Journal of the Mechanics and Physics of Solids
50 (2002) 955 – 977

www.elsevier.com/locate/jmps

Size e$ects in the constrained deformation
of metallic foams
C. Chen, N.A. Fleck ∗
Department of Engineering, University of Cambridge, Trumpington Street, Cambridge CB2 1PZ, UK
Received 2 August 2001; accepted 16 October 2001

Abstract
The constrained deformation of an aluminium alloy foam sandwiched between steel substrates
has been investigated. The sandwich plates are subjected to through-thickness shear and normal
loading, and it is found that the face sheets constrain the foam against plastic deformation and
result in a size e$ect: the yield strength increases with diminishing thickness of foam layer.
The strain distribution across the foam core has been measured by a visual strain mapping
technique, and a boundary layer of reduced straining was observed adjacent to the face sheets.
The deformation response of the aluminium foam layer was modelled by the elastic–plastic
6nite element analysis of regular and irregular two dimensional honeycombs, bonded to rigid
face sheets; in the simulations, the rotation of the boundary nodes of the cell-wall beam elements
was set to zero to simulate full constraint from the rigid face sheets. It is found that the regular
honeycomb under-estimates the size e$ect whereas the irregular honeycomb provides a faithful
representation of both the observed size e$ect and the observed strain pro6le through the foam
layer. Additionally, a compressible version of the Fleck–Hutchinson strain gradient theory was
used to predict the size e$ect; by identifying the cell edge length as the relevant microstructural
length scale the strain gradient model is able to reproduce the observed strain pro6les across the
layer and the thickness dependence of strength. ? 2002 Elsevier Science Ltd. All rights reserved.
Keywords: Metallic foams; Size e$ects; Strain gradient theory; Finite element method

1. Introduction
A wide range of metallic foams have become available recently. They o$er the
possibility of multi-functional use in sandwich panels, combining for example high
bending sti$ness and strength with good heat transfer capability, as reviewed in the
recent monograph of Ashby et al. (2000). In conventional design with metallic foams,
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Fig. 1. (a) E$ect of layer thickness upon the measured shear stress–strain response of Alporas foam, using
the double lap shear geometry as shown in the inset; (b) through-thickness pro6le of shear strain, for a foam
layer of thickness H = 20 mm.

they are idealised as an elastic–plastic compressible continuum, and the e$ects of a
6nite cell size upon the structural response are neglected. This approach is reasonable
when the length scale of the structure is much greater than that of the microstructure. However, the cell size of commercially available metallic foams is in the range
1–10 mm, and it is common for the structural length scale (such as thickness of sandwich panel core) to be comparable with that of the cell size. For example, Chen et
al. (2001) have manufactured sandwich beams with steel face sheets, and foam cores
of thickness of 3–20 mm made from Alporas closed-cell aluminium alloy foam, of
average cell size 3:5 mm (average cell edge length = 2 mm) and relative density 11%.
They detected a size e$ect in shear, such that the shear strength of the foam core
increased with diminishing thickness. The average (engineering) shear stress versus
shear strain curves within each specimen are plotted in Fig. 1a, and clearly show that
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the peak shear strength of the Alporas foam specimen with thickness H = 3 mm is
about twice that of bulk Alporas foam. In the same set of experiments, but hitherto
unpublished, the shear strain pro6le across the thickness of selected specimens was
measured using a surface displacement analysis (SDA) method (Instron, Co., 1997).
This involved video capture of the specimen at various stages of deformation, and then
mapping of the shear strain distribution on the side face of the specimen. The shear
strain was then averaged over the length of the specimen to minimise scatter, and the
resulting total shear strain pro6le across the specimen thickness is shown in Fig. 1b for
a representative specimen of thickness H = 20 mm, and overall average shear strains
of 2.0%, 3.4% and 4.7%. It is clear that a boundary layer exists adjacent to each of
the steel adherends.
Andrews et al. (2001) have observed a similar size e$ect in shear for Alporas foam
provided the thickness is less than 12 mm (corresponding to about 3 times the cell
size). They simultaneously varied the thickness and length of each specimen so that
the aspect ratio of length=thickness was held 6xed at 12. In contrast, the aspect ratio
of the specimens tested by Chen et al. (2001) varied from 5 to 33 as the specimen
thickness decreased from 20 to 3 mm. The agreement in magnitude of the size e$ect
in both sets of experiment suggests that end e$ects are negligible in the experiments
of Chen et al. (2001). The experimental investigation of Andrews et al. (2001) was
supplemented by a theoretical study by Onck et al. (2001); they calculated analytically
the shear strength (and sti$ness) of a constrained regular honeycomb. An increase in
shear strength was predicted when the thickness of the constrained layer was reduced
to less than the cell height. In the present study, we show that a more pronounced size
e$ect exists for irregular honeycombs.
In this study, an attempt is made to investigate size e$ects in the constrained
deformation of a metallic foam layer, by experiment and by micromechanical and
phenomenological modelling. First, an experimental investigation is reported on the
plastic response of Alporas foam, sandwiched between two elastic steel plates and
subjected to combined shear and through-thickness direct loading. Second, the observed size e$ect is modelled by two approaches: (i) a 6nite element simulation of the
elastic–plastic deformation of a 2D honeycomb, and (ii) the elastic–plastic deformation
response of a compressible version of the Fleck and Hutchinson (1997) strain gradient
solid. In both analyses, the observed constraining e$ects of the elastic substrates upon
the deformation of the sandwiched foam are predicted, and thereby a size e$ect is
obtained.

