The guidelines AK,,, AK,,/E and AK? /E are
for load-limited design, deflection-limited design and energy-limited design.

Fig. 13 for a range of metallic alloys, where , is the
atom spacing, as before. We find that

(AK.p)u ~ 1.15E /7,

T T T T T

m
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FAS ‘ _
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| Al 4
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¢

E /% (MPam')
Fig. 13. The effective stress intensity threshold (AKq)y, plotted

against E./r, for metallic alloys, where E is Young’s modu-
lus and r, is the atomic spacing in the close-packed direction.

implying that the measured values of (AK.), are
about 3 times the Griffith’s limit for metals.

4.6. The endurance limit, o, (at load ratio R = — 1)
—density p chart (Fig. 14)

A common design goal is that of achieving
infinite fatigue life at minimum weight. Two sets
of performance indices are important here. The first
set has the form o} /p where n takes values between
0.5 and 1, depending on the mode of loading
(Table 1).

The chart of Fig. 14 allows material selection based
on maximising these indices. The guide lines of a,/p,
6P/p and ¢!?/p parallel those for yield-limited
design under ‘monotonic loads (Ref. [1], Fig. 6).
There is some shifting of the relative performance
of the various classes of materials relative to that
for static loading. Ceramics, for example, have a
high fatigue ratio and compete successfully with
metals in minimum weight design under fatigue
conditions.
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4.7. The threshold stress intensity range, AK,, (at load
ratio R = 0)—density p chart, (Fig. 15)

The second set of indices for minimum-weight
design takes the form AK?} /p where, again, n takes
values between 0.5 and 1; they are the parallel of a set,
of form K7, /p, for static loading. The chart of Fig. 15
allows selection by these criteria; it serves the same
purpose as that of Fig. 14, but for components that
contain cracks. The guide lines of AK,, /p, AK%?/p and
AK?/p parallel those for static fracture-limited de-
sign. A comparison of this chart with the K, vs p chart
given by (Ref. [1], Fig. 7) shows that the crack
growth-resistance of metals degrades in fatigue much
more than that of other materials. Under cyclic
loading, ceramics and woods are good choices for
minimum weight design.

5. FATIGUE PROPERTY CHARTS:
DESIGN FOR FINITE LIFE

The ability to predict life—even when a crack is

growing—is an essential part of efficient design
against fatigue. We now turn to design for finite life.

5.1. Paris law index n—-4K,, | K, chart (Fig. 16)

Crack growth during cyclic loading is characterised
by the Paris curve shown in Fig. 3. The curve, when
plotted on log axes, is sigmoidal in shape with the
limits AK = AK,, at da/dN = 10""mm/cycle, and
AK =(1 — R) AK atda/dN = 1 mm/cycle. It is often
linear over the range 10~° < da/dN < 10~ mm/cycle.
It is here that crack growth is described by the Paris
law, which we now write as

da AK "
— 1
N (o ( AK_4> mm)/cycle

where AK _, is the stress intensity range corresponding
to a crack growth rate of C’=10~*mm/cycle. We
interpret equation (24) as the tangent to the
log(da/dN) vs log(AK) curve at a crack growth rate of
10~*mm/cycle; the exponent n is the slope of this
tangent. As explained in Section 2, this leads to the

(24)



378 FLECK et al. OVERVIEW NO. 112
102 T T TT1TTT7 T T LR LR ( T T T T 1717 l:
FATIGUE THRESHOLD/ ENGINEERING .
DENSITY ALovs .
FKA.92
&

'"\E 10E =
o - =
a B _
s WOODS 11 ]
= B TO GRAIN “\/

<
X<
g 'E y:
- /]
3 - Wo0oDS L GPA /, )
o TO GRAIN \ ENGINEERING Fa
I - POLYMERS S
n / e
w o' =2
E T F  rovmer (/ s
T u WOO0DS V’ ELASTOMERS K e A
i N ///,/ i 4
L ///// P
3 | 4" I
457
= 10°F /ﬂl‘\ =
< b~ » 2/4 =
w - 277 | GUDE LINES | 3
- _ -7 ,%~~ FOR MINIMUM | ]
" - ,///// WEIGHT DESIGN | _|
7
- //AK2: /AK;Z ]
10—3 L1 1l L |p||||| N
10? 10™ 1 10 10°

DENSITY p(Mg/m?)