2. Experimental study on the constrained deformation of Alporas foam
Combined shear and direct loading tests have been conducted on a sandwich layer
of Alporas aluminium foam constrained between two steel plates in order to explore
the e$ect of specimen thickness upon the deformation response. Before we report on
the combined loading tests, we summarise 6rst the e$ect of thickness of foam layer
upon its response in constrained compression.
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Fig. 2. E$ect of layer thickness upon the compressive stress–strain response of Alporas foam in the
through-thickness direction.

2.1. The compression response of a constrained foam layer
Sandwich plates with steel face sheets and an Alporas foam core have been manufactured and compressed in through-thickness direction, as follows. Alporas foam of
relative density 10:7% ± 0:3% was electro-discharge machined into rectangular plates
of dimension 100 mm × 100 mm, and thickness in the range 3–20 mm; the plates
were then bonded between two mild steel plates of thickness 10 mm using Redux 322
◦
epoxy adhesive in an air-oven at 175 C for 2 h. Since the strength of Redux 322
epoxy is an order of magnitude greater than that of Alporas foam no adhesive failure
occurred during any of the subsequent tests. The compression tests were performed
using a conventional screw-driven test machine, so that the imposed average strain rate
was 10−3 s−1 . The nominal stress F and the average nominal strain F are plotted in
Fig. 2.
It is noted that the uniaxial yield strength for the Alporas foam of thickness H =
20 mm is about 1:8 MPa, consistent with that reported by Harte et al. (1999) for the
yield strength of bulk Alporas foam. A clear size e$ect is observed in constrained
compression, with the strength increasing with diminishing thickness of foam layer.
The overall magnitude of the size e$ect is comparable to that shown in Fig. 1a. We
argue that this size e$ect is not associated with the changing aspect ratio of the sandwich layer and any attendant plastic constraint e$ects: Deshpande and Fleck (2000)
have found that the ‘plastic Poisson ratio’ for this foam is almost zero, and so a state
of through-thickness uniaxial strain does not induce in-plane stresses within the foam
layer. Instead, it is argued that the size e$ect in constrained through-thickness compression of the foam is due to the development of a boundary layer adjacent to the
steel plates: the epoxy adhesive provides local reinforcement of the cell walls against
rotation
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Fig. 3. Sketch of the Arcan test grips and specimen.

2.2. The constrained response of a foam layer under combined shear and tension
Alporas foam plates of length L = 74 mm, width B = 19 mm and thicknesses H = 3
and 10 mm were machined from as-received blocks, and were then hot-bonded using
Redux 322 epoxy adhesive to two steel loading plates of an Arcan test 6xture (Arcan
et al., 1978), as sketched in Fig. 3. In each test the applied traction on the top and bottom faces of the specimen was along a 6xed direction  by suitable adjustment of the
orientation of the test 6xture within the loading train of the screw-driven test machine.
◦
For example, for a loading angle  = 0 , the specimen was subjected to tension in the
◦
through-thickness direction, while for  = 90 , the specimen was subjected to simple
shear. Intermediate values of loading angle  gave rise to a combined shear-tension
proportional loading. The relative shear U and normal displacement V over the thickness of the specimens were recorded using a linear variable di$erential transformer
(LVDT) and a clip gauge (CG), respectively, as shown in Fig. 3. The average values
of stress and strain components in the Alporas foam layer were calculated as follows.
The normal and shear stresses are related to the applied load F by F = F cos =LB and
F = F sin =LB, respectively, whilst the average nominal values of normal and shear
strains are given by F = V=H and F = U=H , respectively.
A series of tests has been conducted for specimens of thickness H =3 and 10 mm, and
◦
◦
◦
◦
◦
for the loading angles =0 ; 15 ; 45 ; 60 and 90 , at a strain rate of about 10−3 s−1 .
Selected tests were repeated and con6rmed that the measured stress–strain curves are
repeatable to within about 10% in stress level at any given strain. Typical results for
various loading angles  and for both values of specimen thickness H are summarised
in Fig. 4; the shear stress versus shear strain curves are given in Fig. 4a, whilst for the
same specimens the through-thickness stress versus strain responses are shown in Fig.
4b. It is seen from Fig. 4 that the foam layer 6rst deforms elastically, followed by a
hardening plastic response. After a few percent of macroscopic straining (ranging from
2% to 6%, depending upon the value of the loading angle ), distributed microcracking

960

C. Chen, N.A. Fleck / J. Mech. Phys. Solids 50 (2002) 955 – 977
3
H=3mm
2.5
Shear Stress (MPa)

(a)

H=10mm

θ=15°
45°
60°
90°

2
1.5
1
0.5
0
0

0.5

1

1.5

2

2.5

3

Shear Strain (%)
5
θ=0°
15 °
45 °
60 °

Normal Stress (MPa)

4

(b)

H=3mm H=10 mm

3

2

1

0
0

0.5

1

1.5

2

2.5

3

Normal Strain (%)

Fig. 4. The measured average stress–strain curves for Alporas foam layers of thickness H = 3 and
10 mm: (a) shear stress–strain curves, and (b) tensile stress–strain curves. The foam layer is subjected to
◦
◦
◦
◦
through-thickness tension (=0 ), to simple shear (=90 ), and to combined tension and shear (=15 ; 45 ;
◦
and 60 ).

occurs and the measured stress starts to drop. For all loading angles a size e$ect is
observed: the shear and normal strengths for the 3 mm thick foam consistently exceed
the corresponding values for the 10 mm thick layer.
The measured stress versus strain curves for H =3 and 10 mm were used to construct
the initial yield surface in (–
F F) space, see Fig. 5. Here, the initial yield strength has
been de6ned at an o$set strain of 0:2% on the normal stress versus normal strain
curves; the corresponding shear strength is calculated from the known direction of
overall traction on the specimen. The yield surfaces are geometrically self-similar, and
their elliptical shape supports the Deshpande and Fleck (2000) Low theory description
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Fig. 5. The measured initial yield loci in –
F F space for Alporas foam layers of thickness H = 3 and 10 mm.
Symbols denote experimental results whilst solid lines are curve 6ts using Eq. (2).

of metallic foams, summarised as follows. Deshpande and Fleck de6ned a combined
loading parameter ˆ by
1=2

1
2
2 2
(
+


)
(1)
ˆ ≡
m
1 + 2 =9 e

in terms of the von Mises e$ective stress e = 3ij ij =2, and the mean stress m =ii =3,
where ij is the stress tensor, ij is the deviatoric stress, and a repeated suNx denotes
a repeated sum from 1 to 3. The material parameter  denotes the ratio of deviatoric
strength e to hydrostatic strength m , and the normalisation 1 + (2 =9) in Eq. (1)
is included in the de6nition of ˆ so that it equals the uniaxial stress under uniaxial
loading. Deshpande and Fleck (2000) assumed that yield occurs when ˆ attains the
uniaxial yield strength 0 . Associated plastic Low with isotropic hardening is adopted,
and the hardening response is calibrated against that for a foam sample under uniaxial
tension, or compression.
Consider the case of a constrained layer with rigid adherends. The ratio of in-plane
dimension to layer thickness is taken to be suNciently large that end-e$ects can
be neglected, and in the absence of strain gradient e$ects, the stress state within
the constrained is uniform. The presence of the adherends ensures that the in-plane
strain components vanish, with 6nite values only for the through-thickness normal and
shear strain components. De6ne F as the through-thickness normal stress and F as the
through-thickness shear stress within the constrained foam layer. Then, the Desphande–
Fleck yield criterion (1) becomes


1
2 F2
2
3
F
= 02
ˆ2 ≡
+
(2)
1 + (=3)2
1 + (2=3)2
which is evidently an ellipse in (–
F F) space. It is instructive to attempt a curve 6t of
Eq. (2) to the yield surface loci given in Fig. 5 for foam layers of thickness H = 3
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and 10 mm, by treating  and 0 as material parameters for each thickness. In an
independent experimental study Fleck et al. (2001) obtained the value  = 1:8 for
unconstrained large specimens of Alporas foam of relative density F = 11%. With this
choice of eccentricity of ellipse Eq. (2) gives an adequate curve 6t to the yield surface
loci of Fig. 5, provided we take the uniaxial yield strength 0 of the foam to equal
the bulk value of 1:55 MPa for H = 10 mm, and an elevated value 0 = 2:20 MPa
for H = 3 mm. We emphasise that the conventional Deshpande–Fleck foam model is
unable to predict the e$ect of specimen size upon the value of 0 , and must rely upon
experimental data for each thickness of constrained layer.
Next, a 2D micromechanical model of the foam is introduced in order to predict
the shape and size of yield surface; then, in Section 4, the Fleck–Hutchinson strain
gradient plasticity theory is extended to describe the observed size e$ect from a phenomenological point of view.
3. Numerical simulation of the size eects in foams
3.1. Finite element model
In this section, the 6nite element method is used to simulate the observed thicknesse$ect on the combined shear and through-thickness strength of a sandwiched foam
layer. In order to achieve practical computer storage and run-times the 3D microstructure of the Alporas foam is mimicked by that of a 2D irregular honeycomb, with a
typical example shown in Fig. 6a. Although the microstructures of irregular 2D honeycombs di$er considerably from those of 3D metallic foams, it has already been
established that analyses based upon the much simpler 2D honeycomb microstructures
provide valuable insight into the elastoplastic properties of current commercial 3D
foams (see, for example, Warren and Kraynik, 1987; Silva et al., 1995; Chen et al.,
1999). Several morphologies of two dimensional random honeycombs are available,
including  and  Voronoi honeycombs, honeycombs with randomly broken cell walls
and honeycombs with cell-wall misalignments (Silva et al., 1995; Chen et al., 1999;
Zhu et al., 2001). As shown by Chen et al. (1999), irregular 2D honeycombs have
quantitatively similar elastoplastic behaviours to those of 3D metal foams. In this study,
we adopt an irregular honeycomb with cell-wall misalignments, and, for comparison
purposes, a regular honeycomb.
The geometric relation between a regular honeycomb and an irregular honeycomb
containing cell-wall misalignments is shown in Fig. 6b. The misalignments are introduced by displacing in random directions the nodes of a regular hexagonal honeycomb
by a constant distance ‘, where ‘ is the length of each side of the regular hexagonal
honeycomb, and the 6xed fraction  speci6es the magnitude of the misalignment. Thus,
the co-ordinates (x1 ; x2 ) of a typical joint node of the regular honeycomb are shifted
to (x1 ; x2 ), according to
x1 = x1 + ‘ cos ;
x2 = x2 + ‘ sin ;