Fig. 15. The threshold stress intensity range AK,, (at a load ratio R =0) vs density p. The guide lines
help in selecting material for light, fatigue-resistant structures.

prediction of a linear relationship between
log(AK,,/K;.) and the reciprocal of the Paris slope,
1/n [equation (12)].

The reciprocal of the Paris exponent, 1/n, is plotted
against log(AK,/K;.) in Fig. 16, with equation (12)
superimposed. The approximately linear correlation
is apparent: the Paris index » is necessarily large for
materials for which the ratio AK,, /K| is large.

Taking logs of equation (24) gives

da AK
log( dN) 44n log< AK_4>

where the units of crack growth rate da/dN are
mm/cycle. Writing

AK—4 = (K AKm)m

(25)

gives, when combined with equation (12), the useful

approximation
AK
—24n log(——).
Ky

]o E
B\ an

(26)

We note from Fig. 16 that metals (particularly
medium strength steels and pressure vessel steels)
have low values of n and thus of the ratio AK;/K|.;
for these, finite life design is practical and cost-
effective. Many ceramics and polymers have high
values of the index »n and values of AK, /K, near 1;
for these, uncertainties in the loading imply that there
is little point in attempting to design for finite fatigue
life; design based on the fracture toughness alone
suffices.

5.2. Paris law slope n-AK_, chart (Fig. 17)

Taking AK ~ Aa\/;a, holding Ao constant, and
integrating the Paris law equation (24) between the
initial crack length g, and the length a; at which fast
fracture takes over gives

_ 1 nf2
@emz_ a-mp_ [P —2\C'n" Ac”
a; —af = 5 _—

AK"

@)
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where q, is the initial flaw size, g; is the final flaw
size corresponding to catastrophic fracture
[a;= (K3, /(nAc?)] and N; is the number of fatigue
cycles to failure. Almost always, al "?«al="",
and the equation simplifies to

2 AK "
Ne= fl( 4 > 8)
n—2C"\Ao./na,
For a fixed life and stress amplitude
log(AK_y) = S + log(Ag/may,) 29)

where f, approximately a constant, is given by

B = 10g<(n___£.]\ﬁ>_

2a, (30)

The stress intensity range AK_, and the reciprocal of
the Paris index 1/n, both measured at a crack growth
rate of 10~“mm/cycle, are shown graphically in Fig.
17. We note that n ranges from 2 to 40, and that AK_,
ranges from 0.01 to SO MPa\/ m. Equation (29) has
been used to add contours of constant stress range Ao
to give a fatigue life of N;= 10° cycles for an initial

AMM 422D

flaw size of a, = 10 mm; this value of q, is sufficiently
large for linear elastic fracture mechanics to prevail
at all stress levels of interest. It is evident from Fig. 17
that steels display the highest resistance and foams
the lowest resistance to fatigue crack growth. The
fatigue life shows little sensitivity to the value of » for
n >4 (that is, 1/n <0.25).

A common misconception is to assume that
materials with the smallest value of n are the most
fatigue resistant. That this is incorrect is. simply
demonstrated by considering two materials which
possess the same AK_, value but different n values. At
applied AK levels below AK_,, the material with the
higher »n value is the most fatigue resistant. The
converse is true at applied AK levels above AK_,.

6. CONCLUDING DISCUSSION

Material Property Charts have been constructed
for fatigue. They are useful in showing fundamental
relationships between fatigue and static properties,
and in selecting materials for design against fatigue.
One pair of charts displays the fatigue ratio, o, /o, and
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the fatigue-threshold ratio, AK, /K. ; they summarise
the relative sensitivity of materials to cyclic loading.
These two ratios vary widely from material class to
class, making it important to use fatigue properties
rather than monotonic properties in design for cyclic
loading. Other charts show the process zone size in
fatigue (it is smaller under cyclic loading than under
monotonic loading) and the relative sensitivity of
materials to cyclic crack growth. Still others relate
fatigue properties to density, giving guidance in
selection of materials for minimum-weight design
under cyclic loading.

The presence of a notch in an engineering
component encourages the initiation of a fatigue
crack. A conservative approach is to design against
initiation by ensuring that the local stress at the root
of a notch is below the endurance limit of the
material, but this approach is often too conservative
to be cost-effective. Aircraft components, for
example, are routinely designed for finite life, and a
detailed knowledge of the crack initiation and the
crack propagation responses are then required in

order to design safely for minimum weight. Fatigue
maps of the form shown in Figs 16 and 17 are a first
step in seeking correlations for finite-life properties
and in providing a tool for material selection at finite
fatigue life.
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