(3)
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Fig. 6. (a) A typical 6nite element model for the foam layer modelled by an irregular 2D honeycomb with
 = 0:3; and (b) a sketch showing the relation between a regular honeycomb and an irregular honeycomb.

where  is a random rotation from the x1 -axis. Chen et al. (1999) have shown that the
hydrostatic and uniaxial strengths of the irregular honeycomb are comparable provided
 has a value of at least 0.3. Recall that the hydrostatic strength of metallic foams is
close to their uniaxial strength, in sharp contrast to the regular hexagonal honeycomb
for which the hydrostatic strength much exceeds the uniaxial strength. Thus, we make
the choice  = 0:3 in order for the irregular honeycomb to mimic the character of
metallic foams; this degree of imperfection is illustrated in Fig. 6a. The cell walls of the
honeycombs are taken as elastic-ideally plastic with a yield strain Y = CY =EC = 0:2%,
where CY is the yield strength and EC is the Young’s modulus of the cell wall material.
The relative density is taken to be F = 5%, where the relative
√ density is related to the
average cell edge length ‘ and wall thickness t by F ≈ 2t=( 3‘). We note in passing
that the relative density of the regular (and irregular) honeycombs was suNciently high
for plastic collapse to occur prior to elastic buckling under all stress states investigated.
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In the 6nite element models, each cell wall is represented by 1 to 13 Timoshenko
beam elements (element type B22 in ABAQUS), depending upon the ratio of cell
wall thickness to cell edge length. A mesh sensitivity study has been performed to ensure that the meshes are suNciently 6ne to ensure convergence. As shown in Fig. 6a,
the relative horizontal displacement U and vertical displacement V are prescribed along
the top and bottom faces. The presence of the rigid top and bottom adherends gives
rise to additional kinematic constraints: the boundary nodes along the top and bottom
of the 6nite element mesh are subjected to zero rotation. Periodic boundary conditions
are applied to the lateral boundaries, with proportional straining enforced for numerical
convenience. We limit our simulations to shear loading and through-thickness compression, and omit the case of through-thickness tension: numerical experimentation
reveals that the yield point for through-thickness tension is equal in magnitude to that
of through-thickness compression, but subsequent strong geometric hardening makes
the tensile yield point diNcult to identify. A detailed comparison of the predicted tensile and compressive stress–strain responses for regular and irregular honeycombs has
been given previously by Chen et al. (1999).
3.2. Numerical results
The structural response of the foam layer is characterised by the ratio H=‘ in
addition to the relative density of the foam. In the 6nite element simulations of
the irregular foam, six realisations of the random microstructure were generated using  = 0:3 and a uniform dispersion of , and the results for average stress and
strain were ensemble-averaged in order to minimise scatter. The ensemble-averaged
shear stress versus shear strain curve ( F– F) and ensemble-averaged normal stress versus strain curve (–
F )
F are given in Fig. 7, where the macroscopic average stresses and
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strains are de6ned by
F = F1 =(LB);

F = U=H;

F = F2 =(LB);

F = V=H:

(4)

Here, F1 and F2 are the shear and normal components of force on the foam layer; they
are work conjugates to the applied displacements U and V , respectively. Although
the cell walls comprise elastic-ideally plastic material, the macroscopic response of the
foam is characterised by a smooth transition from elastic to plastic Low, with a small
degree of geometric hardening following yield. The initial yield strengths (FY and FY )
are de6ned by a back extrapolation method, as sketched in Fig. 7: yield is taken as
the intersection point between the linear elastic and the linear hardening curves.
The dependence of the shear and normal yield strengths ( FY and FY ) on the ratio
of layer thickness H to microstructural length scale ‘ is shown in Fig. 8, where the
normalising values 0Y and Y0 are the unconstrained shear and uniaxial strengths of a
regular honeycomb (Gibson and Ashby, 1997),
√
3
1
0
CY F2 ; and Y0 = CY F2 :
(5)
Y =
8
2
For comparison purposes, the yield strength has also been calculated for constrained
layers of thickness H made from regular honeycombs. The orientation of the regular
hexagonal honeycombs is shown in Fig. 6b, with the x2 -axis along the through-thickness
direction of the foam layer. It is seen from Fig. 8 that a negligible size e$ect exists
for the constrained shear and normal strengths of a regular honeycomb 1 ; whilst the
constrained shear strength is similar to the bulk value ( FY ≈ 0Y ), the constrained uniaxial yield strength much exceeds that of the bulk (FY Y0 ). This can be understood as
follows. The strain state within the constrained layer comprises uniaxial straining; the
corresponding through-thickness strength FY can be inferred from the available yield
surfaces for regular and irregular honeycombs (Gibson and Ashby, 1997; Chen et al.,
1999) by assuming associated plastic Low. An examination of the yield surface of
regular hexagonal honeycombs (see Fig. 4:32 of Gibson and Ashby, 1997) reveals that
the loading point for uniaxial compressive straining is at the vertex of the yield surface,
corresponding to the hydrostatic strength, H0 = 0:5CY .
F Therefore, the uniaxial yield
strength of the foam when modelled by a regular honeycomb can be estimated as
FY =Y0 = H0 =Y0 = 1= F

(6)

FY = F0Y = 20

which gives
for the case F = 5% as used in the present study. This estimate
is in good agreement with the calculated value FY =Y0 = 16 in Fig. 8.
The through-thickness strength for uniaxial straining of the irregular honeycomb
can be estimated in a similar manner. Since the yield surface of the bulk irregular
honeycomb is nearly circular in deviatoric-mean stress space (Chen et al., 1999), its
strength under all loading paths are similar in magnitude. Chen et al. (1999) further
1 Onck et al. (2001) observed a similar behaviour for a regular honeycomb layer under constrained shear.
An increase in shear strength with diminishing layer thickness was only detected for layers of thickness less
than the cell height.
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Fig. 8. Finite element predictions of the dependence of yield strength upon layer thickness H=‘ for (a) shear
strength, and (b) through-thickness compressive strength. Calculations have been performed for both regular
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established that the uniaxial strength can be approximated by that of the associated
regular hexagonal honeycomb Y0 . Consequently, we expect FU ≈ Y0 when the foam is
modelled by an irregular honeycomb with large H=‘. This argument is supported by
the results shown in Fig. 8.
In contrast to the regular honeycomb, the irregular honeycomb displays a pronounced
size e$ect in shear and normal strength for a constrained layer. Indeed, the size e$ect
is comparable to that observed for Alporas foam: as H=‘ is reduced from 20 to 3,
the shear strength of the irregular honeycomb increases by a factor of about 2 and
the normal strength by a factor of about 3. For the Alporas foam, the shear strength
doubles when the layer height H is reduced from 20 to 3 mm, implying a value for
the average cell edge length ‘ = 1 mm in the 6nite element calculation. In reality, the
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average cell edge length for the Alporas foam is about 2 mm. The discrepancy between
measured and inferred values for ‘ is not surprising: a highly simpli6ed 2D model has
been used to represent the 3D closed cell foam.
It is instructive to explore the origin of the size e$ect by plotting the distribution of
strain across the layer of irregular honeycomb. It is anticipated that the local strengthening against rotation of cell walls adjacent to the rigid adherends leads to the formation
of a boundary layer of reduced strain. To check this hypothesis, the strain distribution
across the layer has been calculated as follows, for selected cases. Denote the displacement components at a material point (x1 ; x2 ) of the foam by uk (x1 ; x2 ) where k=1 and 2.
Since we are only concerned about the variation of the strain in the x2 -direction, the
oscillations in uk (x1 ; x2 ) along the x1 direction are smeared out by averaging uk from
x1 = 0 to x1 = L, to give
1
u k (xF2 ) =
L


0

L

(uk (x1 ; x2 ) d x1 :

(7)

Thus, the local shear strain of interest is
= du 1 =d x2

(8)

while the local normal strain of interest is
 = du 2 =d x2 :

(9)

The calculated distribution of strain components and  for the irregular honeycomb
layer under shear and uniaxial compression is plotted in Fig. 9. Results are given for
the thicknesses H=‘ = 6 and 12, at an overall average shear strain and normal strain
of 10%. It is seen that the local strain pro6les capture the boundary layer e$ect, as
shown in Fig. 1b from simple shear tests on Alporas foam. When the honeycomb is
only about 2–3 cells thick (i.e. H=‘ = 6), the variation of local strains is approximately
parabolic along the x2 : the local strains increase from the top and bottom layers and
reach their peak values at mid-thickness. For a foam of thickness H=‘ = 12 the local
strain distribution curves are much Latter at mid-thickness, with boundary layers of
reduced straining adjacent to the rigid adherends. It is recalled that classical theories
of continuum mechanics predict uniform distributions of strain under both simple shear
and uniaxial loading. In order to capture the observed size e$ects and boundary layers, appeal must be made to higher order theories of plasticity involving higher order
boundary conditions. In Section 4 below the phenomenological strain gradient theory
of Fleck and Hutchinson (1997) is extended to predict size e$ects for metallic foams.
The initial yield locus has been determined from the 6nite element simulations of an
irregular honeycomb layer for combined shear and through-thickness compression, with
the choice H=‘ = 3, 6 and 12 as shown in Fig. 10. The shape of the yield surfaces is
approximately elliptical, with no vertex formation, in agreement with the experimental
results given in Fig. 5. As H=‘ decreases from 12 to 3, the size of the yield surface
increases in a self-similar manner by a factor of about 2. Recall that the measured yield
surface of Fig. 5 also doubles when H is reduced from 10 to 3 mm, suggesting the
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Fig. 9. Predictions of the local strain pro6le across the layer of an irregular honeycomb, for (a) shear and
(b) compressive loading in the through-thickness direction. The layer thickness H=‘ = 6 and 12, and the
average strain = 10% for both types of loading.

choice ‘ = 1 mm as discussed above. Again this comparison implies that the average
cell length of the Alporas foam (about 2 mm) is the relevant internal length scale for
dictating the observed size e$ect.
4. Strain gradient plasticity predictions
Conventional theories of plasticity do not contain an internal material length scale;
consequently, they are unable to predict a size dependence of strength. Several strain
gradient theories of plasticity have been developed in recent years, each with the objective of predicting size e$ects at the micron scale (see, for instance, Aifantis, 1984;
Muhlhaus and Aifantis, 1991; De Borst and Muhlhaus, 1992; Fleck and Hutchinson,
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Fig. 10. Finite element predictions of the initial yield loci for an irregular honeycomb layer subjected to
combined loading in –
F F space.

1993, 1997, 2001; Gao et al., 1999; Gurtin, 1999). The phenomenological Fleck–
Hutchinson theory (1997) was based on the physical notion that the strength of metals
is elevated by the presence of geometrically necessary dislocations whose density scales
with the 6rst gradient of plastic strain. In the following section, we extend the deformation theory version of the Fleck–Hutchinson strain gradient theory to include the e$ects
of plastic compressibility. The phenomenological theory is extended in such a manner
that in the absence of strain gradients it gives the same response to proportional loading as that given by the Fleck and Deshpande (2000) Low theory for metallic foams.
Then, we show that the modi6ed strain gradient theory successfully predicts the size
e$ects and boundary layer e$ect observed for Alporas foam, once we have identi6ed
the foam cell edge length as the microstructural length scale.
4.1. Extension of the Fleck–Hutchinson strain gradient theory for compressible solids
The Fleck and Hutchinson (1997) deformation theory version of strain gradient plasticity assumes that the strain energy density W is a scalar potential of an overall strain
measure Ee ; as originally conceived the solid is incompressible and Ee is de6ned as a
quadratic measure of the deviatoric strain and deviatoric strain gradient,
3


2
(I ) (I )
Ee2 = ij ij +
[‘(I2 ) ijk
ijk ]:
3

(10)

I =1

Here, the summation convention over repeated indices applies, ij = ij − ij kk =3 is
the deviatoric strain, and ij is the usual Kronecker symbol. The length scales ‘(I )
(I )
(I = 1; 2; and 3) depend in some way upon microstructural features, and ijk
are the
three orthogonal decompositions of the deviatoric strain gradient ijk = ijk − H
,
ijk where
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ijk = uk; ij and H
ijk = (ik jPP + jk iPP )=4. The full derivation of Eq. (10) is given in
Fleck and Hutchinson (1997). No distinction is made between the plastic strain and the
total strain since we are only interested in the deformation theory version for present
purposes. A Low theory version can also be formulated along the lines laid down by
Fleck and Hutchinson (1997), but this is omitted here for the sake of brevity.
Motivated by the study of Deshpande and Fleck (2000) on the multi-axial yielding
of metallic foams, we modify the de6nition (10) of the overall strain Ee to
Ee2 = ˆ2 + ˆ2 ;

(11)

where ˆ is the scalar measure of strain introduced
 by Deshpande and Fleck (2000); it
is related to the von Mises e$ective strain e = 2ij ij =3 and to the volumetric strain
m = ii by
2
ˆ2 = (1 + 2 =9)(e2 + m
=2 )

(12)

where  is a material constant, of order unity, for quantifying the degree of plastic
compressibility. The strain gradient measure ˆ on the right-hand side of Eq. (11) is
that given by Wei and Hutchinson (1997),
ˆ2 =

4

I =1

(I ) (I )
[‘(I2 ) ijk
ijk ];

(13)

(I )
H
(I = 1; 2; 3) have already been de6ned in Eq. (10), and (4)
where ‘(I ) and ijk
ijk = ijk
is the hydrostatic part of the strain gradient with accompanying length scale ‘(4) .
On writing ijk as the higher order stress, work conjugate to the strain gradient, and
on de6ning an overall stress measure ! as the work conjugate to Ee , we can state

W = !Ee = ij ij +

ijk ijk :

(14)

It is convenient to employ the Smyshlyaev and Fleck (1996) unique orthogonal decomposition of third order tensors in order to re-write the higher order stress ijk as
(I )
the sum of its four orthogonal parts, ijk
(I = 1; 2; 3; and 4). Note that the orthogonal
decomposition for ijk is identical to that used for ijk , and that each of the four quan(I )
(I )
tities ijk
is work-conjugate to the respective strain gradient quantities ijk
. Then, Eq.
(14) leads to a direct connection between ! and the generalised stress via
!2 = ˆ2 + ˆ2 ;

(15)

where ˆ has already been de6ned in Eq. (1), and
ˆ2 =

4

I =1

(I ) (I ) 2
ijk ijk =‘(I ) :

(16)

Direct manipulation of (14) gives the connection between stress and strain quantities
for the strain gradient deformation theory solid,
!
!
(I )
(I )
= ‘(I2 ) ijk
(no sum on I ):
(17)
ij = ij and ijk
Ee
Ee
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In uniaxial tension (or compression), ! and Ee reduce to the uniaxial stress and strain
components, respectively, and this allows for a simple experimental means of determining the hardening relation ! = !(Ee ). The above theory reduces to the Fleck and
Hutchinson (1997) deformation theory in the incompressible limit.
4.2. Prediction of the extended Fleck–Hutchinson theory in combined shear and
tension
The compressible version of the Fleck–Hutchinson theory is now used to model
the observed size e$ect in constrained metallic foam layers under combined shear
and through-thickness tension. We simplify the problem to the 1D case where the
displacement components u1 and u2 are functions only of x2 , as de6ned in Fig. 6a.
Consequently, the non-vanishing strain and strain gradient components are
≡ 212 = u1; 2 ;

 ≡ 22 = u2; 2 ;

1 ≡ 221 = u1; 22 ;

2 ≡ 222 = u2; 22

(18)

and the overall strain measure is re-written in the form
Ee2 = A2

2

+ B2 2 + C 2 21 + D2 22 ;

(19)

where A and B are dimensionless constants, depending only upon the material compressibility parameter , such that
A2 =

9 + 2
;
27

B2 =

(9 + 2 )(42 + 9)
:
812

(20)

The parameters C and D have the dimension of length and are related to the internal
length scales ‘(I ) by
C2 =

4 2
1
2
‘ + ‘2 + ‘2 ;
15 (1) 3 (2) 5 (3)

3 2
1 2
3 2
1 2
+ ‘(2)
+ ‘(3)
+ ‘(4)
:
D2 = ‘(1)
5
48
40
2

(21)

Thus, the role of the four internal length scales ‘(I ) is replaced by that of two independent length scales C and D. In order to further specialise the strain gradient theory
to the constrained foam problem, we introduce the stress measures ( ≡ 12 ;  ≡
22 ; Q ≡ 221 ; P ≡ 222 ) which are work-conjugate to ( ; ; 1 ; 2 ), respectively. Then,
the overall stress measure ! associated with the Ee can be expressed as
!2 =

2

A2

+

2
Q2
P2
+
+
B2
C2
D2

(22)

and the stress–strain relations can be simpli6ed to the form
=

!
;
A2 Ee

=

!
;
B 2 Ee

Q=

!
!
1 ; and P = 2 2 :
C 2 Ee
D Ee

(23)
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Note that only four stress measures are present in the constitutive law (23). The two
governing equilibrium relations are
− Q; 22 = 0;

(24)

; 2 − P; 22 = 0

(25)

;2

and these can be re-expressed in terms of the displacement components by making use
of identities (18) and (23), to give


!(Ee )
C 2 !(Ee )
F
(26)
u1; 2 − 2
u1; 22
= 2;
A
Ee
A
Ee
;2


!(Ee )
D2 !(Ee )
F
u2; 2 − 2
u2; 22
= 2;
(27)
Ee
B
Ee
B
;2
where F and F are the applied shear and normal tractions, respectively, on the top and
bottom boundaries of the strip at x2 = 0; H . The additional boundary conditions are
9u1
9u2
On x2 = 0: u1 = u2 = 0 and
=
= 0;
9x2
9x2
9u1
9u2
= 0:
(28)
=
9x2
9x2
In general, the governing equations (26) and (27) have to be solved simultaneously;
however, they can be reduced to a single non-linear ordinary di$erential equation upon
making the following additional assumptions. Consider the case of proportional straining,
On x2 = H :

u2 = &u1

(29)

with 6xed &. Now invoke the additional constitutive assumption A=B ≡ C=D, which is
consistent with the observation that the yield surfaces in Figs. 5 and 10 are geometrically self-similar. Then, the governing equation (27) becomes identically equal to (26)
and we obtain
F &B2
(30)
= 2 :
F
A
Thus, proportional straining gives rise to proportional stressing.
It remains to calibrate the above phenomenological model with the material parameters  and !(Ee ). The value  = 1:8 is taken from the experimental study of Fleck
et al. (2001), while the strain hardening response !(Ee ) is determined from the measured shear stress–strain curve given in Fig. 1a for a specimen of thickness H =
20 mm; this thickness is suNciently large for boundary layer e$ects to be negligible,
as discussed in the introduction and by Andrews et al. (2001). The Ramberg–Osgood
description,
 n
F
F
F
=
+
(31)
0

0

0

with 0 = 0:106%; 0 = 0:533 MPa and n = 3:36 provides an adequate 6t to the data
as shown by the comparison in Fig. 11a. For large specimens in simple shear we can
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Fig. 11. (a) Calibration of the Ramberg–Osgood material description against the measured shear stress versus
shear strain curve for the Alporas foam in simple shear with H = 20 mm; (b) Predicted average shear stress
versus shear strain using the modi6ed Fleck–Hutchinson strain gradient theory.

assume that Ee =A F and != F=A via Eqs. (19) and (22), respectively. Thus, the relation
between ! and Ee is stated as

n
!
Ee
!
+
=
:
(32)
A 0
0 =A
0 =A
To complete the constitutive description, we assume that C=A equals the average cell
edge length ‘, with A=B ≡ C=D.
4.3. Numerical results
First, the e$ect of the foam layer thickness upon the shear response is calculated. A
1D 6nite element scheme has been employed to solve Eq. (26) in incremental fashion,
using C1 continuous elements and a Hermite polynomial interpolation scheme for the
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Fig. 12. Comparison of the measured and predicted size e$ect for a foam layer in simple shear: (a) e$ect of
layer thickness upon strength. The experimental data of Andrews et al. (2001) are denoted by open symbols
and the label ‘Exp’; (b) the local shear strain pro6le at an average shear strain F = 4:7% and H=‘ = 20.

displacement 6eld u1 (x2 ). The computed global shear stress–strain curves are shown
in Fig. 11b for selected values of H=‘. A pronounced strengthening occurs when the
thickness of the layer is comparable to that of the microstructural length scale ‘. To
investigate this further, a strength ratio at any given H=‘ is de6ned as the shear traction
at F= 0 = 20, normalised by its value in the absence of gradient e$ects (i.e. the shear
traction at F= 0 = 20 in the limit H=‘ = ∞). The strength ratio is plotted against H=‘ in
Fig. 12a, for the Ramberg–Osgood 6tted value of n = 3:4; and also for the much higher
value n = 20 in order to represent the elastic-ideally plastic limit yet give numerical
convergence. It is concluded that the e$ect of strain hardening upon the predicted
strength ratio is minor according to the strain gradient theory.
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It is instructive to add to Fig. 12a the measured strength data of the present study
and those taken from Andrews et al. (2001). In both cases, we de6ne the strength
ratio as the peak shear strength normalised by the value at large H=‘; and choose
the internal length scale ‘ to equal 1 mm in order to achieve a good 6t to the
Fleck–Hutchinson strain gradient theory with n = 3:4. Similarly, the strength ratio
from the 6nite element simulations of a 2D irregular honeycomb is replotted in Fig.
12a by taking the values from Fig. 8a: again, the predictions are in close agreement
with the observed strength ratios upon choosing the internal length scale ‘ to equal
1 mm.
The origin of the size e$ect is explored further by plotting in Fig. 12b the calculated
and measured shear strain pro6les across the layer. The comparison is made at an
average strain of F=4:7%, with the choice H=‘=20 for the two methods of prediction. It
is clear from Fig. 12b that a boundary layer exists in all 3 cases, although it is narrower
in the two simulations than in the experiment. The Fleck–Hutchinson model takes as
the higher order boundary condition the stipulation that the shear strain vanishes, as
depicted in Fig. 12b. In contrast, the 6nite element simulations assume an elastic-ideally
plastic response, with plastic hinge formation of the encastre cell edges adhered to
the top and bottom adherends. Consequently, the shear strain within the homogenised
layer remains 6nite along the upper and lower boundaries, see Fig. 12b. Similarly, the
measured shear strain pro6le within the Alporas foam layer does not vanish at the
rigid boundaries, and it is thought that this is also due to plastic hinge formation of
the encastre cell edges. The signi6cance of the higher order boundary conditions in the
strain gradient and 6nite element simulations was explored by the following numerical
experiment: a relaxation of the higher order displacement boundary conditions leads to
a uniform distribution of shear strain across the layer and to a disappearance of the
size e$ect.
A similar comparison of the computed and measured strength ratios can be made
for through-thickness loading. The de6nition of strength ratio for through-thickness
loading is analogous to that de6ned above for simple shear: the measured compressive
strength, normalised by the strength at H = 20 mm; is plotted against H=‘ in Fig. 13,
with ‘ =1 mm. The predicted strength ratios are also given, and are taken directly from
Figs. 8b and 12a for the 6nite element simulations and the modi6ed Fleck–Hutchinson
strain gradient theory, respectively. The strain gradient theory is able to capture the
observed response, whilst the 6nite element simulations slightly overestimate the size
e$ect for the assumed length scale ‘ = 1 mm.
5. Concluding remarks
The e$ect of layer thickness upon the deformation of an Alporas foam layer has
been examined experimentally and theoretically; the layer is constrained along its top
and bottom faces by adhering it to two rigid loading plates. By varying the ratio of
shear to through thickness direct stressing, a collapse surface for the foam has been
measured: the magnitude of the size e$ect in constrained shear and through-thickness
tension (and compression) are comparable.
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Fig. 13. E$ect of layer thickness upon the measured and predicted strength ratio in through-thickness
compression.

Two complementary strategies have been adopted in the numerical simulations: a
micromechanical approach wherein the foam microstructure is simulated by 2D honeycombs, and a phenomenological approach using the Fleck and Hutchinson (1997) strain
gradient theory, but extended with the aid of the Deshpande and Fleck (2000) constitutive description of metallic foams. Both models give remarkably similar predictions of
the size e$ect, including the existence of a boundary layer of reduced straining adjacent
to the rigid loading plates. By matching the predictions of both models to experiment
the cell edge length is identi6ed as the dominant microstructural feature associated with
the size e$ect. The direct theoretical determination of the e$ective material length scale
for a material containing a hierarchy of microstructural features remains a formidable
task. Micromechanical methods show promise in making this connection, and recently
notable progress has been made by a number of researchers including Drugan and
Willis (1996) and Smyshlyaev and Cherednichenko (2000).
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